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PREFACE. 


Reapers of the Life of Sir William Rowan Hamilton will 
recollect that he undertook the publication of a book on 
quaternions to serve as an introduction to his great volume 
of Lectures. This Manual of Quaternions was intended to 
occupy about 400 pages, but while the printing slowly pro- 
gressed it grew to such a size that it came to be regarded 
by its author as a “book of reference” rather than as a 
text-book, and the title was accordingly changed to The 
Elements of Quaternions. By a curious series of events 
one of Hamilton’s successors at the Observatory of Trinity 
College has felt himself obliged to endeavour to carry out to 
the best of his ability Hamilton’s original intention, And on 
the centenary of Hamilton’s birth a Manual of Quaternions is 
offered to the mathematical world. 

Last year I was called upon by the Board of Trinity College 
to assist in the examination for Fellowship. I had long ago 
recognized that another work on quaternions was required, 
and this want was forcibly brought home to me by my new 
duties. A mathematician, whose time is limited, is frightened 
at the magnitude of Hamilton’s bulky tomes, although a closer 
acquaintance with the Hlements would reveal the admirable 
lucidity and the logical completeness of that wonderful book, 
and although the Lectures have a charm all their own. The 

Student wants to attain, by the shortest and simplest route, to 
ἃ working knowledge of the calculus; he cannot be expected 
to undertake the study of quaternions in the hope of being 
rewarded by the beauty of the ideas and by the elegance of 
the analysis. And for his sake, though with reluctance I 
‘Tiust confess, I have abandoned Hamilton’s methods of 
establishing the laws of quaternions. 


---- ------ 


ee 


| 
| 


vi PREFACE. 


By a brilliant flash of genius Hamilton extended to vectors 
Euclid’s conception of ratio. A quaternion is the mutual 
relation of two directed magnitudes with respect to quantity 
and direction as a ratio is the mutual relation of two 
undirected magnitudes with respect to quantity. From this 
enlarged view of a ratio, the caleulus of quaternions is deve- 
loped in the Hlements. But the way is long and winding, 
and after much labour, I found I could not greatly shorten it or 
make it much less indirect. I therefore adopted another plan. 

The two cardinal functions of two vectors are Sa8 and 
Va8. ‘These funetions may be defined by the statements 
that —Sa8 is the product of the length of one vector into the 
projection of the other upon it, and that Va8 is the vector 
which is perpendicular to ἃ and to β, and which contains 
as many units of length as there are units of area in the 
parallelogram determined by a and 8. Both these functions 
enjoy some of the properties of an algebraic product. They 
are distributive with respect to each of the vectors. 

The product of the vector a into 8 may be defined to be 
the sum of these functions, 

aB=SaB8+ VaB. 
This is a quaternion—the sum of a scalar and a vector. A 
product of a pair of vectors is distributive but not commuta- 
tive. It is now necessary to detine the product of a quaternion 
(q) into a vector (y), and we say that it is the sum of the 
product of the scalar (Sq) into y and the product of the 
vector (Vq) into y, or that 


q-y=Sq.y+Vq.y- 

From these principles it follows almost immediately that quater- 
nion multiplication is associative as well as distributive. 

Division is seen to be deducible from multiplication, and 
on p. 12 we arrive at the important result that every function 
of quaternions formed by ordinary algebraic processes is a 
quaternion, scalars and vectors being considered to be special 
cases, 

What we may call the grammar of the subject may be said 
to terminate on p. 20, the laws of combination of quaternions 
having been established, the five special symbols S, V, K, T and U 
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having been defined and their chief properties explained, various 
constructions for products and quotients having been made, and 
the non-commutative property of multiplication having been 
illustrated by conical rotations and otherwise. 

In the succeeding chapters, I have not scrupled to introduce, 
either in the articles in small type or in the worked examples 
in small type, illustrations of the applications of quaternions 
to subjects that can hardly be supposed to be familiar to the 
beginner in mathematics. It is suggested in the table of con- 
tents that these more difficult portions should be omitted by 
a beginner at first reading. The book is, however, primarily 
intended for those who commence the study of quaternions 
with a fair knowledge of other branches of mathematics; in 
other words, it is written for the majority of those at present 
likely to read quaternions because, as yet, the subject is not 
generally taught in elementary classes. On the other hand, 
I have abstained from printing examples of an artificial nature, 
and I have avoided unnecessary difficulties. 

Although this book may be regarded as introductory to the 
works of Hamilton, it may also to some extent be considered 
as supplementing them. Many of the results contained in it 
have appeared only in the publications of learned societies, 
and many others are believed to be novel. It is possible, 
therefore, that this volume may be found to have some points 
of interest for the advanced student of quaternions. He will 
find, for example, that quaternions lend themselves to the 
treatment of projective geometry quite as readily as to investi- 
gations in mathematical physics and in metrical geometry. 

By means of a somewhat elaborate table of contents, modelled 
on those prefixed by Hamilton to his Lectwres and Llements, 
and by the aid of a full index and numerous cross references, 
I trust that the contents of this book will be found to be fairly 
accessible to the casual reader as well as to the systematic 
student. It must be remembered, however, that the objects of 
a work of this nature are to introduce a subject of the highest 
educational value, and to develop a powerful and comprehen- 
Sive calculus. Such ends can be attained only by illustration 
and by suggestion, and it is not easy to tabulate methods of 
Investigation, 
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It would be impossible to overestimate what I owe to 
Hamilton’s Lectures on Quaternions (Dublin, 1853) and to 
his Elements of Quaternions (London, 1866, 2nd edition, in 
two volumes, with notes and appendices by C. J. Joly, London, 
1899, 1901). The admirable Elementary Treatise on Qua- 
ternions (8rd edition, Cambridge, 1890), by the late Professor 
P. G. Tait—who has done so much for quaternions by his 
classical applications of Hamilton’s operator V—has also been 


very useful, Other writers to whom I am indebted are referred. 


to in the text.* Iam glad to have this opportunity of offering 
my thanks to my respected friend, Benjamin Williamson, 
Esq., F.R.S., Senior Fellow of Trinity College, Dublin, for his 
great kindness in assisting me with a considerable portion of 
the proofs. I am also indebted to him for the uninterrupted 
encouragement he has given me, alike privately and in his 
official capacity as a member of the governing body of Trinity 
College, in my attempts to render Hamilton's work more 
widely known. 


CHARLES JASPER JOLY. | 


THe OpsERVATORY, 
Dunstvx, Co. στιν, 1st Jan., 1905. 


*The Bibliography by Dr. Macfarlane, published by the International Association 
for the promotion of the Study of Quaternions and Allied Systems of Mathematics 
(Dublin, 1904), renders unnecessary any detailed list of works on quaternions. 
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CHAPTER 1. 
THE ADDITION AND SUBTRACTION OF VECTORS.* 


Arr. 1. A right line, AB, considered as having not only 
length but also direction, is said to be a vector. The direction 
of the vector AB is that of the point B as viewed from A, and 
the vector BA is the opposite of AB, being equal to it in length 
but having the opposite direction. All equal right lines AB, 
Α΄, ete., which have the same direction are equal vectors. 

Art. 2, The sum obtained by adding the vector BC to AB is 
denoted by BC+ AB, and is defined to be the vector AC, Thus 
symbolically (fig. 1), 

BC+ AB= AC, 
C 


B A B 


Fic, 1. Fic. 2, 


Completing the parallelogram, ABCD, the definition of addition 
gives likewise the equation (fig, 2) 


DC+AD= AC 
or AB+BC= AC, 


because the vectors DC and AD are respectively equal to AB and 
BC. Thus the sum of two vectors is independent of the order 


— απ 


*Following the example of Hamilton in his Lectures on Quaternions and in his 

ements of Quaternions, the table of contents of this volume is amplified into an 
analysis or commentary to which it may be useful occasionally to refer. 

ΤΙ seems to be an unnecessary complication to print a bar (AB) over the letters 
which Υὲ τὰ Ἀπὸ a vector ΔΒ. Hamilton sometimes uses the notation AB to re- 
Present the /ength of the vector AB. 

J.Q. A 


2 ADDITION OF VECTORS. [CHAP. 1. 


in which they are added, or the addition of two vectors is a 


commutative operation.* 


Art. 3. The sum obtained by adding any vector CD fF to the 
sum of AB and BC (fig. 3), is the sum of CD and AC, or the 
vector AD. But AD is likewise the sum of AB and BD, that is, 
the sum of AB and the sum of BC and CD, And by completing 


Fic. 3. 


the parallelogram of which BD is a diagonal and BC and CD are 
sides, it appears that AD is also the sum of BC and the sum of 
AB and CD. In other words, the same vector is obtained by 
adding any one of the three vectors, AB, BC and CD, to the sum 
of the other two. This vector sum AD is consequently inde- 
pendent of the order in which the component vectors are taken 
and of the mode in which they are grouped. 

The same process applies in general, and the addition of 
vectors is an associative and a commutative operation. It is 
associative inasmuch as the vectors may be grouped into partial 
sums in any way; and it is commutative because the order in 
which the vectors are taken is immaterial. 


Art. 4. Any number of vectors being arranged as the succes- 
sive sides AB, BO, ete., of a polygon, their sum is the vector AD 
drawn from the initial point of the first to the terminal point of 
the last. If the polygon happens to be closed, the sum is a 
vector of zero length, or simply zero. Thus, in particular, 


AB+BA=0, AB+BC+CA=0, AB+BC+CD+DA=0. 


Art. 5. It is natural, in accordance with the equations just 
given, to introduce the sign —, and to write 


BA = — AB, 


*In certain systems of vector analysis, the word vector is used in a different 
sense, and a vector cannot be determined without reference to its position, The 
commutative law then ceases to be obeyed. An example of non-commutative 
addition will be found in Art. 21, p. 16. 

+In every case, unless the contrary is expressed or implied, the vectors with 
which we deal are not necessarily parallel to a plane. 


ART. 6: ] SCALAR COEFFICIENTS. 3 


or to agree that the sign — prefixed to a vector shall convert it 
into its opposite (Art. 1). Hence the subtraction of one vector 
from another may be regarded as equivalent to the addition of 
the opposite of the first vector to the second. Subtraction of 
vectors is thus included in addition. 

As we can now interpret — AB, it is convenient to use a single 
symbol to denote a vector. We shall follow Hamilton’s admir- 
able notation, and shall employ the small letters of the Greek 
alphabet to represent vectors, using, as a general rule, the earlier 
letters a, β, y, ete., for given or constant vectors, and p or o for 
variable vectors. 


Art. 6. The sum of two equal vectors is a vector of the same 
direction and of twice the length. It is natural to write, as in 


leebra, 
algebra 2a=a+a, 3a=a+a+a, οἷο, 
and generally, at least when 7 is an integer, 


B=na, 


if the vectors 6 and a have the same direction while the length 
of β is πὶ times that of a. This result may be extended to the 
case in which 7 is fractional or incommensurable by a process 
identical with similar extensions in elementary algebra. The 
last article affords the interpretation to be adopted when 7 is 
negative ; and when n is complex (n’+/—1n”), the difficulties 
of ee ee sy are of the same nature as in ordinary algebra, 
and need not be discussed here. 

Further, it is natural to say that the coefficient 7 results from 
the division of the vector 8 by the parallel vector a, and we 
shall therefore write | 


n=F or n=B8+a, or n=B:a, 


aS a consequence of @=na. Also, conversely, whenever the 
quotient of two vectors is an algebraic quantity or a scalar,* 
we infer that the vectors are parallel, and that they have the 
‘ame or opposite directions according as that scalar is positive or 
yak 

ain, if m is an integer and if a and β are any two vecto 
the ie of addition τῶν, : ili ac 


n(a+8)=na+n8, 
pee by a process of induction this relation may be extended to 


2 


*The word ‘ sealer,’ i i i ) 
mh. ar,’ synonymous with algebraic quantity, was employed b 
oo on because such a quantity may be conceived to be ecueencton ἘΣ Σὲ 
son of positions upon one common scale (or axis).” Elements, Art. 17. 


4 ADDITION OF VECTORS. [cHaP. 1. 
the case in which v is fractional or incommensurable. More 
generally, if x, y and 2 are any scalars, 

2(aa+y8)=2aa+2y8, 


so that the multiplication of vectors by scalars is a distributive 
operation. 


Arr. 7. In the calculus of quaternions a unit of length is 


selected to which the lengths of all vectors are referred. The 


tensor of a vector a is the number of units contained in its 
length, and is denoted by the symbol Ta. Thus the tensor 1s a 


positive or “signless” number, at least when the vector is real,* 


and in particular, Ta=T(—a) 
In general, if 7 is a real scalar, 
Tna=nTa if n>0; Trna=—nTa if n<0. 


Hamilton also uses the notation Ua to denote a vector of unit 
length having the same direction as a, and he calls Ua the versor 
of the vector a. Since the direction of —«a is opposite to that of a, 


Ua= —U(—a), 
and, more generally, 
Una=Ua if n>0; Una=—Ua if n<0. 
Also, by Art. 6, a=Ta. Ua, 
or a vector is the product of its tensor and its versor. 


A 


Fic. 4 


Arr. 8. An arbitrary vector OD (or 6) may be resolved in one 
way into a sum of vectors parallel to three given and non- 
coplanar vectors OA, OB and OC (or a, § and y). 


* For imaginary vectors see Art. 22, p. 20, 


ART. 8] EXAMPLES. 5 


Through D draw three planes parallel to the planes BOC, COA 
and AOB, meeting the lines OA, OB and OC in the points A’, Β΄, C. 
Then it is evident from the figure that 

OD=O0A’+OBR’+0C’; or OD=20A+YOB+z0C; 
or 6=xa+yB+2y, 
if the scalars ὦ, y and z are the quotients of parallel vectors, 
e=OA':OA, y=OB': 0B, 2=0C’:0C; 
and it is further evident that this construction is unique. 

It may happen that some or all of these three scalars are 
negative, or some may be zero, but these cases can present no 
difficulty. 

Ex. 1. [Find the vector oc to a point which divides ΑΒ in a given ratio. 


[ Here Ac _op_actes_P-a_y-a lamp 
m =§ l+m ἔμ πὰ (+m 


or ¥y 


Ex. 2. If weights /, m and 2 are placed at a, B and c, find their 
centre of masa. 

[The extremity of the vector (da+mB+ny) :(l+m-+n), supposed to be 
coinitial with a, 2 and y.] 


Ex. 3. Prove that the mean centre of a tetrahedron is (a) the intersection 
of bisectors of opposite edges; (b) the intersection of lines joining the 
vertices to the mean points of the opposite faces. Show that the former 
lines bisect one another, and that the latter quadrisect one another, 


Ex. 4. Prove that the vectors +a+8+y when drawn through a common 
point terminate at the vertices of a parallelepiped. 


Ex. 5. Discuss the arrangement of the extremities of the sixteen coinitial 
vectors +a+3+y+6. Consider the points with reference to the extremities 
of +a, ete, and with reference to one of the points, the extremity of 
a+6+-+y+6 for example. 


ΗΝ 6. Prove that four arbitrary vectors are connected by a linear 
relation, aa+bB+cy+d8=0. 
Ex. 7. If three vectors are linearly connected, or if 


aa.+bB +ecy τεῦ, 
they are coplanar. dead 


Ex. 8. If aoa+bon-+coc=0, a+b+c=0, the points a, 8, c are collinear, 


Ex. 9, If aoa+bon+coc+dop=0, a+6+ce+d=0, the points a, B, ©, Ὁ 
are coplanar. 


CHAPTER ἢ. 


MULTIPLICATION AND DIVISION OF VECTORS AND 
OF QUATERNIONS. 


Art. 9. The product of the length of one veetor (a) into the 
length of the projection of another (8) upon it is denoted by the 
expression ~Sa8 


and this function Sa8 of two vectors is called the scalar of af. 
By similar triangles it follows that (fig. 5) 


SaB=SBa, 


Fre. 5. Fic. 6. 


and because the sum of the projections of any number of vectors 
on any line is the projection of their sum, it appears that (fig. 6) 


Sa(8-+y)=Sa8+Say; 

and therefore the function is a doubly distributive function, or 
SralB = Tra. 

τ Jf the vectors « and y are at right angles, 


Say =0, 
and conversely. 
An equation such as SaB=Syd 
implies that the projection of a on § multiplied by the length of 
6 is equal to the projection of y on ὃ into the length of 6. 


ar. 10.) SCALAR AND VECTOR. 7 
Arr. 10. <A unit of length having been assumed, let a vector 

be drawn at right angles to two given vectors a and § so that 

rotation round this vector from a to 8 is positive,* and let the 

length of this vector be numerically equal to the area of the 
arallelogram determined by ἃ and 8. This vector is denoted 

by the symbol VaB, 

and is ealled the vector of af. 

If the vectors are taken in the reverse order, VGa has the 
same length as Va@, but the direction is opposite, the rotation 
being now reversed, so that 

VBa= —VaB. 

If an equation suchas VaG=Vyé 


Fic. 7. 


exists, the vectors a, 8, y and ὃ must all be parallel to the same 
plane; the areas of the parallelograms determined by a and 8 
and by y and 6 must be equal, and the sense of rotation from 
a to 6 must be the same as that from y to 4 (fig. 7). 

_ Like Saf, the function Va is a doubly distributive function. 
If β΄ is the component of the vector 8 at right angles to a it is 
obvious that VaB=Vaf 


Fig. 8, 
and the tensor of Va is equal to the product of the tensors of a 
and of β' (tig. 8). 


*The convention Ske Srogy rotation which is here adopted is the opposite of 
ὮΝ employed by Hamilton. The axis of a rotation is eae to be in he _ far 
the advance of 5 righi-banded screw turning in a fixed nut, and this system is 
Me known as the right-handed system of rotation (Clerk Maxwell, Electricity and 
og peer ig Art. 23). On the other hand Hamilton calls his system right-handed, 
= the takes as the axis the direction from blade to handle of a turn screw when 
Ree ane a right-handed screw info a nut (Jectures, Art. 68, Hlements, note to 
a 295), an accordingly some little care is necessary in comparing Hamilton’s 

*monstrations with those of the present volume. Tait uses the modern right- 

ded systen: in his quaternion writings. . ΄ ᾿ 


8 MULTIPLICATION OF QUATERNIONS. [CHAP. 11. 


If β΄ and y’ are the components of 6 and y at right angles to 
a, and in the plane of the paper while ἃ is drawn upwards at 
right angles to the plane (fig. 9), the vectors Vaf' and Vay’ will 

C, 


Vay" 


Fig, 9, 
lie in the plane of the paper, at right angles respectively to β΄ 


and y. But TVa8’: TB’ Ξ ΓΝ αγ΄ : Ty’=Ta, and consequently the 
triangles OB'C’ and OBC, are directly similar. Hence OC, is at 
right angles to OC’ and Toc,: Toc’=Ta. Consequently 
OC, = Va(6' +y’)=O0B, +BC,= β΄ + Vay’. 
In this relation we may replace β΄ and γ΄ by 6 and γ, so that 
Va(B-+y)=Vab+Vay; ViB+y)a=VBat Vya, 

a, 8, and y being three arbitrary vectors. 

We have now VSaB===VaB 
for any number of vectors, since in particular for four vectors, 
V(a+8)(y+8)=V(at+f)y + V(a+B)s=Vay+VBy+Vad-+VBe. 

If Va8=0 without having either a or 6 zero, the vector a 
must be parallel to 8, for the area of the parallelogram deter- 
mined by a and 8 must vanish. 

Art. 11. The product of the vector a into β is defined by the 
equation, oS Saf + αβ, ovscecsccagsceccsesansverss (B) 


and because it is the sum of two doubly distributive parts, it is 
likewise doubly distributive, or 
ΣαΣβΞΣΣαβ. 
The product Ba is not generally equal to αβ. In fact 
Ba=Sa8—Va8 because Sa8=SBa, VaB=—VQGa. 


art. 18. PRODUCT OF TWO VECTORS. 9 


hus multiplication of vectors is not commutative. We speak 
of a8 as the product of 6 by a, or the product of a into β. 
Adding and subtracting the expressions for the two products 


αβ and a, we find 


SaB=4(aB+ 8a), VaB=4(a8—8a). 


Arr. 12. The sum of a scalar and a vector is called a quater- 
nion because it involves four independent numbers, such as the 
scalar and the three coefficients of the vector when resolved 
along three given directions (Art. 8). 

Thus the product of a pair of vectors is a quaternion, and 
conversely, every quaternion may be expressed as a product of a 

ir of vectors. If g is a quaternion, if Sq is its scalar part and 

/q its vector part, so that 


q=Sq+Vq; 
if a and β' are two vectors at right angles to one another and to 


Vq, so that VaB’=Vq; and if 8—£’ is the vector parallel to a, 
for which Sa(8—6’)=Sq, then we have 


Vq=Va8 because Va(8—$')=0; Sq=Sa8 because Saf'=0, 
and therefore q= af, 


or the quaternion has been reduced to the product of a pair of 
vectors. 

Sealars and vectors may be regarded as simply degraded cases 
of quaternions. 

The swm of any number of quaternions we define to be the 
sum of their scalar parts plus the sum of their vector parts, 
Addition of scalars is associative and commutative, and likewise 
addition of vectors (Art. 3). It follows that addition of 
quaternions is associative and commutative. 


Arr. 13. We next define the product of a quaternion and a 
vector to be distributive with respect to the scalar and the vector 
of the quaternion. Thus 


va=y(Sq+Vq)=ySq+yVq. av=(Sat+Va)y=Sq-y+Vq. y. 


The produets yVq and Vq.y fall under formula (8), and we 
define that multiplication of a scalar and a vector is commutative, 
us we can interpret expressions such as a. βγ or af. y (the 
product of a into the product By and the product of the pro- 
duet «8 into y), and we see that they are distributive with 
respect to the three vectors, so that 


Za. ΣΒΣΎΞΣΣΣα. By, ΣαΣβ. ΣΥΞ ΣΣΣαβ.γ. 
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We shall now prove that the products are associative, so that 
we may omit the points, and to this end we shall consider the 
laws of combination of three mutually rectangular unit-vectors, 
2,7 and k, 

Art. 14, Let any three mutually rectangular unit-vectors, 
ὦ, 9 and k, be drawn so that rotation round ὁ from j to k is 
positive. 

According to the usual convention, if ὁ and j are in the plane of 
the paper, /: will be directed vertically upwards, and it is seen at 


7 


la 
Fie. 10. 


once that rotation round 7 from & to 7, and also round k from 4 
to j is positive (Fig. 10). 


We have then, because the vectors are mutually perpendicular — 


and of unit length, 
Wk=Ski=Sy=0; SP=S7P=Sh=—1; ..........(Art. 9) 
Vok=1, Vki=jz, Vgg=k; Vijg= —i, Vik= —j, Vji= —k; (Art. 10) 
and by formula (B) it follows at once that 
V=p=h=—1, gh=i=—hj, ki=j=—ik, j=kh=—ji. ...(C) 
Let us now, as in the last article, form the ternary products of 
these vectors. We have by the relations just given 
t.ge=t.t=—lL=k k=ij.k=ik, 
¥j=—j=ti.k=i. τε δ), 
ἐ.2})-πΞ -τὶξε πὲ). πε, 
the ey being omitted as they are seen to be unnecessary. 
Similarly, for every ternary product of 7, j and k, the points may 
be shown to be unnecessary. 


For quaterna products, let ¢, x, A, « each denote some one of 
the three symbols ὁ, 7, k, then 


t.kAB=t. Kk. Ἀμβξικ. λμξεικ.λ μξεικλ. μεϑεικὰμ, 


because, for example, «.«.Au is a ternary product, as λμ must be 
τεῦ, +j, tk or —1. In this way all products of the symbols 
i, j, ἃ are seen to be associative. 


ART. 16.] 7 ASSOCIATIVE PROPERTY. 11 


It may be a useful exercise to show that the associative law 
enables us to deduce all the relations (c) from Hamilton’s funda- 
aaa a SE Pe oy” ΒΝ 

For example, ὁ. yk= —7 gives Ξε τ. 

Ex. 1. Prove that 

jkajki=kij= —1= —hji= —jik= — thy. 

Ex. 2. If the symbols i, j, k obey the laws,* 

P=j=K’=+1; jk=i, ki=j, ij=<k; kj=-i, ik=-j, ji=-k, 
prove that their multiplication is dissociative. 

fi?.j=+j but i.ij=i.k=-j.] 

Art. 15. We can now show that multiplication of vectors is 
associative. Let any three vectors, a, 8 and y be expressed in 
terms of ὁ, 9, Ὁ, so that 

a=ai-+yj+e2k, B=eityjt+ek, γεεαῦ 7 -Ἐπ| 

By Art. 18, 

a. ΒΥ Ξ ΣΣΣωΐ. ν᾽ ᾿Ξ ΣΣΣ ay'2"t.jk=TrIDay'2" ijk, 
aB. ὙΞΣΣΣ οἷν. ΕΞ ΣΣΣοων 9. k=l Dayz’ ijk, 
so that a. By=aB.y=aBy, 


and similarly for all products of higher orders. © 

Hence multiplication of quaternions is associative, for a qua- 
ternion may be expressed as the product of a pair of vectors, 

It now appears (compare Art. 13) that the product of any 
number of vectors taken in any given order is a definite 


quaternion. 


Arr. 16. The division of vectors may be reduced to multi- 
plication. By formula (B) the square of a vector is 


. ae χὰ, —a 
@=S.a*=—(Ta)*; so that a+ (Tq) 1, 

and thus it appears that —a:(Ta)* is the reciprocal of the vector 
a, Say a~! or τ The vector ατὶ is opposite to a in direction, 
i τος νὉϑᾷπ|ώ.:ς 


_,,* Mr. Oliver Heaviside bases his vectorial Algebra on these laws. Prof. Knott 
(Recent Innovations in Vector 7 » Proc. R.S.E., 1892-3) draws attention to 
Papers written by the Rev. Μ. O’Brien in the years 1846-52, in which the square 
ὍΣ ἃ vector is taken to be positive. 
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and its tensor is the reciprocal of that of a. We can therefore 
interpret products such as 


Ba™* and a™'8, | 
and the first of these we shall call the quotient of 6 by a, and 
denote it by 8 

= oe B:a. 


The reciprocal of any product of vectors is the product of their 

reciprocals taken wn the reverse order. For if 
Q=aByé, ρ΄ --δ- 1γ-18-α-", 

we have QQ’ =1 
in virtue of the associative law. Similarly, the reciprocal of a 
product of quaternions is the product of the quaternions taken 
in the reverse order. Hence every quotient of vectors or of 
quaternions is a quaternion; and more generally every com- 
bination of quaternions by the processes of addition, subtraction, 
multiplication and division is a quaternion. 

Ex. 1. Prove that 


=. 374 st spe 
Ste Tar py f SyB=0. 


Ex. 2. Distinguish between the expressions 
CB oa “Ὁ 
γ΄ 78 
[These may be written ὃγ τ βα " and 8Bay-".] 
Ex. 3. Prove that 
By_B. 1B = (2) - 
Ἵ aj)? . 


ay cL γα 
Art. 17. The conjugate Kq of a quaternion ᾧ is defined by 
the relation Kq=Sq—Vq. 


If then g=af8, we have Kq= a (Art. 11), and 
qKq=aSBa=a*?B* = χη Ξε Ταῦ" (Art. 16). 


The products of the tensors of the vectors into which a quaternion 
is resolvable is therefore independent of any particular selection 
of the vectors since Sq and Vq are independent of any particular 
pair of vectors; and the square of this product is 


qKq =(Sq+Vq)(Sq—Vq)=(Sq)?—(V 9) = Kgq=(T 9), 


if we call this constant product of tensors, the tensor (Tq) of 
the quaternion. 


ant. 185. TENSOR AND VERSOR. 13 


Again, 
g=a8=Ta.Ua.T8.UB=TaTB.UaUB=Tgq.Uq 
and Ug= UaUf is called the versor of the quaternion. If r— δῷ 
is the angle between the vectors a and 8, which is less than two 
right angles and measured from a to 8, we see by the definitions 
of Sq and Vq that (Arts. 9 and 10) 
Sqg=Tqeoszq, TVq=Tqsin cq. 
The angle <q is called the angle of the quaternion, and is 
independent of any particular set of vectors a, β. 
A plane at right angles to Vq is called the plane of the 
quaternion and Uva is called the aais. 
Ex. 1. Prove that Kq=w—ir—jy— iz, 
Tq=Jw?-+a%+y+2%), 
TVg=/(+y*+2), 
OV a= (+i tjy +hz) i (+e? +y? +2"), 
Ug=(w+irtjy+hz) : (3. 25 Ἐγ5 +2), 


taal eee 
TVUg= Vato 
where q=wtietjy th. 


Ex. 2. Write down the analogous functions of ἘΦ in terms of «x, y, z 
and w. 


Ex. 3. Prove that a'IS=K. Bam. 

Ex. 4. What is the nature of ῳ ifg=Kg? If g=—Kgq? 

Art. 18. We can always reduce a quaternion to a quotient of 
vectors (Arts. 12, 16), and write 


~ 8 OR δ ποι οὐ σὰ ει πες © 
am oa ΠΠῸκλ’ ον Boa Yemog- “4 395, 


the line BA’ being drawn perpendicular to OA, 


Thus the shape of the triangle AOB is constant for a given 
{uaternion. From this point of view, a quaternion is called by 
Hamilton a ratio of vectors, as it depends on their relative 
magnitudes and on their relative directions. 
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It is not difficult to show that the conjugate (see Fig. 12) 


; OF OB 
k= if qo 
for g+Kq=28q, q—Kq=2Vq. 


The triangle AOB’ is inversely similar* to AOB. 


a] 


Fic. 12. 


Art. 19. Conversely, if the product ga is a vector β, it is 
evident that a and § are both at right angles to Vg. And if a 
is any vector at right angles to Vg, qa is a vector making a 
constant angle (2 4) with a, and having its length Tg times ‘that 
of a. In other words, regarding the quaternion as an operator, 
it turns vectors in its plane through a given angle, and alters 
their lengths in a given ratio. In particular we may regard a 
vector as turning vectors at right angles to it through a right 
angle, and altering their lengths proportionately to its own. 

he versor Uq turns vectors in its plane through the angle 24 
but leaves their lengths unaltered. The tensor Tq alters the 
lengths of all vectors in a given ratio. The total effect produced 
by ῳ on a vector in its plane may be considered to be effected in 
two stages or at once as indicated by the relation 


B=qa=Tq.U0q.a=Uq.Tq.a. 


Art. 20. The results of articles 18,15 and 16 afford an ex- 
tremely elegant construction for the product of two quaternions 
gand7. Take any vector OB along the line of intersection of 
the planes of the two quaternions, Make the triangle BOC in 


* Hamilton uses the phrases direct similitude and inverse similitude in the sense 
that two directly similar figures in a plane appear to have the same shape ; while 
of two inversely similar figures one has the same shape as the reflection of the 
other in a mirror... 
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the plane of 7 similar to the triangle determined by 7 (Art. 18); 
make AOB in the plane of q similar to the triangle of g; then, 
by the associative principle (Fig. 13) 

oc 


— ΟΝ — ._. πᾷ — = 


A 
Fic. 13. Fie, 14. 


If the triangles BOA’ and C’OB are ‘respectively coplanar with 
and similar to AOB and BOC, the second produet is (Fig. 14) 
nO (08 OP 
d= 00’ \= ῸΒ "007 
Ex.1. Prove that K(rg)=KgKy, 


[Take c, on oc and a, on 0a so that cop and BOA, are Inversely similar to 
boc and Aop, and the triangle a,oc, is inversely similar to coa. Art. 18. } 


Ex. 2. ΤᾺΝ peircae of the conjugates of any number of quaternions is 
the eee #f their product in reverse order. 
[By Ex. 1, K(p.qr)=K(gr). Kp, ete.] 
Ex. 3. Show that 
SPiP2Ps---Pu=3[ Pipa. Pat ΚΡ, ΚΡ, .-χ... Kp), 
VPP2Ps---Pu=3[PiPo-+-Pa- Kp aK py. 1+. Kp), 
Ex. 4, Tf ayue...a, are » vectors, and if Ila =a,¢2...y, T'a=a,a,~)... 0), 
show that ; 
Stle=31la+4(—)"I'a, 
Vila=$1la—4(—)"II'a, 
Ex. 5. Prove that 
Spq=Sqp; TVpq=TVop; -<pq=cqp, 
Ex. 6. Prove that pKq+qKp=28 .pKg=28.gKp. 


. Ex. 7, Prove that the tensor of a product of any number of quaternions 
15 Independent of their order. 
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Fx. 8. Prove that the versor of a product of any number of quaternions 
is the product of the versors taken in the same order. 


Ex. 9. Show that three quaternions cannot in general be reduced 
simultaneously to the forms β } 


τ ον 
} ΞΞΞ --. = =, 
» γ᾽ q β' a 
Fx.10. Prove that the scalar of a product of any number of quaternions 
is unchanged when the quaternions are cyclically transposed. 
Fx. 11. Prove that the tensor of the vector part of a product of 
quaternions remains unchanged for cyclical transposition. | 
Ex. 12. Prove the identity 
(wu! — xa! — yy! —22' P+ (wa' Ὁ υὐ Ἐ ye -- iz 
(ων +uly +20! — 20) + (we! +202 + ary’ — αὐ) 
=(v® +2247? +2*)(w2 +22 +y" +2"). 


[See Ex. 1 of this series and Ex. 1, Art. 17. This identity is of historical 
interest as regards the discovery of quaternions. See Graves’s Life of Sir 
William Rowan Hamilton, vol, ii, p. 437.) 


Art. 21. The multiplication of versors, to which the multipli- 
cation of quaternions may be reduced by separating the tensors, 
admits of a simple spherical representation. 


Fie. 15. 


A versor is represented by a directed great circle are belonging 
to a definite great circle (the plane of the versor) and having a 
definite length (the angle of the versor). From the figure 
(Fig. 15) 

| OB 
Urg=a7 on oa Ὁ; 


OA’ OA’ ΟΒ τ, ΤΊ 
=— 7 =7° 5a = UaUr. 
The spherical triangles ABC and A’BC’ are inversely equal. 


The construction recalls the construction for the sum οἵ vectors, 
and it is allowable to write ᾿ 


AG=BC+AB; CA’=BA’+CB=AB+BC. 
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This addition of vector-ares is not commutative, for CA’ is not 
generally equal to AC—equality of these vector-ares requiring 
equality of length, similarity of direction and coplanarity. 

Two quaternions are commutative in order of multiplication 
if, and only if, they are coplanar. A necessary condition for 
commutation is that the arcs AC and A’C should belong to the 
same great circle. If OB is not coplanar with this circle, B must 


‘be its pole. In this case the angles of the versors are right, and 


Urg! Mgr 


Fic. 16, 


the versors are unit vectors. But a glance at the figure shows 
that the versor products have oppositely directed angles, and the 
products are therefore unequal (compare figs. 15 and 16). 

For coplanar versors, the are AB=CD in fig. 17, and 


Urligu Oe 08) ΘΟ, νος 88 08 ity. 


D B 
Cc 
\B 
O A Ain fe) A 
Fig. 17. Fic. 18, 


That the square of a right versor is equal to negati ity i 
Well illustrated by fig. 18, for which qual gative unity is 


(08) ON OB OM ο 


0A/ "δ OA OA 
the ri OB being perpendicular to A’A. 
B 
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Replacing Urq in fig. 15 by Up, we have the new figure (fig. 
19), sinee Ur=Upq-? and Ugr=Ugpq-'. The point Q is the 
pole of the versor Ug or the extremity of the vector UVq. ͵ 


- 
-_ 
> 
= 
i 
- 


“ἜΤ 


The ares AC and A’D are equal, and equally inclined to the 
great circle ABA’ since the angles of the triangles ABC and A’BC’ 
are equal. Thus AC may be changed into A’D by a rotation 
round Q through the angle AQA’, double the angle of the quater- 
nion g. The vector UV>p to the pole of the are AC is transformed 
into i by the same rotation. Now Vqpq-'=q.Vp.q-' 
because V(q.Sp.q-4)=0, S(q.Vp.q-')=0, and accordingly a 
conical rotation round the axis of g and through double its angle 
changes an arbitrary vector p into the vector gpq~*. 

Ex. 1. If op is the vector from a fixed point to a point in a rigid body, 
rotation of the body round an axis 0g=Vq through an angle 229 carries 
the point P to ν΄, where ΟΡ τε. ΟΡ. τὶ, 

Ex. 3, The displacement produced by the rotation is 

PP’ =q.or.q7!—or. 

Ex. 3. A translation of the body carries a point from Ρ to p’, where 
pp"=6 is the same for all points of the body. 

Ex. 4. If the body is first rotated, as in Example 1, and then translated 


the displacement of P is 
| 6+¢.oP.q-!—op ; 


while if it is first translated and then rotated, the displacement is 
ῃ(δ- ΟΡ)! -- ΟΡ, 
Ex. 5. If the body is first rotated about one axis og and then about 
another or, op’ =rq.or.g-'r=rq. or. (rq). 
Ex. 6. If the first rotation is now.reversed, the position of the point P 
is Pp’, where op” =g-17q, op. τὶντῖῃ. 


Ex. 7. A body receives rotations about two intersecting axes. Prove — 


that the order in which these rotations are effected is of importance. 


[The displacements of a point are 
gr.op.r-tg-'—or and rg.or.g—s!—op, 


and these are generally different unless gr=rg, but then the So are. 


coplanar and the rotations take place about one and the same axis. 
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Ex. 8. Find the reflection of a body in a plane mirror. . 

[The point ὁ being on the mirror, which is perpendicular to Δ, the vector 
}. op. A7! is the result of rotating or through two right angles round the 
normal. Reversing the direction of this vector, the vector to the image of 
the point Ρ is or’= —A.or.A~4] 

Ex. 9. Successive reflection in two mirrors is equivalent to a rotation 
round the line of intersection of the mirrors through double the angle 
between the mirrors. 

[Here —p(—A.orp.A“)pt=+pr.or.A“p. Also 2pA=86, 
where @ is the angle between the mirrors, and 24 pA=26.] 

Ex. 10. Given three lines intersecting in a point, it is required to draw 
three planes, each through one of the lines, so that the lines of intersection 
in one plane may be equally inclined to the contained line. 

When is the problem indeterminate ? 

[Let a, 8, y be the vectors of the given lines. The sought lines of inter- 
section are VBay, VyBe, Vay. Compare Art. 31, p. 31.] 


Art. 22. The laws of combination of the five symbols 
S, V, K, T and U 
may be summarized in the symbolical multiplication table : 


| ae 
᾿ς @ 2 ae 

-V 0 VU 
1 ff Ba 
rt iT — 

UK — U 


to be read from the left. For example, the tensor of the vector 
of a quaternion is TVq; the scalar of the vector is 0; the 
tensor of the sealar is +Sq according as Sq is positive or 
negative. A positive scalar may be regarded as the quotient of 
two vectors having the same direction; for a negative scalar 
the directions are opposite. Hence we may write USg=+1 
according as Sq is positive or negative. The versor of a zero 
quaternion must be regarded as arbitrary, unless we know a 
law according to which the quaternion diminished indefinitely, 
TUqg=1=UTg for all quaternions. The versor of the conjugate 
and the conjugate of the versor of a quaternion are easily seen 
to be equal to one another and to the reciprocal of the versor. 
The symbols T and U are not distributive like the symbols 8, K 
and V. Apart from ὁ of sign, it is easy to see that the 
only new combination arising from further repetition of the 
‘symbols is TVUgq (=sin <q). 

It is nee to make some convention concerning the notation 
to be employed when we wish to denote for example the square 
of the scalar of a quaternion qg or the scalar of the square of the 
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quaternion, There can be no mistake if we employ brackets and 
write (Sq) for the square of the scalar and Sq) for the scalar 
of the square, and whenever there is the least fear of confusion 
brackets should be used. One of the great advantages of 
quaternions is the extreme brevity of the notation. Another 
and still greater advantage is its great explicitness, and this 
should never be sacrificed for the sake of a few brackets, 
Hamilton writes 8.9? for the scalar of the square and Sq? for 
the square of the scalar whenever there is no fear of confusion, 
and he uses the notation V.g* and Vg? in a similar sense and in 
conformity with the established notation ἃ. αὐ and daz* for the 
differential of a and for the square of the differential of ὧ, 
Some eminent authorities, Tait for instance, in conformity with 
the notation cos? «=(cos ~)’, write S*q instead of Sq?, though in 
strictness this would mean S.Sq (=Sq). But considering the 
enormous care Hamilton took with his notation we prefer to 
abide by his convention. No confusion can arise with respect 
to T.q*® or Tq’? or (Tq), for the tensor of the square is the 
uare of the tensor, and similarly U.g?=Ug?=(Ug) and 
.g?=(Kqy=Kq*. The expression Sp.q means the product of 
into g, and it is well when possible to write this in the 
equivalent form gSp, while 8. q is the scalar of the product pq, 
but if the expressions are at all complicated, it is safer to write 
(Sp)q and S(pq). 
An imaginary quaternion 
Q=p+/—-1.4, 
where p and ᾧ are real quaternions and where ¥ —1 is the imaginary symbol 
of algebra regarded as a scalar commutative with all quaternions, is called a 
biquaternion by Hamilton. Similarly he calls i inary vectors (a +i 2: 3) 
bivectors and imaginary scalars, biscalars. No ambiguity attaches to . 
SQ=Sp+/0 —18q, or to VQ=Vp+V—-1V9, 
and the wef ambiguity in TQ is one of sign, and this Hamilton removes as 
e writes 


follows. 
TQ=2+/-1.y, 


where a and y are real scalars and where « is 
determine « and y he employs the relation (Art. 17 


(TQ)P=QKQ=pKp—qKq+v -1(pKq+9Kp), 
or (TQ)'=Tp? — Tg?+2V — 18. pKg=22-y? +20 —-1. ay, 
observing that gKp=K.pKq, so that the imaginary part of (TQ)? may be 
νόμων, 2/—1S.pKq, or /—18.gKp. 

Equating reals and imaginaries we find, from 
a? —y?=Tp?—Tg? and «y=S8.pKq, 

that the real positive value of « is 

w={4(Tp* ~Tq*) +[}(Tp*— Ty’? +(S. pK yy} } 4. 


itive, and in order to 
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It may happen that T(QQ’) is --  ΤΌΤΟ' instead of +TQTQ where Q and ᾽ 
are biquaternions. In other particulars ambiguity does not arise. 

The tensor of a biquaternion may vanish, and in this case we have an 
equation such as og'=0 


where Q’=K@Q without having either Q or Q’ zero. The conditions are 
Ty=Tg? and 8.pKq=0, 

and when these are satisfied, the biquaternion Ὁ is called by Hamilton a 

nullifer. A few examples will be found in Chap. IV.; and the Lectures 

on Quaternions (Arts. 669-675), from which this account of biquaternions has 

been taken, may be consul with advantage.* 


Ex. 1. Prove that combinations of the symbols prefixed to g lead to one 
or other of the following : 
Sq, Vg, Kg, Tg, Ug: TV, SUg, VUg, TVUg, (Ug), UV¢. 


Ex. 2. Express these functions in terms of 2, y, 2, ὧν, 7%, 7 and &. (See 
Ex. 1, Art. 17, p. 13.) 


Ex. 3. Express these functions in terms of the tensor, axis and angle of 
the quaternion. 


Ex. 4. Show that the vectors UVpg and UV . UpUgq are identical. 


Ex. 5. Ifa, β and y are vectors, prove that V is a redundant symbol in 
S.aV. By. 


Ex. 6. Find the difference of the expressions 8. pgr and 8. pV . qr. 
Ex. 7. If UVp=VUp, prove that Sp=0. 


Ex, 8. What inference can be drawn from the equation Vg=VUgq? and 
what from Vg=Uq? 


Ex. 9. Prove that 
T(y+6)>+(Ty-TP) unless Uy= --ὕβ, 
and find the relation in the exceptional case. 
Ex. 10. Show that 
Tg+Tp>T(q+p) unless gq=2p, x>0. 


Show that 
Tq+Sq>0 unless τῳ Ξπ. 


Ex. 11. 


EXAMPLES TO CHAPTER ἢ]. 


_ Ex. 1, Prove that V(a—8)(a+8)=2Vaf and assign the geometrical 
Interpretation. 

Ex. 2. Show similarly that S(a—8)(a+)=o? — 8? and interpret. 

Ex. 3. Under what conditions is (a+ )(a—/8) equal to a?— β5} 


*Clifford uses the word biquaternion in another sense, and Prof. A. M‘Aula 
rechristened Clifford’s biquaternions, and has written a large book entitl 
tonions: a Development of Clifford’s Biquaternions.” (Cambridge, 1898.) 

It does not seem to be unreasonable to retain Hamilton’s convenient word for the 
Purpose for which it was coined. 
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Ex. 4. Establish the identity connecting three quaternions, 
P+e+r=pgr+grptrpq, where p+q+r=0. 


Er. 5. If the relation 
1 -1=%5/ 
Ba 


connects two vectors a and β, prove that αβ' α "τε β-ὶ and show that the 


vectors are parallel. 

Ex. 6. Reduce any two quaternions p and g to quotients of vectors 
having a common denominator, or in other τεῦ. ἢ find three vectors a, 8 
and γ, so that β 

ake Geek 
Pea ee 


Ex. 7. Prove that the relations 


a? 


p+q=Pt7, p-q="-7, where pul φ--Ἶ, 


are consistent with the definition that the sum of quaternions is the sum of 
their scalar parts plus the sum of their vector parts. 
Ex. 8. For any two quaternions 
qqhsr)=Cegrt; gqtryraCt+e 
Ex. 9. The sign V is superfluous in 5. αὖ βγ. Is it supertiuous in 


be! - - f 
VBy 
Ex. 10. The second vector a may be omitted from Va(a+). May it 
be omitted in Va~'(a+ 8) or in Va(a+ A)? ? 


Ex. 11. Contrast, where necessary, the four expressions, 
, VaB . Va af 
sf, Sy 8 ve sh 


Ex. 12. The laws of refraction of light from a medium of index » into 
one of index »’ are comprised in the relation 


aVva=n'V va’, 
where v, a and «’ are unit vectors along the normal, the incident and the 
refracted ray, respectively. 
(a) From this relation, 
nial =v! (n+ ΜΕΝ va") — avV va. 
Ex. 13, It is required to find a quaternion ¢ and vectors a, 8 and y, so 
that if a, ὃ and ¢ are three given quaternions, 


(a) Show that aS 
tL ᾿ 


and explain how a, β and y can be found from these relations; the tensor 
of one vector (a) being assumed. (Robert Russell.) 


CHAPTER III. 


FORMULAE AND INTERPRETATIONS DEPENDING ON 
PRODUCTS OF VECTORS. 


Arr. 28. It is often useful to consider a vector as representin 
a directed area. Assuming any two vectors a, 6, so that Vas 
may equal a given vector y, we may regard y as representing the 
directed area of the parallelogram determined by a and 8—there 
being as many units of area in the parallelogram as there are 
units of length in y. The shape of the area represented by a 
vector is arbitrary as well as its position; its magnitude and 
aspect are determinate. For there is obviously no reason why 
this representation should be confined to the areas of parallelo- 
grams. 

Ex. A force is represented in magnitude and line of action by the line an. 
The moment of the dace at the point o is represented by 

V.OA. AB, 


Arr. 24. The scalar of the product of three vectors 18. the 
volume of the parallelepiped having conterminous edges equal to 
the vectors. 

The transformation 

S.aBy=S.a(VBy+SBy)=S.aVBy 
shows that this scalar is equal to the scalar of the binary product 
of a into VBy—that is, it is the negative product of the projection 
of a on the normal UVy to one face into the area of that face. 
If rotation round a from 8 towards y is positive, the volume is 
—Sa8y, for the angle between a and UV#y is then acute, and 
SaUV ὧν is negative. 
Ex. 1. If SaSy=0 the vectors are coplanar, and conversely. 


Sap 3, Prove that interchange of any two vectors changes the sign of 
}γ. 


Ex. 3. Prove that 
SaBy=Saa'a”" if B=aat+a', y=yatza'+a". 
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Ex. 4. Prove the identity, 
_ Β(δ -- αγ(ὸ -- β)(δ -- γ)εΞ 5βγὸ -- βαγδ- Βυβδ -SaBy. 
Ex. 5. Prove that +Sap.ac.ap is six times the volume of the tetra- 
hedron Ancp, 
Art. 25. The formula 


V .aVBy=ySaBb— BSya ....cccccsceeeeseeees (1.) 
is very important owing to its frequent occurrence. Since the 
vector on the left is perpendicular to V8y it must be coplanar 
with 6 and y—that is, it must be of the form 78+yy where ὦ; 
and y are scalars. But the vector is also perpendicular to a. 
Therefore Sa(#8+yy)=0, so that the ratio of ὦ to y is 
determined; and the vector must be parallel to 

w(PSay — ySa8). 
It remains to determine w to satisfy 
V.aVBy=w(B8ay—ySa8). 
nse af by ya and take the sealar part of the product, and we 
ave 
S.yaV .aVBy=wSyaSSay=Sya(aVBy—SaVBy)=—SyaSaBy, 
so that w= —1. 
The proof here given is merely illustrative of a general method. 
Hamilton’s proof is as follows. Since 
2V .aVBy=aVBy—VBy.a=a(By—SBy)—- (By—SBy)a 
= aBy— Bye ; 
on adding the pair of cancelling terms Bay— Bay, we have 
2V .aVBy=(aB+Ba)y—B(yatay)=2ySaB —28Say. 
Adding aSfy to each side of the formula, we find the relation 
V .aBy=aSBy— BSyatySa8, .........02.02-(IL) 
which is occasionally useful. 
Ex. 1. Prove that 
V.VaBVyé=aSPys — PSayé =dS5aBy— γβαβδ. 
Ex. 2. Provethat 5. VaSVyé=SaédSy —SayS/3s. 
[This is 8. aVBVyé.] 
Ex, 3. Find the direction of the common edge of the planes parallel to 
a and £ and to y and 6. 
[The normals to the planes are parallel to Va and Vyé.] 
Ex. 4. Prove that S.VByVyaVaB=—(SaBy)?. 
Art. 26. The formula 
psaBy=aSSyp+PSyaptySaBp ........0..0., (1.) 
is of great importance, as it enables us to resolve a vector along 


three vectors a, 8 and y which are not all in the same plane. It 
is virtually proved in Ex. 1 of the last article. 
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Otherwise assume, as we may, provided Say is not zero, 
p=tat+yB+2y, 
and operate by Sy (that is, multiply by By and take the scalar 
of the product). This gives S8yp=aSaBy. 
Another valuable formula is 
pSaBy = VBySap+ VyaS8p+ VaBSyp, .......+++(U-) 
which enables us to resolve a vector p into components at right 
angles to the planes of a8, Py, and of ya. Assuming 
p=aVBy+yVyat2Va8 
and operating by Sa, 86 and Sy, the unknowns 2, y and z are 
found. 
Ex. 1. Prove that uSByp+@Syap+ySuBhp=0 if SaBy=0. 
ere aa+bB+ey=0, where a, 5, ¢ are scalars. Operate by Va, VB 
and Vy in turn, and we find VBy :a=Vya:b=Vaf :¢.] 
Ex. 2. In the same case, VBySap+ VyaSBp+ VafSyp=0. 
Ex. 3. Eliminate p between the equations 
Sap=1, SBe=1, Syp=1, Sép=1. 
Ex. 4. Eliminate the scalars « and ἡ from the relation 
ary + Bx+yy+6=0. 
Arr. 27. To resolve a vector along and perpendicular to a 
given vector, observe that 
ρελ.λ ΛΑ PAVA A  p. cccsececcreeeeeses (1.) 
In case the essentials of a problem turn on two vectors a and 
B, put A= αβ, and-the trans ormation 


p= VaBS(VaB)-!p+aS8(VaB)-'p—BSa(VaB)~*p ...(IL) 
will often be found useful. (Compare Art. 25.) 
An expression of an analogous type is 


p= SpaB—aS8p+PSap 


Va 
Art. 28. The squared tensor of B—a is 
T(B—a)’=TB?+ 2SaB+Ta® .......ccccccsees (I.) 
for (8B—a)’=8’—Ba—aB +a’. 


Hence for a plane triangle 
a? - ῦ" -- οὐ = 2ab cos Ὁ, 
The identities Va8=Va(8—a)=V8(B—a) 
lead to the remaining fundamental formulae of a plane triangle, 
sinA sinB_ sinC€ 
Ries ΕΙΣ τρδνσι 
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Ex. 1. If T(p—a)=T(p+a), prove that Sap=0. 
Ex. 2. The equations 
παν ree T(a+ap)=T(aat+p); Te=Ta 


are consequences one of another. 


EXAMPLES TO CHAPTER ITI. 
Ex. 1. If V.ga=0, where q is a real quaternion and a a real vector, 


show that 1 
Sq=0, Vq\|a. 

Ex. 2. The relation V. ore .a'g implies o*=a’*, and 8.(a—a’)Vq=0, 

where Sg does not vanish. It may be written in the form 
(a—a')Sq=V .(a+a’)Vq. 

Ex. 3. Provided Sq is not zero, the relations a’=gag-! and V.ga=V .aq 
are equivalent. : 

Ex. 4. If «’=qaq-, the quaternion q is expressible in the form 


where « and ἡ are arbitrary scalars. 
Ex. 5. The same quaternion may also be written 
| g=urtv(ata)+uVad, 
provided a single relation connects u,v and w. Find it. 
Ex. 6. If a’ =qag™ and β΄ τεῳ βῃ ', show that to a scalar factor 
V(a'—a)(p' -- 


Verify that this agrees with the expression given in the last example. 


Ex. 7. If three vectors a’, β΄, γ΄ are derived by a conical rotation from 
three others, a, 8 and y, prove that it is possible to determine scalars a, 


ἢ and 2, so that | 
x(a’ ~a)+y(B' - B)-+2(y' -7)=0. 


Ex. 8. If α, βὶ and y are any three vectors, and if g is any quaternion, 


we shall have .- 
S.gaqBy+S.qBq'yat5. qy7 (4B =8.q agBy+S.q'BoyatS. gq yqap. 
Ex. 9. If three vectors satisfy the relation 


(aBy) co a? By 5 


they are mutually at right angles. If they satisfy 
| (aByP= +a? B*y*, 
they are coplanar. 


Ex. 10. Given that VaByé=0, prove that the four vectors are coplanar, 
and show that the condition is equivalent to 
Ug=4U- 
Interpret this result. 


Ex. 11. In any product of coplanar vectors a,a,a,q, ... ἀν it is allowable 
to transpose among themselves in any way the vectors with even suffixes 
and also to transpose the vectors with odd suffixes among themselves. 


CHAPTER IV. 
APPLICATIONS TO PLANE AND SPHERICAL TRIGONOMETRY. 


Coplanar Versors. 


Art, 29. In dealing with rotations in a plane, let « be a unit- 
vector perpendicular to the plane, and let angles be measured in 
the sense of positive rotation round «. If 

Ug G08 Abt BID Α,.......υβὃ.... ὁἐὐννοονιοον σύ οι (1.) 


the versor Ug has its angle equal to A, provided A is less than 
two right angles, and generally whatever magnitude the angle A 
may have, .g=A-+ir where m is an integer. Hamilton calls 
A the amplitude of the versor Ugq, the new name being intro- 
duced to avoid any confusion as to what is meant by the angle 
of a versor. (Compare Art. 17, p. 13.) . 

It follows from the laws of multiplication of quaternions 
(Art. 21, p. 17) that 

U(qr)=cos(A+B)+¢sin (A+B) (11.) 

if Ug=cosA+ csin A, Ur=cos B+ βίη at Seth gy, 
provided A and B are less than two right angles, and this result 
evidently remains true when A and B are any angles whatever. 


. But in full, since ἢ τε —1, 


ὕῳ. Ur=(cos A+: sin A)(cos B+: sin B) ἀδὸ 

Ξε ΟΟΒ A cos B—sin A sin B+,;(sin A cos Β -Ἐ cos Α βίη ὦ ὶ 
and therefore on comparison with (11.), since U(qr)=Uq. U7, we 
obtain the formulae for the expansion of cos(A+B) and of 
Sin(A +B) on equating separately the scalar and the vector parts. 
_ The angle of (Ug)" is times that of Ug, provided πὶ is an 
mteger and ἢ ὁ «πὶ and generally when 7 is an integer, the 
amplitude of (Ug)" is n times that of Ug. If the amplitude of 
“Tis one m™ that of Ug, and if the two versors are coplanar, Ur 
1S one of the m™ roots of Uq; or we may write 


1 
γα ΟΝ .....ὅῳνυνοινινιννενενοι γ) 
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More generally the amplitude of (Ug) is ~ that of Ug, and in 


a similar manner we can interpret the expression (Uq)’, where a 


is any scalar, as a versor coplanar with Uq, and _— its ampli- 
tude x times that of Ug. If A is the amplitude of Ug, we may 


write 
2a 


for the amplitude of Ug is “* times a right angle, and the ampli- 


tude of : isa right angle; and still more generally, any quaternion 
may be expressed as a power of a vector, 


le I ΨῈΣ 
i 


q=a', where a=UVq.Tq"*, t= 


Concerning the n™ roots of a quaternion g which are coplanar with it, it” 
must suffice to remark that these are x? in number, being the solutions of 


the equations, 


1.82 1.2.3 i i “ 
® ant--1 _ he h— . ἢ. - | ᾿ “τ 
i” ταν, τε γε "ΜΝ iP +ete. =, 
if g=a+th and Yq=2+1y, since a+tb=(e+ty)"; 
so that in addition to the » real quaternion roots whose amplitudes are 


1 | 95: 1 2(n —1)7 
no ie Si ‘ae aa aya whee a 


n 9 Jebssocccesct VERE / 


there are x(n — 1) imaginary quaternion roots corresponding to the imaginary 
solutions of the equations hay 
The exponential δῖ, where g is a quaternion, is defined by the formula, 


2 % 
a= 1 +q + G+ a rete. ἢ κόνν αν ἀνεραδόνενα as ἐν ΠΝ. 


and because quaternion multiplication is not commutative, 
(p+q)" 


" 
oe aest χα. is not e?*#= > τον ὁὐν rrr ee rer 
; 7] v in 


unless g happens to be coplanar with p. In general, however, because 5g, 
Vq, g and ne are commutative in order of multiplication, 7 
δ ταῦθ, οὖν οἷα a προ να, gight=¢™aeVe- Vi = ™, 
and also by the definition of 61 it follows that 
Ket=e%0; efKet=ei**t= 6, 

and thus Tet=e%, Uct=e™=cos TVg+ ὌΥ sin TVG, .........000e0000( XE 
substitution in (rx.) and separation of the sealar and vector ‘abs affording by 
the known formulae for the expansion of a sine or cosine the second expres- 
sion for Uet. 


ΣΝ 


= = =” ‘eo? 7.) i ee ee ee erelc(i i‘ OOO 
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If we write g=log φ΄, where q==el!%, 2... νενγενεννον sate δεν (xi1.) 
we have by (x1.), Slogg’=logTg’, V logg'=log Ug’ ; 
and generally if p and g are any two quaternions, we may define 
Ge EET aii ir ccceeocesiivesancciiveswavaneedt MINE) 
but as we shall not require much, or indeed any, acquaintance with the 
logarithm or exponential of a quaternion in the sequel, we refer to Hamilton's 
Elements of Quaternions for further details. 
oa 1. Prove that a+ 8-1 is a square root of zero, where Ta=TB, 
Sab=—0. 
[See Art. 67, Ex. 1.] 
Ex. 2. Show that a product pg may be zero without having p or g equal 
zero. 
[If pq is a scalar, q must be proportional to Kp. The squared tensor of 
J —Tp*?+p is zero, (Art. 22, p. 21.)] 
Ex. 3. Show that a quaternion ᾧ satisfies an equation of the form 
q°+20q +y=0 when « and y are certain scalars. 


Spherical Trigonometry. 


Art. 30. If a, 8 and y are three coinitial and unit vectors 
determining a spherical triangle ABC, the whole doctrine of 
the spherical triangle is contained in the relation 


Bay 

2 (I.) 
Cc 

rs 
ΓΟ 


? 


ᾶ 
᾿ς ΦΤ 
᾿ ' 


The vectors 
a= UV3=UVBy, 8 =UVya, y' =UVaf8, 


terminate at the vertices of the polar triangle, rotation round 
these points from A to B, from B to C and from C to A being 
positive; and in terms of these vectors the equation may be 
written in the forms, 


Ε : yi KBs (cos 6 -ἰ- γ΄ sin c)(cos b+ β΄ sin b)=cosa—a’sina. (I1.) 


Observing that rotation round OA from (’ to Β΄ is negative, 
€ versor | 


y β' -- οοβίπ -- BC’) —a sin(7—B'C’)=cos A—asinA, 
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and thus on expansion of (I1.), we have 
cos c cos b+’ sin ὁ cos b+ β΄ sin ἢ cos c+sin ᾧ sin ¢ eos A 


—asin Asin ᾧ βίη δ ξξ 085 a—a’ sin a. Peer κα ἃ ....«.{Π1 


The scalar part of this equation gives the fundamental relation 


cos @=cos ἢ cos c+sin b sin €COS Aj .......000000e0(1V.) 


while the vector part is 
asin A sind sinc=a’sina+/' sinbeosc+-y’ sine cos b. ...(V.) 
Operating by Sa on this vector, 
sin Asin ἢ sine= —sin aSaUVBy= —SaBy, 
sinA_sinB_sinc__— SaBy (yay 
sna sinb sine  sinewsinbsine 
Now (compare Art, 17 and Art. 25), 
1=T(aBy)? 
= (SaBy)’—(VaBy?=(SaBy)’—(aSBy — BSyat ySa8)? 
= (SaBy)?—(@SBy* +B'Sya* + "Sa? — 258 ySyaSaf), 
and accordingly, in terms of the sides of the triangle, 
—SaSy = +(1 —cos*a —cos*b — cos*e + 2 cos ὦ cos b cos c)3, ...(VIL) 
and thus the remaining fundamental relations are established. 


so that 


Ex. 1. Prove that a* Bry Ξε --Ἰ, 
rotation round a from £ to y being pees ΤῊΣ - 
[For the supplemental triangle — - Ἴ . a 1, =y ¥, etc. (compare 
Art. 29 (v.)).] 
Ex. 2. Deduce the relations 
cos C+Cos A Cos B=cos¢sin Asin B, 
y sinc=asin A cos B+ καὶ sin Bcos A+ Va sin sin B. 


Ex. 3. If pr is any point on the surface of the sphere and Q the foot of 
the perpendicular let fall from this point on the side as, prove that 


cos PC Sin C=Cos PA SiN A COS B+ C08 PB SiN BCOS A+SiN PQ SiN ὃ SiN ASIN B. 


a’ 


Ex. 4. Taking rat the centre of the circumscribing small circle, prove . 
hat 


2cotrsin} Σ τε βίῃ asin Bsine, 
where R is the radius of the small circle and where = is the spherical excess. 


Ex. 5. Show how to represent versors and their products by versor 


angles analogous to the Versor ares of Art. 21, p. 16. τε 
| 1 
[By Ex. 1, γ᾽ =a**, so that if the versor αὖ is represented by a 
directed angle a at the extremity of the vector a, and if * is similarly 
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represented by a directed angle αὶ at the extremity of @; the product is 
represented by the directed external angle π᾿ —c at the extremity of y. 


Cc 


Fic. 21. 


To construct the product of two versors p and ¢ on this plan, let a be the 
extremity of UVp, and n of UVqg. Draw the great circle an, and the great 
circles ac and sc making the angles 2p and ὁ with As, and intersecting in 
the point c, round which rotation from A to B is positive. Then pq is 
represented by the external angle at c. To construct the product gp, a 
point c, must be similarly found below ax, so that rotation round it from 
Β to A is positive. The method may be extended to spherical polygons 
(Elements of Quaternions, Art. 313). 


Art. 31. In his fifth and sixth lectures and in Art. 297 of the 
Elements of Quaternions, Hamilton has developed at consider- 
able length a curious and interesting theory connected with the 
“fourth proportional” 6.a,~ly, to three given vectors and with 
the area of a spherical triangle ABC, whose sides are bisected in 
A, B, and C, by the extremities of these vectors. 

The veetors a, 8, and y terminating at the vertices of ABC, and 
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and from these relations or directly, we find 

y=a,Ba,-', ατε β,ιγβ,.}, B= για," cesses (11.) 
Hence a=8,a,y,2y,-'a,-18,-*=B a, *y,y,"a,8,-* = pap 
if p=Ba,-"y, 
is the “fourth proportional” to 8, a, and y,, so that the conical 
rotation produced by p( )p-? leaves the vector a unchanged, and 


therefore +a is the axis of the quaternion p. 
Again we have 


| qu) 


Py.p™ =Ba,~' ; Y, . a,B,-', 


so that the conical rotation in question produces the same effect 
on the vector y, as the conical rotation round P—the pole of the 
great circle A,B —through twice the angle of B«,-'. And because 
the point C, can be converted into the extremity of py,p~* by a 
rotation round P or round A, this extremity must be the reflection 
of C, with respect to the great circle PA. Thus the angle of the 
quaternion p is CAL if +a is its axis, while it is CAP if —a is 
its axis, and we proceed to show that the former alternative 
is true. 

The point P being the pole of AB, the angles L and M are 
right. Taking CN perpendicular to A,B, it follows that the 
triangle NCB, is equal to LAB, and that NCA, is equal to MBA, 
for NCB, has the side B,C, the angle CBN and the right ang’ 
CNB, equal respectively to the side AB, the angle ΑΒ], and the 
right angle ALB, of the triangle ALB, Hence AL is equal to BM, 
both being equal to CN; the triangle APB is isosceles, its equal 
sides being complements of AL or BM; and the equal external 
angles CAL or CBM of this triangle are equal to }(A+B+C), 
CAL+CBM being A+B+BAL+ABM=A+B+BCN+ACN, 

oreover, if we join PC, the angle PCA will be right, C, being 
the middle of the base of the isosceles triangle APB; and the 
angle C,PA will be equal to -8,a,~', for it is ὁ BPA or }ML or 
AB, since by the equality of the small triangles MA,=A,N and 
NB,=B,L. Hence by the construction of Ex. 5, Art. 30, the angle 
CPA represents 6,a,~! and ACP represents y, so that CAL repre- 
sents p or 6,a,~'y,, and therefore 


Lp=LB,a,-'y,=}(A+B+C), ὕύρεα..... ἐν ννν αν.) 
Again we have this remarkable transformation by (I), 


perm bnnrntn 2 al Qn) 
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so that for the new quaternion, 


BY) OY oanternteennteres 


ἐρ' ΞξἰῖσΣ Ξ 5(Α ἘΒ-Ο-- τ), OV p' =a, ..... ὁ ἐρεννννν (VIL) 
if Σ is the spherical excess of the triangle ABC, becwuse 


Lp = :ρα- =.p— δ᾽ 


EXAMPLES TO CHAPTER IV. 


Ex. 1. lfaisa unit vector at right angles to 8, show that 
where # is a scalar. ere 

Ex. 2. Ifa, 8 and y are unit vectors, mutually at right angles, 

a“B=Vy"+V Ber) 

Ex. 3. Given two sets a, §, y and a’, β΄, γ' of mutually rectangular unit 
vectors in the same order of founda, 80 that ¢= + Bry’ if a= £ By, show 
that we may connect the two sets by the series of relations Ἐ 

(1) y=y, q=acosy+Bsiny, B,=—asiny+Peosy; 

(2) Bx=By yo= γι cos O+a,8in θ, a= —y, sin θ΄ αὐ cos 6; 

(3) Y=7y αἰΞε ας 608 ᾧ Ὁ β. sing, β' -- —a,sind+ B, cos ¢ ; 
and draw a figure to exhibit the Eulerian angles , 9 and ¢. 

Ex. 4. The conical rotation g( )q~! which converts the first set of vectors 
of the last example into the second is determined by the versor 

q=cos $0 cos 3(h+W)+y cos ὁ sin }(6+W) 
+usin }0sin ὁ(φ -- Ψ)Ὲ B sin καὶ θ cos 3(p- Ψ) 
(see Tait’s Quaternions, Art. 373); while other expressions for the same 
versor are 
ee a ee) Ss 5 ὁ Φ 
q= {(y π β) *+}* 3 (γ π ΒΥ , Ὁ", and q=y" By". 

Ex. 5. Given in order 2 coinitial vectors a,, as, ...d,, it is required to 
inte ἢ planes, each through one of the vectors, ray. δὶ the lines ok waetaoe. 
lon of each plane with the two adjacent may be equally inclined to the 


“ontained vector. Prove that the vector along the intersection of the planes 
ugh a, and a, is parallel to Va,a,—;... a}. 


Ex. 6. Show that 


S}GNE) EGS Metco. SED 


= ee * a+ fp - ! ἘΝ )} 
| +y yta a+ ᾿ 
_ : β and Ὑ are any three unit vectors. 
; Ό 
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Ex. 7. If a, 8, y and ὃ are the vectors from the centre to four points 

A, B, ὁ and ν on a sphere of unit radius, show that 
24 3 0 ΒΝ 
αὖτ β π y rat = 1, 

when the quadrilateral is uncrossed, and when rotation round an internal 
point from A to B to c to D is positive. 

(a) Hence 

(cos A +asin a)(cos B+ sin B)=(cos p -- dsin v)(cos c -- y sinc). 
(δ) Also : 


cos A COs Β -- Sin A Sin B COS AB=COs D Cos C -- SiN Ὁ SiN Ο COS CD ; 


and if p is any fifth point on the sphere from which perpendiculars rq and 


pr are let fall on the arcs ΔΒ and cp, 
sin A COs B COs AP-+ cos A SiN B COS BP+SiN A 851} BSID ABSIN PQ 
+sin C COs D cos CP-+ Cos Ο Cos Ὁ cos DP +sin Ὁ sin Ὁ βίη cD sin ΡῈ τεῦ. 
(ὁ) Examine the cases in which rp is taken to be the pole of a side or of a 
diagonal, or the point of intersection of an and cp. (See Llements 
Quaternions, Art. 313.) 
| f a= = ξεν | a= = 
and apy <0, prove Wak ac UVEY,BCUV/e wi yoUVep. ΤΣ 
(a) If a, Β and ὁ are the supplements of the angles between the pairs of 
vectors β΄, y'; γ᾽, a’; and a’, β΄, deduce the relation 
34 38 2 
αὖ Bt y*=-1. 
(b) Show that this equation may be transformed into 
eda, 688, ely = —1. 
(c) Examine whether it may be further simplified to ~ 
edat BB+ Cy — — l, 
and carefully state your reason. (Bishop Law’s Premium, 1898.) 


CHAPTER YJ, 

» GEOMETRY OF THE STRAIGHT LINE AND PLANE. 
Art. 32. The vector p=OP being drawn from a fixed orici 
and being regarded as variable, the ἃ 2 aaa a fixed origin 

Spa=0, and VpB=O, ......cessseeeees cence 


represent respectively the plane through the origi Dendicula 
to and the ae ete 1 icant = rallel ὌΡΗ perpendicular 
_4f y=0C, 6=OD, the equations of a plane th 

line through D are chess hee plane through C and a 


S(p—y)a=0, and V(p—d)8=0. ἜΤ 5 
These may be replaced by 
p=y+tar, and p=6é+ Gt, teteeeeeeseeeserees( IIL) 


where 7 is an arbitrary vector subject to the single implj 

oe Sar=0, and where ¢ is apo tel La i : Pe 
6 point E in which the line inte : Tea 

Eeixemity of the vackor e line intersects the plane is the 


Ε 6 Β SBa or em yt OE Fie uke ee (IV.) 

The first of these expressions has been found by substituti 

rae = | substitut 
hed for in the first equation (Π.} of the ἜΝ The aaa 
en tound by replacing p by y+ ar in the first equation of 


e line. Anoth ression ἢ | x 
of intersection ad expression for the vector to the same point 
ε-- PSayt+ VaV βὸ 

Saf ἘΞ ft κα αὶ ἃ αὶ αὶ αὶ ἃ thee γε κὸν ον Ve) 


From (rv.) we have the ἱπέδσοο ‘ 
the interval CE=e—y in th pt DE=e—é on the line, and 
“oe a =e in the plane be | . 
and the point of i γ ΝΣ plane between the fixed points 
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If we make in (1v.), =a, we find the foot of the perpendicular 


from the point D on the plane to be at the extremity of the vector — 


OM=u=d—a'S(é—y)a or p=yta 'V(y—<d)a, ..( VL) 
since the line being now parallel to a is perpendicular to the 
lane. | 
The vector perpendicular from the point D on the plane 1s 
DM=p—é=—a7'S(6—y)a=aSa- "DO, ....--- ++ (VIL) 
and it will be noticed that we may direetly obtain the vectors 
DM and CM by resolving the vector DC along and perpendicularly 
the vector a. (Art. 27.) | | 
If in (1v.) we replace a by 8, we find the foot of the perpen- 
dicular from the point © on the line to be the extremity of 
the vector 
ON=y=é—8-'S(6—y)8 or v=y+h-'V(y—4)8, (VUE) 
because now the plane is perpendicular to the line. The vector 
perpendicular is 
CN=8-!V(y—6)B=6-'VBCD. ὌΝ (IX.) 
In general the normal to the plane (11.} makes with the line an 
angle determined by 


cos 0= SUP, or sin@=TVUY, or tan = eyes 0) 


and if we are required to draw a plane through the point C 
making a given angle with the line, we have 

UB=cos 0Ua+sin Ura; while Ua=cos θ0β- 5 0U78,...(X1L) 
if the line is to be drawn inclined at a given angle to the plane. 
In these equations the vector 7 is arbitrary, subject to the implied 
conditions, which are Sta=0 and ὅτ Ξε respectively. 

Ex. 1. Two obj Β and c, are observed from the origin of the vector ἃ 
to oh the divectiona 1 UB and Uy, and from the extremity of α to be in the 
directions UB’ and Uy’; prove that the vector ΒΟ 1s 

yy Voy πμ. VeUb 
OY -VUy/ UB. γυββ' 
and point out the conditions implied in this expression, 

[For the point Β we have eUB=a+yUP’, and therefore 

eVUBB'=VaU0P')] 


Ex. 2. Four points a, Β, Ο, Ὁ are viewed from a fifth point Ῥ. Prove that 


they appear to form a parallelogram Anco if 

U(Ura + Urc)=U(Urs+ Urn) ; 
a rectangle if Upa+ Upco=Ups+ Upp ; 
and a square if in addition SUpa. pp=SUps. pc. 


ArT. 38.] PERPEN DICULARS. a7 


[The first condition requires the diagonals ac and Bp to appear to bisect 
one another. The second requires that they should also appear to be equal, 
and the third imposes the additional condition that adjacent sides should 
appear to be equal.] 

Ex. 3. Find the equation of the locus of a point equidistant (1) from two 
fixed points, (2) from two fixed planes. 

Ex. 4. The extremity of the vector p is projected from the extremity of 
the vector a into a point on the plane SAp+1=0. Prove that this point 
lies at the extremity of the vector 

VAVept(p-a) 
SA(a—p) 


Art. 33. The equation of a plane through the points C,C’, and 
of a line through D, b’, are respectively, 

S(p—y)(y —y)a=0 and V(p—<6)(d —6)=0; ........(L) 

or S(oytyy +y'p)a=0 and V(pd+de'+d'p)=0; ......(1L) 


᾿ _y+sy’ εὐ = τ 
Ol et 3" +ua and p= it? dabeatunkbisnesetente) 


the plane being determined by the condition that the vectors CP 
and CC’ shall be coplanar with some fixed vector a, and the line 
requiring that DP shall be parallel to DD’. 

The various expressions given in the last article may be modi- 
fied to suit the present case by replacing a and 8 by V(y'—y)e 
and δ΄ -- respectively. 

The plane through CC’ parallel to the line DD’ is 


ϑ(ρ-- γ)ίγ' -- γγ(δ' — 8) =O, occ eceececeseeeeeees( LV.) 
because the normal to the plane must be perpendicular to the 
line, so that SV(y'—y)a.(é’—d)=0, or a=a(y'—y)+y(s -- δ), 
png «x and y are certain scalars which disappear on substituting 
in (T.). 

If a plane can be drawn through CC’ perpendicular to DD’, the 
equation VV(y'—y)a.(é—6)=0, requiring 5. (γ' -- γ)(δ' -- δ) τεῦ, 
must be satistied. 


We may, without loss of generality, take a to be pe ndicular 
to CC’, and as it easily appears that the plane for which in addi- 


tion Sa(é’—6)=0 is most inclined to the given line, we can verify 
that the minimum value of 


TV. V(y’—y)a.(8—8) . S(+/—y)(s —8) 
ae i ἡ δ.-- «ΣΟ ΥΩ 

N= SV O7=ya.(8=8) =a y= yea 
Where the vector « is regarded as variable, and that the plane 
SV(p—yy -- Υ)ν (γ΄ -- γγ(δ' — AHO oo ee aee es (VL) 
18 most inelined to the given line. | 
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Art, 34. The equation of a plane through three given points, 
&, 3, ©, 18 SpV( By +yat+aB)=SaGy, ....-.c.ssecceeceeeeee(Ie) 
for the condition that PA, PB and PC should be coplanar reduces 
to this expression ; and in this equation V(Gy+ya+aQ) repre- 
sents double the vector area of the face ABC, while —SaSy is the 
volume of the parallelepiped having three conterminous sides, 
OA, OB, OC (Art. 24). The equation may be taken as asserting 
that if through the boundary of a vector area determined by 
νίβγ- γα tae) we draw vectors equal‘and parallel to OP (P bei 
any point in the plane), the volume of the solid thus construe 
is equal to that of the parallelepiped (Art. 23). 

riting for brevity, the equation of a plane in the form 


the vectors SAp=1, SA te EPP PP 
u=d—d7-"(SAG—1)=A“!VAG+A7}, and DM=A-'—A-*SAé (HL) 
are respectively the vector to the foot of the perpendicular from 
a point D on the plane, and the vector-perpendieular from the 
same pornt. 

To find a plane equally inclined to three given lines OA, OB and 
Oc, we have 


cos 8. TA=—S\AUa= —SAUB= —SAVy, 
so that (Art. 26) 
UA. sec 0. SUaBy= — V(UBy+ Uya+ Ua 8), 
sec 9= —TV(UB y+ Uya+ UaB)(SUa8y)-", 
and the equation of the plane is ἢ 
SpV( UBy +Uyat UaB)=const., 
or SpV(8yTa+yaTB+aBTy)=const. 


A plane equally inclined to the faces of the pyramid OABC is 
represented by | 
Sp(aTVBy+ BTV ya+ylVaQ8)=const. ; 
a plane cutting off equal areas on its faces is 
, So(UVBy+UV ya+UVa8)=const., 
ἘΣ ΣΝ 
while the equations of the planes cutting off equal intercepts 


from the edges and from the normals to the faces, have been 
already found. 


Ex.1. Finda plane equally inclined to the bisectors of the angles of the 


faces of the pyramid ΟΑΒΟ, 


ART. 36.] INTERSECTIONS OF PLANES. 39 
Ex. 2, The page through an edge and through the bisector of the angle 
of the opposite face intersect in a line, 


Ex. 3. Find the equation of the plane bisecting the angle between a pair 
of faces. 


Ex. 4. Find the equation of a plane through an edge and normal to the 
opposite face, and prove that three such planes intersect in a line, 


Art. 35. The line of intersection of the planes 


Sv\p=1, Sup=1 is VeVAu=pu-—A, or pat ye Στ: ὦ) 


and that of the planes 


SAp=1, Sup=0 is VoVAu=xn, or PO 


Three planes S\p=/1, Sup=m, Svyp=% intersect in the point 
ρϑλμνπ V(lLuv+ A+ Ap); «.νννννννννννννν, (IL) 
and the condition that the planes should intersect in a line is 


V (luv + mvA + NA) =O, .....ἁὁννννννννννννσον (111:.) 
if 1, m and v are not all zero. If they are all zero, the condition 
is RATER Nias sks asevocabensen scent extant (Iv.) 


Four planes intersect in a point if the condition 
S(luva — MAvVT+ NAWTD — prApwv)=O ... ἐν cess eee (σὴ 


is satisfied, the equation of the fourth plane being Spu=p. 
The conditions of intersection (111.) and (v.) may be replaced 
by the pairs of simultaneous equations 


Wt YprSV=0, BWA YMASN=OVZ ...cceeseeeens (V1.) 
and h+yputatua=0, cl+yn+en+wp=o .......(VIL) 
respectively, the compatibility of the equations (V1.) or (VIL) 
being equivalent to (11.) or (V.). | 

Arr. 36. Given a pair of lines 
Vip-y)a=0, or p=ytta; and Vip-y)a’ =0, or p=y' +4’, (ἡ 
the vector from a point P on the first toa point P’ on the second is 
PP ΞΞ, —y FU a a. 2. .cseeseeneeseeeesseeed IL) 


If it is possible to select the scalars ¢ and ¢ so that this vector 
od vanish, the lines intersect and the condition of their inter- 
Section 15 


5.PP’Va'a=0, or S(y'—y)a’a=0, ............{HL) 
P and P’ being arbitrary points on the lines. 
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Resolving the vector PP’ into two components, parallel and 
perpendicular to the vector Va'‘a, which is at right angles to the 
irections of the two lines, 
PP’ = Vaa'S(Vaa’)-! PP’ + Vaa’V .(Vaa’)-! PP’ 
PP’ a’ im ὦ 
vw adv PP’ — Ss Vow PP’, 


and substituting from (11) on the right, 
er Sil ¥~y ὙΠῸ gary vee 
PP’=Vaa'S om +a(Syeoy y) t) 


-«(Sy£Ay-y)-*) | 


=Vaa's 


Thus the line joining the arbitrary points has a fixed com- 


ponent perpendicular to the directions of the two lines, and 
suitably selecting the scalars ¢ and ¢’ in (Iv.) we see that 


eal Fi — a’ ra 
P,P, = Vaa sys, ΟΡ Ξ  Ἐ sy (y -»), 


cove eck RE 
γι. . te ci a ; aS 
OP) =y¥ +aSy— (y¥ —y) | 


are respectively, the vector-perpendicular to the two lines, or the 
vector shortest distance from the first line to the second, and 


the vectors from the origin to the feet of this shortest vector—the 


points P, and P,. 
Ex.1. Verify that P,r,’=or,'—or, in equation (v.). 


Ex. 2. Draw a line through a point (x) to intersect two given lines 
V(p-y)a=0, V(p—y')a’=0. 
[The line is parallel to V.V(e—y)aV(e—y')a. See (111). ] 


Ex. 3. The locus of a line which intersects three given lines is repre- 


sented by 
S.V(p—y)aV(p—-y))a'V (p—y")a"=0. 
(2) Reduce this equation to the form .Y=ZW, where X, Y, 7 and ἢ 

are planes. ; 

Ex. 4, Writing c= Vpipy T=Po— pr 
rove that o and 7 are merely multiplied by a scalar, if for ρὲ and ρ ar 
substituted the vectors to any two points on the line of their extremities. 
(az) Conversely, given any two vectors, σ and 7, satisfying the relation 
So7r=0, show how they determine a line parallel to τ. 
Εν In this notation any two lines may be denoted by the symbols (¢, 7) 
σ΄, τ). Prove that the lines intersect if 
Serr’ +So'r=0. 
(c) Any scalar relation homogeneous in the pair of vectors o and 7 
imposes a single condition on a line. | 


ΣΕ 3 ooo TV 


arr. 37.] ANHARMONICS. 4] 


(d) If the planes SA,p+1=0, 5A,p+1=0 contain the extremities of the 

vectors p, and py, show that 
o= Vppo=U(Ay— Ay), T=P2—pPy= —UVAAs 

where # is some scalar. 

(ce) Hence any relation homogeneous in the pair of vectors 7 and t when 
equated to zero may be expressed in the forms 

F(o, 7)=0, F(V pp» P2— P=; fA2— Ay — VAAg)=0. 

(7) According as the equation j(c, t)=0 
is equivalent to one, two or three scalar equations, it represents a complex, 
ἃ congruence or a regulus of right lines, and the constituents of the vectors 
σ and 7, when resolved along three mutually rectangular directions, are 
Pliicker’s coordinates of a line. (See Salmon, Geometry of Three Dimensions, 
Chap. x11, Section 1.) 

(g) The lines of a complex f(c,7)=0 4 being now a scalar function), which 
pass through a point, the extremity of the fixed vector p,, generate a cone 

IV py? D =0; 

and the lines which lie in a fixed plane, 8A,p+1=0, envelope the cone whose 
vertex is the origin and which is the reciprocal of the cone 


F(a, -- VAyo)=0. 
Art. 37. The vector to any point on the line joining two 
given points A and B is 
mari (1. 
1+ ἡ “νὰν eenereeeeeeeeneuneenes 2 


t being a variable scalar. If Ῥὶ and Ῥ are any two points on 
the line, their vector distance is 


pp a tthS_ ath _(2-t)(B-a)_ (&—-h)AB (11,) 
ἐγ με, στὸ, ἀφ (+4) +8) 0°" 
and the anharmonic ratio of any four collinear points is 


OP=p 


_P,P,.P3P,_ (4—h)(4,— re 
In particular | 
(Aven E—OES= ) ὁ 


ἴ--π-) ¢”  - (IV.) 


More generally, the anharmonic ratio of any four points 
Q,,%, Q, and Q, collinear with any two points P’, Ρ΄, of the range, 
_ a0P’+tbor” 


OQ = a+tb ᾿ is (,0,0.0)= Po ssoonsel Vi) 


The two ranges (1.) and (v.) are homographice. 


Ex. 1, If the range arr’ is harmonic, prove that 
1 1 ἢ é 1 1 2 


— πὶ 


AP AP’ AB’ ς p-a p-a p-a 
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Ex. 2. Any two homographic ranges situated on a common line, 
aa+thB  , ey+tdd 
pease FT τ" 
may be simultaneously reduced to the forms, 
Petites | , ee wai β 


ἔπε’ eee” 


It is sometimes convenient to e με ve 5 the vector perpendiculars from the 
vertices on the opposite faces instea the vector areas. If a, 6, y, and 6, 
are these vectors, it is easily seen that 
V=GA=PL=YV=AHD, ooerececrvecoeseveecssseeeeees(Xle) 
because, in fact, the equation of the face ΒΟ may be written 
SpA=l, or S(p—a)A=v, or S(p—a)a~'=1. 


Ex. 3. Show that the vectors ε and ἢ satisfy the equation, Thus (x.) gives 
Te EAD TN ae ] - τ wl T= Ὁ ῳ & 
3 =O, Sime: SlamO: com S—Beaw ds”; . ΣΦ ΟΣ: 
Art. 38. In many problems relating to a tetrahedron, it is convenient to aa, Sl=v; =la=0; —wv βοᾷ αϑ τ, 3= a, α...({χπ.} 


have the equations expressed in a symmetrical manner, and some of the 
following relations will be found occasionally useful. 
If the vectors A, μι ν and @ are the vector areas of the faces of a tetra- 
hedron ABCD we may write 
A\=V(By+yd+6B8), p= --- (αγ- γδ δα), 
νε (αβ βδ-εδα), T=-V(aB+By+ya).. 


These vectors are independent of thé origin, and their sum is zero, or 


Ex. 1. Prove that the vector sides of the tetrahedron are pn in terms 
of the vector areas of the faces by the relations 


VAw=(y-8)0; VAv=-(B-ad)e; Υλ--(β --γ)ν; 
γμν-ί(α-- ὃν; μῶΞΠῈ --ἰ(α-- γὴν; Vrw=(a—f)v; 


and show how to connect the rule of signs with that for the expansion of 
a determinant of the fourth order. 


ΣλιλΈημηνῬ τ, rrrrsserccverssscrsscseceneerees (μ) Ex. 2, Show that . 
Again, if ἐς m, 2, p are the sextupled volumes of the pyramids subtended ϑμνῶ =SAVG =SApD = --δλμν =v". 
at the origin by the four ar faces | Ex. 3. Given the magnitudes of the areas of the faces of a tetrahedron, 
l=SByé, m=—Sayd, n=SafBd, p= —SaBy; ..... ication (111.) show that the directions of the normals UA, Up, and Uv to three of the 
_and their sum is the sextupled volume of the tetrahedron, or faces green τὰ ep ee ee ae 

de αλλ TP + Te? - ϑτμνδῦμν -2TVASDVA~2TAWSU Ap 

and is independent of the origin. Also, | Arr, 39, Any five vectors are connected by relations of the form 
NMa=lu+mpB+ny + pi=0.... ceecioethonerers ced aa.+bB+cey+dit+ee=0, where a+h+e+d+e=0; we ....((1.) 


and if the vectors are drawn from a common origin 0, and terminate at the 
five points A, B, C, D, E, 
a:b:¢:d:e=(BCDE) :—(ACDE) :(ABDE) : —(ABCE) : (ABCD), .........(11-) 

cox (ABncD) is the volume of the tetrahedron determined by the four points 

A, B, C, D. 

To prove this, remark that if 

a(a—e)+)(B—€)+e(y -- εἰ Ἐ α(ὃ -- εὐ τεῦ, 
. the ratios of the four scalars a, b, cand d have the values defined by equation 
eee 0, ΓΤ errr re tee) (vit) (11.), (Com ΤῸ Art. 24, Fx. 5.) The fifth sealar ὃ is —(a+b+e+d). 

which holds for all vectors ὦ, rating on this by Sw’, we may write t should be noticed that the five scalars are absolutely independent of 
result in the form, Seer ΣᾺ aw) = 0; and, ἃ, because’ w is arbitrary, the the origin of vectors. 
i within brackets must vanish. But o’ is also arbitrary, and accordingly, 
τ 


r all vectors ὠ, we have 
wol+=ASwa=0. ὐξρεβαζυνε ες κουν ἐς εν ζχὐθονα φνυδ Te ἢ 


_ Changing the origin to the extremity of the vadee ω, and putting 
a’ =a—w, ete, the volumes subtended by the faces at the new origin are 
U=SP'y's' =S(B -- Οὐ(γ — οὐ(ὃ -- ὦ), ete., 
or ἐ Ξεῖ -- ὅωλ, m’=m—Sop, n'=n—Sov, p'=p—Sw).......... (vi) 
But still (by v.), 
Sa' =0= (1 —SwdA)(a—w) = T/la+w2/ -SaSorA +S rd, 
and this reduces by former results to the new relation, 


Ex. Any five quaternions are connected by a relation of the form 
ἂρ + st + ws + vt =0 
where «, ἡ, z, w and v are scalars. 


Arr. 40. Hamilton has elaborated a remarkable system of coordinates 
a ~ terms “ Anharmonic Coordinates,” the nature of which we proceed 
plain. 
of ἢ accordance with the last Article we may write any vector or in terms 
the vectors to four points A, B, c, Ὁ in the form 
rae +ybB + τογ +wdb | 5 baie) 


OP=> p= ~ wa yb + 20+ wd : ΓΤ bese ee eee ee 


Aa, RR ee ae 

YaA=adA+ Butyv+d0= —3e= Sha; ΓῚ ee 

and, for verification, it is sufficient to take the terms in afy, which are 
uV By — BVay+yVaB= — 3p. 


The sum Sad is independent of the origin. 
On the whole, we have 


Σλεῦ; Sev; Slan0; —wv=TASua=TaSwA; --8υ-- Σαλεεξλα,. ΚΣ 
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where a, b,c and αἱ are arbitrarily assumed constants and where «, y, 2 and 
w are the anharmonic coordinates in question. 
The point vu at the extremity of the vector 


_ _ aat+hB+ey+ds | ἣ 
Ξε νυ Ξξε atbacad 9 tteeeerees ἜΤ Ἔ- ( 
is called the unit point, its anharmonic coordinates being equal Sige: 
The point p, whose coordinates are «+ ta’, y+ ty’, 2+t2', e+ tw’, is colline: 
with the points Ρ and p’, for 
op, = Ora For tza'a 
ἘΞ Sratt 7 - κῃ 
And, in particular, the planes cor and cpu cut the edge ap in the points 


determined by | 
opm τς othe 5. ssssasescsseeeserseee Lap 


4 
wth 


seneeereeees( MIL) 


"πα ηἦ ? οὔ »"Ξ 


for P,., Ρ and Ρῳ are collinear, and also Uj, U and Uy, where 
ory = tee Uy=~ on 


Denoting by (cb. arsv) the anharmonic ratio of the pencil of planes 
through the edge cp and the points a, p, Β and uv, we have : 


(CD. APBD)=(APygBUy) =". 5 νὐννυννννννοννννεννννννννν, 2) 


and similarly, (AC, BPDU)= τ ete. 


Ex. 1. The vector p of any point » of s may, in indefinitely man, 
ways, be expressed under the form ii 
op pa eet yOB + acy + dd + vee 
OS cba yb + 26 + wd + ve 
where aa+bB+ey+di+ee=0, a+b+ce+d+e=0. 
[in terms of the four vectors a, @, y, 6, the anharmonic coordinates ¢ 
the point are «—v, y—v,2-vand w—v, See also Art, 39. | 
Ex. 2, The equation of a plane in anharmonic coordinates being 
ἐκ + nz + pie =0, 
prove that the ratios of the coordinates of the plane /, m, x, p are expressible 
as anharmonic ratios. 
ma—blB 


am—bi ἢ 


[ ‘the line AB cuts the plane in the point οἵη, -- and the anhar 


monic ratio (AU) :BLy.)= -*. | 
Ex. 3. Find the condition that the planes /, m, », p and δ᾽, m’, π᾿ P 


should be parallel. 
[The plane at infinity is av+by+e:+dw=0.] 


art. 40.} ANHARMONIC COORDINATES, 45 


EXAMPLES TO CHAPTER V. 


Ex. 1. The equation of the plane through the origin perpendicular to the 
vector ἃ may be written in any one of the seven forms, 


— * pre _ * PF. ρ δ _ } ρ)᾽- -αὶ 
ΒΕ -ο; eats oe) e+KE=0; u(é 
T(p+a)=T(p—a); Spa=9. 


T(p—a)=T(p-) 

represents the plane bisecting at right angles the line AB. 
Ex. 3. The equations 
2 
vl=i1, Uf=-1, (v2) =1 
a α 
ent respectively the half-line through the origin, having the direction 

tho se gi half-line having the Firection of τὸ a, and the whole line 
parallel to a. 


Ex. 4. The equations 
sul=suf, su@=-suF 
ca a i iL 


Ex. 2. The equation 


represent the two sheets of the cone of revolution, with o for vertex, oa for 
axis, and passing through the point Β (Zlements, Art. 196 (4)). 


Ex. 5. The equation tve=tv8 


represents the right circular cylinder, of which 04 is the axis and B a point. 


Ex, 6. If A,»,c and Ὁ are the vertices of a regular tetrahedron having its 

centre at the origin, a+ P+y+5=0; 
a?= B?=ete. = —38u8 = —385Py=ete. ; 
Tap=2,/¢ Toa. 

Ex. 7. Find the area of a face of the regular tetrahedron and the volume 
in terms of the vector from the centre to a vertex. 

Ex.8 ‘The six vectors +a, +8, +y terminate at the vertices of a 
regular octahedron. Find the conditions the vectors must satisfy, and deter- 
mine the volume, area of face, length of side. 

Ex.9. Ifa, n,c, Ὁ are any four points in a plane, the vectors a, 3, y, ὃ, 
drawn from τὰ arbitrary orien to terminate at these points, are connected 
by a relation of the form, — 

aa+bB+ey+ds=0, where a+b+e+d=0. 
ο΄, aa+bB_ ecy+dd 
terminates at the point of intersection of ΑΒ and cp. =e 

(ὁ) If 4’ and »’ are points similarly constructed on the remaining sides Be 

and ca of the triangle ABc, 
ac’ a, ΒΑ' ὃ Β΄ ὁ 


— 


cp δ' ac ec’ BA ἃ 


CO oO a Ὡὐὴν 
= ee . 
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(c) Hence deduce the equation of six segments, 
ae ἨΔ 
| csp Ac BA 
(α) The right line Β΄ ο΄ meets ne in the point a”, where 


oa” aa’ ὐβπογ, (αἘὐ)γ᾽- (ο α) 
Ξε (oa) 


(6) Hence a’ and a“ are harmonic conjugates to B and c. 
(f) The equation of the six segments made by the transversal c's'a” is 


(g) The points a”, Β΄, Οὐ are collinear, and the vectors a” and y” are 
connected Ἰ ἃ relation, ie ᾿ 
la" +mpB" Ἐπ γ᾽, where ἐξ πε Ἐπ τεῦ. 

(4) The line ap meets ΒῸ" in the point a’’, where 
m (ἃ --οαἰἶδ (a+b)y'+(ce+a)P 
“πὶ 9 Yatb+-e ᾿ 
(i) The points n”, οὐ", a” lie on the polar line of the point a with respect 
to the triangle scp. 
Ex. 10. Let ancp be any tetrahedron, and Ἑ any arbitrary point, the 
vectors from an arbitrary origin to the five points a, B, c, Ὁ, Βὶ are con- 

nected by the relation, 

aa+bB+ey+db+ee=0, a+b+e+d+e=0. 

(a) The line ΔῈ meets the opposite face in a’, where 

oat aa’ = Mate _ OB +ey+d5 
a+e b+e+d 
(6) The line Α΄ Β΄ intersects the line an in the point, 
aa—bpB 


a—bh 


᾿ 


oA’ = 


(c) The six points formed in this way form a complete quadrilateral. 
(ὦ) The vector to any point in the plane of this quadrilateral is of the 


—o p= (σ«- 0B) +y(aa—cy)+2(aa— dd) +w(aa+bB+cy Ὁ ἀδ-Ἐ δὲ 
u(a—b)+y(a—e)+2(a—d)+w(at+b+e+d+e) 
(e) The line ΔῈ meets this plane in the point a,, where 
_ 400+ €€ 
oA, = ; 
da+e 


Ex. ll. The tetrahedra whose vertices are at the extremities of the 
vectors a, 8, y, ὃ and aa, 6B, cy, dé respectively are in perspective. 
(a) Corresponding edges intersect in points at the extremities of vectors’ 


of the type, aa(1 —b)— Bb(1 a) 
a—b 3 


(6) The six points thus determined form a complete quadrilateral. 

(c) Prove that the equation of the plane of perspective may be written in 
the form, D+ ab(c—d)SpaB+D+(1—a)bedSByd=0, 
the determinant law of signs being obeyed. 


ee es ee eS ee ee τἠν. “ΣΝ eed 


Be in} EXAMPLES. a7 


epapwee tae eS 


Pry tbetw 
a parallelepiped having its centre at Ρ and its vertices on the lines Pa, ΡΒ, Po, 


pp, has its vertices at the extremities of the vectors, 
p+a(a-—p), pry(B—-p), p£2(y—p), p+w(d—p). 
(ὁ) Ifa pair of edges are at right angles, the condition may be written in 
either of the forms, ὦ By’ =Sa’8’ or BP+y%=a2+8%, 
where, for brevity, a’ =2(a—p), etc. 
(ce) The locus of a point Ῥ satisfying this condition is a quartic surface. 
(d) If two pairs of edges are at right angles, the conditions may be. 


written as alt= 3, y= 2 
(e) If the parallepiped is rectangular, the conditions are 
a?= Be Ξ — i 


(7) The point, or points, satisfying these conditions are also given by 
U(a—p)+ U(B—p)+ U(y—p)+U(8—p)=0, 
and it may be shown that this is the condition that 
T(a—p)£T(B—p)+T(y—p)+TO—p) 
should be a minimum. 
(g) Another form of this condition is 
SU .(p—B)(p—y)(p -8)= £8U . (p—a)(p—y)(p — ὃ) 
= ΕΠ .(p—a)(p—B)(p—8) 
= +SU .(p—a)(p—f)(p—y). 
Ex. 13. Find the vector to a point Ρ at which the faces of a tetrahedron 
subtend volumes whose ratios are given. 
Ex. 14. Find a vector equation for determining a point Ρ at which the 
faces of a tetrahedron subtend solid angles whose sines are in a given ratio. 
Ex. 15. What is the condition in terms of the lengths of the sides of a 
tetrahedron that two opposite edges should be at right angles to one another? 
(a) If two pairs of opposite edges are at right angles, the third pair is also 
at right angles. 
Ex. 16, The vectors a, 8 and y are coinitial. It is required to draw 


through the extremity of a a plane which shall cut the vectors in points 


forming a triangle of given species. Show that the problem may be reduced 
to finding alae y and 2, so that | 

| IT(yB —zy)=mT (zy -a)=nT(a—yB), 
where ‘,m and » are given scalars; and eliminate either y or 2, so as to 

in an equation in the uneliminated scalar. 

Ex. 17. If the perpendiculars from the vertices of the tetrahedron ΑΒΟΡ.- 

intersect, and if the origin is at the points of intersection, show that 
SaB=Say=Sad=SBy =SPd=Sys. 
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Ex. 18, Given three points a, B, c, show that the three equations 
S(p—a)(B-y)=0, S(p—B)(y—-«)=0, S(p—y)(a—f)=0 , 
represent a line which is the locus of the fourth vertex p of a tetrahedron 
ABcD enjoying the property that perpendiculars from the vertices on the 
opposite faces concur. | 
(a2) Show that the point in which the line meets the plane of the triangle 
Apc is the extremity of the vector, | 


al ie as | V(byt+yatra 
and express this vector in the form, | 
_«a+yB +2y CHAPTER VI. 
hye” 


(8) Show that the line may be represented by THE SPHERE. 


,... By(t-SBy) + Vya(t—Sya) + VaBe— SaB) 
Sapy ᾿ 


Art. 41. The equation 


Ex. 19, When the vector to a point P in the plane of Αβὸ is expressed in TEP=T(p—e)=4, or p*—2Spe+?+e2=0.......0.. (1.) 
the form, ας βιεγ requires the variable point P to remain at a constant distance ἃ 


ἢ 


from a fixed point E, and consequently represents a sphere of 
radius « and of centre E, 

The right lime p=§8+/a meets the sphere in the points deter- 
mined by the values of ¢ which satisfy 

T(8—e+ta)=a, or T(B—e)—a*—2S(B—c)a+Ta?=0; (11) 
and the product of the intercepts between the point B and the 


CTY +e 
show that the ratios of x, y, and z are the ratios of the triangles ppc, Pca, PAB, 
(a) Hence, if upper and lower signs correspond, 
_ ear : -Ββ 
pe ἀ(β-Ύ) τ] - ἡ Τα - β) 
are the vectors to the centres of the inscribed and escribed circles of the 


triangle. ere is inc | bein 
(b) Deduce the corresponding theorem for a tetrahedron, and find the ἢ Ὁ 1s sndependant ot 5 Ῥ - ᾿ 
vectors to the centres of the inscribed and escribed spheres. ] ἐν Τὰ =T(G—ey UT | 0c ne sonee's seeds ecteene ce (III) 
Ex, 20. Selecting any point vu in the plane of three given points a, 8, G while the sum of the intercepts is 
so that ou pn et OB + / (ὦ +t,)Ta=25(8—e) Ua, .........0.00e000000:(IV-) 
αὐτὸ ᾿ - τ Bond ἐς are the roots of the quadratic (IL). 
— a, b, ῳ are μενον Benin 5 the vector to any variable point in the ‘he square of the chord cut off by the sphere is 
plane may be represented by καρ δῶν (ἐ —t,P Ta Ξ 463 -- ΑὙ ὙῪ (β -- ἢ (ν.) 
ρα pa ttatyoB-+acy | Ὶ | piahnsaewe anaes sy 
a+ yb +20 remembering that (SA\u)?+T(VAu)?=Tr2n? (Art. 17), and accord- 


ingly the line meets the sphere in real points, only if 
TV(B—e)Ua=a, ......... shah δνα εἰν υκέφο {{Π8|} 

that is, if the perpendicular from the port E on the line is less 
°r equal to the radius of the sphere. For contact, 

TV(8—e)a=aTa; and TV(B—e)(p—f)=aT(p—8)..{vm.) 
represents the tangent cone from the point B, BP being a tangent 
Ὡ Since TVAu=TAT x, the cone is real only when T(8—e)= tt. 
_ The locus of the centres of the chords is derived from (1v.) by 
Putting 4(¢,+t,)a= p—, and is given by 


x, y and z being the anharmonic coordinates of the point P. 

(a) If 22+7°+2—2yz—2ex—2xy=0, the locus of P is a conic touching the 
sides of the triangle anc in points which connect through v to the opposite 
vertices, ; 

(6) If γεν τὸ ταν τεῦ, the locus of Ρ is a conic circumscribing anc, and the 
tangents at the vertices intersect the opposite sides in points on the polar Οἱ 
u with respect to the triangle anc, or with respect to either conic. q 

(c) The two conics have double contact, the polar of vu being the chord of 
contact, and the anharmonic coordinates of the points of contact being 
1, w, w* and 1, οὐ, ὦ where ὦ is an algebraic imaginary cube root of unity. — 

(ὦ) Given three scalars, v, v and w, discuss the arrangement of the six 

ints whose anharmonic coordinates are equal to these scalars taken iD 


ifferent orders. Show that the six points lie on a conic. Examine the gée- 8 
three cases in which permutation of the scalars determines less than si Ty oa Cseeeeereneessenees veseeeee( VEIL) 
points. 1.0. D 
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ant. 4. COAXIAL SPHERES. 51 


which represents a sphere on BE as diameter. For it expresses 
that the projection of BE on BP is equal to BP, so that the angle 
BPE is right. i 

Taking the harmonic mean of the vector intercepts to be p—8, 
we nay μα (111.) and (Iv.), 1 


The first, second and third show that the sought sphere 
(a”, 177 must be coaxial with the given spheres, and we have, in 
fact, on elimination of «, y and z, 

α΄ 11-- U)+a(l’— U”) + a’(l’” --ὃ a! 0, 
«cos 0"(L—V’) +a cos θ({᾽ — 1”) +a’ cos θ.{" —1) τεῦ. 
Substituting for a” its value, ./(Ta’*+1”), the equation 
cos 0”./{T[a(l’ —l’) +a” —DP+U(1l—1)}3 
+acos 0(l’—L")-+a’cos 0'(l" --ἰ[ἢ τεῦ 
becomes a quadratic, which gives two values of /” for each value 


of cos θ΄. One sphere only is cut at right angles because the 
condition becomes linear in 1”. 


yi Fy yg are | 
(ἘΣ) ΣΞΕ: and S(p—e)(B—e)+a?=0.......IM) 


is the locus of its extremity—the polar plane of the point Β, 


Arr, 42. Any two spheres, 
p?—2Sap+l=0, p?+2S8p+m=0.......... oovo ll 

intersect in the plane, 
2S(a—B)p=l—m; sceseunttavissuye sass 

and if P is any point on the second sphere and P’ any point in 
this radical plane, the power of the first point P with respect to 
the first sphere is (Art. 41 (11.)), 
T p?+2Sap—l=28S(a—8)p—l+m=28(a—8)(p—p’), ..««ἀππὸ 

or twice the projection of PP’ on the line of centres into the 


distance between the centres. 
The spheres eut at an angle determined by 
fe . l+m—2S8a8 an 
008 θ τες ΠΣ ΠΟΤΈ ΤΙΝ NT ahead (1V.) 
since if ὦ and ὃ are their radii, «7+ b?—2ab cos 0=T(a— 8). 
For further investigation, the origin should be taken at the 
intersection of the line of centres with the radical plane. 
A variable sphere cuts two. given spheres at constant angles, 
prove that it cuts an infinite nwimber τ spheres at constant 
angles, Let the sphere (1.), determined by 8 and m, be the variable 
sphere, and let it cut the spheres (a, /) and (α΄, /’) at the angles @ 
and 6’. Assume that it cuts the sphere (α΄, 15) at the angle θ΄, 
Then the third of the equations, 
l+m—2Sa8=2abcos@; '+m—2Sa’B=2a'b cos @’; 
{Ἐπὶ — 2Sa"B = 2a"b cos 6", 
analogous to (Iv.), must be equivalent to a linear combination of 
the other two. Multiply by scalars, ὦ, y and z; add and 
separately equate to zero the coefficients of the variables, m, Καὶ 
and b, and 
el+yl'+2l"=0; e«+y+2=0; vatya'+z2a"=0; 
aa cos 0+ γα! cos θ΄ 4-20" cos θ΄ = 0. 


Ex. Reduce the equations of a pair of spheres to the form, 
p*—-2uSap+l=0; p*—2vSap+/=0, where Τὰ ΞΕ], 

(a) Prove that all spheres of the family obtained by giving various 
values to aw In p?—2wSap+/=0 
intersect in a common circle. 

(b) Examine the condition for the reality of the circle, and show that 
whether real or imaginary, it lies in a real plane. 

© If the circle is imaginary, there are two real point spheres of the 
family. Find them. 

(¢) The spheres of the doubly infinite family 

p?-288p—/=0, SBa=0, 

formed by giving all ible values to the vector 8, cut the spheres of the 
family (a) at right angles. 


Arr. 43. Given any three spheres, 
p°—2Sap+/1=0, p'—2S8p+m=0, p’—2Syp+n=03...(1) 
the radical planes of each pair intersect in the line, 
Wap—l=2Bp—M=Wyp—N; ...ceeeveeeeee (IL) 
or p=1(IVBy+mVya+nVaB)(SaBy)-'+tV(By+ya+a8).(UL) 
If the origin is taken on this line, /=m=7n; and if it is taken 
where the line intersects the plane of centres ABC, the equations 
of the spheres may be ceducsd to the type, 
ρ᾽-- Wrp+l=0, Scv=O, ........sccececeeeee(IV.) 
the vector ν being fixed, but « being susceptible of various values. 
The spheres of this family (tv.) of given radius (a) have their 
€entres on a fixed circle, 
Tk=,/(a?—l), βκν Ξε. 
, itis easy to verify that the radical axes of every three out of 


four given spheres intersect in a poi at — ‘his point is the radical 
“nanos * 


4 


an 
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centre of the four spheres, and is situated at the extremity of the 


vector V(By+yé+66 
p +e 42 SaV(By 4 6 | ὃβ} eee eee ee αὶ αὶ αὶ αὶ αὶ αὶ αὶ αὶ αὶ αὶ (ν.) 


the fourth sphere being p?—2Sép+p=0. 


It may be verified that if in this equation p and 6 are rendered 
arbitrarily variable, we fall back on the radical axis of three spheres. κι 
in addition, y and » are arbitrary, the same equation represents the radi 1 
plane of two, For example, we may put 6=2a+-y8+zy, where w, y and = 
are arbitrary. 


Ex. 1. Find the locus of the centre of a sphere cutting three spheres 
orthogonally. 

[Let ὃ and p determine the sphere whose centre is sought, and let the 
three spheres belong to the family (1v.). The condition /+p—2S8«=0 
must be satisfied by three values of the vector x. Hence p=—l, 3||¥, and 
the locus is the radical axis.] 


Ex. ἃ, Find a sphere cutting four spheres orthogonally. 
Ex. 3. Τῇ four spheres are mutually orthogonal, their centres determine 

a tetrahedron self-conjugate to a sphere. 1 
Let the spheres be referred to their radical centre. The conditions are 


l=SaB=Say=Sad=SPy=SRb=Sys, and the centres are conjugate in pairs 
to the sphers p=] aera ᾿ | 


} 


The Method of Inversion. 
Art, 44. We have seen that 
p-1=0P"'=0P =)’ 
represents a vector having its tensor reciprocal and its direction 
opposite to the tensor and the direction of the vector p (Art. 10), 
ence more generally if 
CP =p —y= — Bi p—y)-!= — ΕΞ. ΟΡ τὶ, ννννννννννν (1.) 
P and P’ are inverse points with respect to the sphere, centre @ 
and radius R, for — 
Ucr’=Ucp, Tcor’Tcp= R°. 
The inverse of the sphere T(p—a)=a is 


T(y a o-y)=e or T(a—y) i ree 3 
! ; eget | (α -- 1 . ἢ ask? : 
oO} T( ¥ Τία--γ}} -- α ps eR my sssoe een 80} 


The symbol T prefixed to the scalar on the right is intended to 
show that it is to be taken positively. Thus, to invert the given 
sphere into a sphere of radius b, we have 
ak : wd 

b= =T(a—y)—at according as T(a-—y)> or <a, + -(EL) 


INVERSION. 


ART. 45.] 53 
or according as the centre of inversion lies outside or inside the 
iven sphere. 
The mverse of a plane is a sphere thro 
sion, and the inverse of a line is a circle. us 
—— =a+t8, or γί = +a—y )O=0,.........(IV.) 
ee eb 
represents a circle through the point C—the inverse of the line 
p =i ++ ἐβ. 


h the centre of inver- 


Ex. 1. If any two vectors oa, op have oa’, on’ for their reciprocals, 
then the right line Δ΄ Β΄ is parallel to the tangent op at the origin 0, to the 
circle ΑΒ; and the two triangles, oan, op'a’, are inversely similar. 
(Elements of Quaternions, Art. 259. 


Ex. 2. Invert the sphere, centre a and radius a, into the sphere centre 
sand radius 6, 


τ (α-- Υ) οὦκἃ"νΝ » Ba. Ξ 
[Here βγη τὰν πο λε Ἐν 
and from these 


+ab— ταν 
= oe — Ee. and B= a b— ay Τ- BY - (εὖ - αὐ} 
There are two real] positions for the centre, but there may be only one 
positive value of 1{3,] 
Ex. 3. Invert a system of coaxial spheres into concentric spheres. 
[A system of coaxial spheres p*-—2wSap+/=0 inverts into a system of 
spheres having their centres on the line locus, 
ἜΡΙΝ ee 
B=y y?-2Qwsya+l 
If this is independent of w, it is easy to see that y*-/=0, y||a, or 
y= tan —l. - ει 5 
The centre of the inverted spheres is + αν —l¥ hah? : ν΄ --ἰ, 


Ex. 4, Prove that 


represents a gt through the four points A, Β, c and pb. 
(Invert with respect to the point p.] 


Arr, 45, The following examples relating to a sphere and a tetrahedron 
eee solved by the formulae x. or xu. of Art. 38, or by the method of 


Ex. 1. Determine the sphere through a, 8, c and Ὁ, | 
‘he vector « to the centre is καὶ —4v"S)\a*=-—42\'c%, and the 
“quared radius is 2?= — v~ Dla? —}v-*(Dda®)*] 


the ὦ, Given four spheres having their centres at a, 8, c and p, and 
ir radii equal to a, b, e, εἰ, find their radical centre. 
If ὦ is the vector to the radical centre, and if 4=(w—a)*+a2, we have 


o=—hvID\(at+a2), hav S1(a?+a%)+}072(SA (a? +0%))*.] 
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Ex. 3. Describe a sphere to cut four spheres orthogonally. 


Ex. 4. Describe a sphere to cut four given spheres at given angles. 
[Here there are four equations of the form (« ~a)?+a*—2aR cos 6+ R2=0, 


Multiplying by the scalars / and the vectors ἃ and forming the sums, the 


equations, 


0(x? + 15). Ἐ 21(a?+a%)-2RSlacos6=0; 2xv+TA(a?+a2)—2RTAa cos θεεῦ, 


are obtained. Substitution for « in the first gives a quadratic in R. For 
the origin at the radical centre, the equations are, 


R2{(ZAa cos 6)? +0} —2RvSla cos O+he2=0; κυτε λα οὐκ O.] 
Ex. 5. To invert four spheres into four others of given radii. 
[If a’, δ΄, ο΄, d’ ave the radii which the inverted spheres are required to 
have, and if the vector ¢ terminates at the centre of inversion, 
ὃ -- ϑϑια Ἐ αὐ} αἷπ τ W=0. (Ex. 2 of last Article.) 
Taking the origin at the radical centre, 


o(P-+h)+ E+ στρ, 20+ PS + \=0. 


These lead to a quadratic in #2 for each set of signs.] 


Ex. 6. Find the equation of a sphere touching the four faces of a 


tetrahedron, 
[(O=v+r2+TA; O=vK+rD+aT.] 


= 7. Find the condition that five points a, B, c, Ὁ, Ε should lie on a 

+ [In the notation of Art. 39, p. 43, this is aa?+b8*+cy?+de+ce=0, or 
0A*(BCDE) — OB?(ACDE) +-0C*(ABDE) — op?(aBCE) +08*(ABcD)=0,] 
Ex. 8. ΤΆ five spheres are orthogonal to a sphere, prove that 
P,(BCDE) — Py (ACDE) + P, (ABDE) — P, (ABCE) +P, (ABCD) =0, 
where A, B, C, D, E are centres of the spheres and where P,, Py, Pp, Pp, and Py 
are the powers of any point with respect to the five spheres, | 
ol by Fm ΤΟ 8 6, 
=P, (BceDE)= 22a cos 6(ncpe), 


P, being defined as in the last Example, and a, ὃ, ὁ, d, ὁ being the radii of 
the five spheres. 


Ex. 10. Find the equation of a sphere in anharmonic coordinates. 
specs Art. 40, μ. 43, The imaginary cone standing on the circle at 
infinity is 

Tp?=0, or Q=LTa*ate* -23SaBabry =0, 
0 4-arXlc=0.] 


Ex. 11, Prove that the equation of the sphere circumscribing the 
tetrahedron ancpd is in anharmonic coordinates, . δ 


2T(a— β)δαίνν τεῦ. 


and a sphere is 
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Art. 46. The product of the successive veetor sides of a poly- 
gon of odd order inscribed in a sphere is a tangential vector at 
the initial point of the polygon; wad if the number of sides 78 
even, the product is a quaternion whose vector part is parallel to 
the vector radius to the initial pornt. 

The centre of the sphere being 0, and A,, A, being successive 
vertices, the isosceles triangle A,A,O is inversely similar to 
A,A,O, and therefore (Art. 18, p. 14), 

Af eet τὰν er a) ee 
ithe σή δι ον or OA, ap δε. OB 
Thus,if OA,=a,, OA,=a,, ete., A,A,=y,, AgAg= Ye ete., 

y= —Y,ayy,7', a3= — Yotgy2 = + yovitry V2") ete; 
and generally, the polygon being closed so that an.,=a, 
a,=(—)"qa,q7}, where q=ynYn-1 +--+ Yo¥u +e 69 
For an odd number of sides, 
qa, +aq=9, or «Sq+Sa,Vq=0, or Sg=0, Vota; ..(π.} 
and for an even number, 
ga,;—aq=9, or V.a,Vq=0, or Vq|l a). «-..-++- {Π|.} 


In the first ease (n odd), the product is a vector, and is perpen- 
dicular to a,, or parallel to a tangent at A,. In the second case 
(n even), the product is a quaternion having its vector part 
parallel to a,. 

In connection with this article and its a il Art. 296 of 
the Elements of Quaternions should be consulted. 


Ex. 1. The equation of the sphere through four given points 4, B, Cc, D 
may be written in the form 


S(p—a)(a— BB —y)(y — 8)(8— p)=0. 
Ex, 2, The normal at the point Ρ on this sphere is parallel to 
V(p—a)(a—P)(B-y)y—p); 
and the vector @ being variable, 
S(@—p)(p—a)(a- β)(β -- γ)ίγ -- p)=0 
is the equation of the tangent plane at Pp. 
Ex. 3. The equation of the circle anc is 
V(p—a)(a—B)(B—y)y—p)=9, 
and the tangent to the circle at the point P is 

| V(a—p)(p—a)(a— BB p)=0. 

(The vector part of a product of an even number of coplanar vectors is 
Perpendicular to their plane, being a product of half the number of coplanar 
quaternions. ‘Therefore when the points are coplanar the expression for the 
hormal vector in Ex, 2 must vanish, as this vector cannot be perpendicular 
to the plane. The equation is also susceptible of geometrical interpretation. ] 
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Ex. 4. The product of four successive vector sides of a quadrilateral 
inscribed to a circle is a positive or negative scalar according as the quadri- 
lateral is crossed or uncrossed, 

[Use the relation U. == £U=, which asserts that the angles anc, ape 
are equal or supplementary. | 


Ex. 5. The “anharmonic function of four points in space” being defined 
by the equation 


examine the nature of this quaternion when the four points are concyelic. 
Ex. 6. Prove that the anharmonic functions of any four points in space 
satisfy the relations 
(ascp)+(acsp)=1, (ascp).(apcr)=1 ; 


d that ime, 
and tha (aBcp)=K oR 
where Β΄, ο΄ and p’ are the inverse points of B, c and p with respect to the 
point Δ, 


_ [Note that a?- βοὶ εα τὶ, (β-- α β- 1] 

Ex. 7. If (oanc)=—1, prove that op-!=4(0a-'+0c~), 

Ex. 8, Inscribe a polygon to a sphere, given the directions of the sides 
of the polygon. 

[Here is given, q denoting the quaternion in the text; and (11.) and 
(111.) show that the vector to the first corner is 1 VUg, or else || + VUq.] 


Ex. 9. For the gauche quadrilateral oavc, which may always be con- 


ceived to be inscribed in a determined sphere, we may say that the angle _ 


of the quaternion product, 4(o0a.a8.ne.co), is equal to the angle of the 
lunule, bounded by the two ares of small circles OAB, ocn; with the same 
construction for the angle of the anharmonic 2 (oanc), or 2 (0A : AB. BC: co). 
(Elements, Art. 296 (15). 


Ex. 10. Let ancpv be any four points in a plane or in space, connected by 
four circles, each passing through three of the points; then, not only is the 
angle at a, between the ares apc, Apc, equal to the angle at c, between cpa 
and cpa, but also it is equal to the angle at B, between the two other ares 
ΒΟ) and Bap, and to the angle at Ὁ, between the ares DAB, DcB. (Elements, 
Art. 296 (18).) 


Ex. 11. The vector part of the product of four successive sides of a 
gauche quadrilateral inscribed in a sphere is equal to the diameter drawn 
to the initial point of the polygon, multiplied by the sextuple volume of the 
pyramid, which its four points determine. (ements, Art. 296 (43).) 


Art, 47. 100 inscribe « polygon in a sphere so that its sides 
may pass through given points. ’ 

Let the unit of length be selected equal to the radius of the 
sphere. Let the centre be taken as origin, and let p, ρ᾽, poy --" 
pn =p) be the vectors to the vertices, while 6,, 8,, ... 8, are the 


[cHAP. v1, — 


τ -νῊΚ ee = Src el 
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vectors to the fixed points. The rectangle under the segments of 
the chords through §, is 

(ρ-- βι)ίρ.,-- By 1 Bi 2; «.sccecvcnessceesess (1.) 


1 a 
so that ριΞΞ — fet) = ΞΕ ει if Py =B6,, qQ= 1. ΠΕ an 3h 


Again, 
Bp, +1 Ppt Qe « = = ἀράς.» 
= ft = if » dy We=Boq,— Pi; (U1) 
= R= =(—) Po— op Po=PsPi+dy 4.5.6. -- Ῥὶ 


and it is easy to see that, in general, 
ριιτΞ(-- Emel + dem if Pn=BuPm-1—(—P""Mm-v αν} 


Pm — Ymp 
| m= BinQrnar-t(—)"—"Pn =e) 
Finally, p=(— rer’ Te τ ee, (v.) 


‘Two cases now arise according as 7 is odd or even. In the 
first place, if πὰ is odd, remembering that p*= —1, : 
ρΡΈΡρτερῃρ--ᾳτερί(ᾳρ-Ἐ ρ4); or pSp+Spp=p(pSq+Spq): 
or, separating the scalar and the vector parts, 
Spp+5q=0 and Spq—Sp=0. ...........006. (V1.) 
Introducing the imaginary of algebra, these may be combined 
into the single relation, φ 
S(pt+/—1)(q+r/—ip)=0...... siisabsitgmes (VIL) 
The equations (VI.) give a line locus for p which intersects the 
sphere in two points—real or imaginary—which satisfy the 
conditions. : 
In the second place, if πὶ is even, 
pP—pp= pip + = p(ap— pq): or V.pVp=pV .Vap. 
Adding to each side a=Spp, we have 
VpVq+Vp=p-‘*=—zp: and this gives SVpVq= —aSpVq 
On operating by SVq. Hence, 
e(Vqtax)= —Vp—2£-'SVpVq, 
as we see by adding SpVq to each side. Thus, 
Ps kh AL ὁ re TVq?-TVp*)-(SVpVqy=0,(VUL 
mia) Pe eg e e eVeY gy = 0,ait) 
aS appears on taking the tensor, remembering that Tp*=1. This 
Oe bares in # has one negative root. The other root is itive, 
and there are thus two real values for x, and two real points 
Satisfying the conditions. 
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Qn +S — 1p = (Bn —( =)" =T)(Gn st = 1pm 1) 
= (Bin+( = J" —1)(Gin-1 + — Vpn). 


This gives at once, on referring to (11.), 


qt/— Ip=(B,+(- Yl —1)(Ba-1 +A - τ -- 1 ἜΡ 
τ ϑρε ΟΥ̓ ΜΞιχ,-- “πη τι [Ὁ 
and the real and imaginary parts of this product are q and p. 
_A quaternion of the form ¢+/—1. p is called by Hamilton a 
bi-quaternion. (Compare Art. 22, p. 20.) 


Ex. Show that in the notation of this article 
Tq" ~ Tp? =( a *1( 8,24 I) Bua?+ 1) sa (B+ 1) ; SqKp=0. 


[Multiply g+/—1p into Kg+./—1 ἘΞ ae 
imaginary part) ἢ q+s’—1Kp and separate the real and the 


EXAMPLES TO CHAPTER VI. 


Ex. 1. The sphere which has its centre at the origin, and the 
| | 6 origin, and has the vector 
OA, Or a, with a Senet Ta=a, for one of its radii, τ | 
any one of the following equations : Ry DORR a 
Ὁ τ, ορ-α 2a 2 
ee : af ῳ. ee δὲ Ὁ p Ἢ 
p a pra 0; Pore I; ar T Se+VE)=1; 
: T(p—ca)=T (cp -- α), 
which are transformations one of the other, and each of whi hibi 
seer prohais ot ec) ier, and each of which exhibits some 


Ex. 2. The circle which has its centre at the origin, which lies i 
plane Sap=0, and which has Ta for its radius, is repreaiaid ty ss vaca 


(= 


Ex. 3. If ¢ is a variable parameter, in absol an 
than unity, the equations ] solute magnitude not greater 


ρας ( ey =e 
SF ἕ, γ᾿ Ξε (3 --ὶ, 
represent a system of circles which generate a sphere. 

Ex. 4. The equation of the sphere through the f ints ¢ 
be written in the forms 2 Ni sh ea a 

S(OA. AB, BC. ΟΡ. P0)=0; 
aSPyp+ B*Syap + y*SaBp=p*SaBy ; 
8(B9— ay a-)(p* a) =0, 

Ex. 5. If we project the variable point p of a sphere into points a io 
on the three given chords oa, os, oc by three pinnae throug! that poine™ 
parallel to the planes noc, coa, Aon, we shall have the equation 

oP? =0A.04 ΘΒ, οὐ +00. οὐ 
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Ex. 6. The expression* 
p=rkfig-k-* or ρει, 

in which r is a given scalar, ἡ, 7, £ mutually rectangular unit vectors, while 
sand ¢ are parameters, represents a sphere concentric with the origin. 

The expression may also be put under the form 

ραν ΕΝ oi, 
and it may be expanded as follows : 
p=r{(tcos tr +7 sin ἐπ) sin ὅπ + £ cos sz}. 

(a2) Show how to establish the first form of the expression by the 

properties of conical rotations. 


7. Show that the equation 
ears = y= my, 
B : 


in which w is a real sealar capable of receiving any value consistent with the 
reality of the vector she eee the portion of the plane S(p—a)B=0 
included within the sphere T(p-—a)=TP. 

Ex. 8. The equationt T(w+p)=1, 
in which p is a real variable vector and w a real variable scalar, represents 
the region enclosed by the sphere Tp=1. 

Ex. 9. A sphere passes through the intersection of the planes SAp=0, 
Sup=0, Svp=0, which cut off caps the sum of whose areas is equal to 27a*. 
Show that the locus of the centre is represented by 

3Tp*+Tp.S(UA+ Upt+ Uv)p=a". 


Ex. 10. The centre of a sphere of constant radius a describes a circle of 
radius b concentric with the origin and in the plane Sap=0, Ta=1. The 
equation of the surface generated may be written 


T(4£6U.a—"Vap-p)=a; 


or 2bTVap= + (Tp? +b" —a*); 
or 4b%(Sap)'= 4070p? — (Tp?+12— αὐ; 
or 4a*Tp* — 4b*(Sap)?=(Tp?—b2 αὐ; 
or su. fe ΕΝ, 
p+a(a?-b*)t a4 
or p=+b6U.a-'Var+aUr (7 a variable vector), 


5 is a B Lemp hg auxiliary unit-vectors perpendicular to one 
a*Tp* — b*(Sap) =a*(Syp)? + Sp(aB + av — a?) Sp(aB -- α Vb? a?), 
and prove that each of the planes 
Sp(aB+ a/b? -a*)=0 
touches the surface in two points and cuts it in a pair of circles. 
* Examples 1-6 are taken from Hamilton’s Elements of Quaternions, 


| t This and the last example are to be found in Hamilton’s Lectures on 
laternions, Art. 679. 


60 THE SPHERE. (cmap. vi, 


Ex. 11, If p and g are variable quaternions, while a and β are given 
vectors, show that 

oP=p= -1 +¢Bq> 

represents the shell included between the spheres 


Tp=Ta+TpB, Tp=T(Ta-—TB). 


(a) If y is a third given vector, and if @ and ὃ are given scalars, the 


point Pp terminates on the circle of intersection of the spheres 
T(ap—y)=T(a—b)B, T(bp—y)=T(a—b)a, 
when the quaternions p and g are connected by the relation 
apap” εὔφβῳ"" --γ. 
(6) When the relation 
Vy(apap' + bgBq~)=0 
connects p and gq, the locus of p is the surface 
4(Spy){abTp* + (a —b)(aTa?—bTB2)}= Ty*{(a+b)Tp*+ (a —b)(Ta? — TB) 2, 
(ὦ) If the condition 
Sy (apap™' +-b9Bq~)=0 
is satisfied, the point p must render the expression 
4(Spy)*{ abT p? + (a -- δ)γί(α Ταῦ —bTB2)} 
+(a—b)Ty*(Tp!+ Ta! + TB — 9735. 2764p? aT pa’), 
less than zero, 
Ex. 12. The bars ΑΒ, sc and cp are connected by universal joints at 


Β and c, and also to two fixed points ἃ and p. If p isa point fixed in ne, 
and if we write 


P=AP=AB+uBc, p'=Pp=w'pe+co, u+u'=1, 
where # is a given scalar, and also 
AB=pap™, Bo=gBq"', co=ryr, pa=d, 


where a, 8, y, 5 are given vectors and p, g and + variable quaternions, 
prove that ᾿ 


¢ being a scalar, and hence show that the inequality 
te>2 Pru'(p? + ut 5 = a?) — pu(p™+u®B? -- γὴ) 
Ἂς 2a’ V pp’ 
determines the region within which the point p must lie. 


(a) If the bar sc remains parallel to the fixed vector ., the locus of p is’ 
the intersection of the spheres 


(p—upy=a*, (p'—u' B=". 
(4) In this case the locus of the bar ne is the cylinder 


[-δ-βεβνῃεβγίε(ν }}}} =r 


(ὁ) When the quadrilateral ancy is coplanar and when the motion is” 


confined to the plane axcp, find equations of the form 
p=Ca+ie, F(x, y)=0, 
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the path of any point of a plane lamina attached to ne, ¢ being a constant 
othe perpendicular to the plane ancp, and f(z, 'y) being a scalar 
function of « and y. 
Ex. 13. Solve the equation 
1 ] 1 ] 
p-a p-B p-y ρ-ὸ 
ι) Tf ρ΄, a’, B’ and y’ are the vectors from the point p, the extremity of 
Syke ὃ, hfe ἫΣ ἐπ ξὰς of the extremities of p, a, B and y with respect 


to D, 1 1 1 
F he ee ate ey a γΞξεῦ. 
p-a p-B p-y¥ 
Hence deduce the relations 


ἔξβ ad ew da oA 
Ἐν rs Vas 
(b) Solve similarly the quaternion equation 
by assuming 


( -- ἀ)(ᾳ' -- ἀ)--(α -- ἀγ(α’ —d)=(b- α)(δ' —d) =(c- d)(c'—d)=1. | 
(Robert Russell.) 


CHAPTER VIL 
DIFFERENTIATION. 
Art. 48. The equation 


OP= p= (6), ....+.. avevbancvsese δον hale (1.) 


in which a variable vector p is given as a function of a variable 
scalar ¢, represents a curve in space, it being possible in general 
to pass from one point P to another point P’ on the locus, only in 
one definite way—namely, through the series of points deter- 
mined by the variation of the parameter from ¢ to ¢. 
The chord PP’ of the curve is 

PP’ = ρ΄ -- p= φ([7-- Q(t), ....cecececeesecesees (II) 
and for the sake of argument we shall suppose that the para- 
meter ¢ represents the time, so that P is the position of a moving 
point at the time ¢, and Ῥ' its position at the time ¢. 


Q 
Q 
* ; _ Se 
Resse os - 
: Fig. 25. 
ὩΣ PP φί(ί-- φ(ί } 
Writing PY = 5 = 2-H), pee naccasevesceceees (IIL) 


it is apparent that had the point passed from P to P’, in the time 
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ἐ --ἰ, not along the curve and with varying velocity, but alon 
the chord and with uniform velocity, and that had it continue 
to move uniformly along the production of the chord, it would 
have reached the point Q’ in unit time. In a similar manner the 
point Q" would have been reached in unit time had the point 
moved uniformly along the chord PP” in the time in which it had 
described the curve and had its motion been continued along the 
chord without alteration. In the limit PQ represents rigorously 
the velocity at the point P, in magnitude and direction, for Q is 
the position the point would have reached in unit time had it 
left the curve at the point P, preserving unchanged the velocity 
it actually possessed at that point. The equations 


PQ=lim pt)— p(t) =lim plt+h)— p(t) 
tae 60 tt h=0 h al) 
=lim n(g(t+=)- o(t)) | | 


are equivalent modes of expressing the limit to which we 
advance; the third being perhaps in closest agreement with the 
illustration. It is usual to write 


as an abbreviation for the limit. 

The vector φ΄ (ἐ) is the derivative, the derived or the differential 
coefficient of the vector function (t) of the scalar ¢, and the 
roid ot (¢) corresponding to any scalar differential 

t of tis ᾿ 


d. oO) = lim alo (t+ =) - 90) = φ΄ () : σὲ πο) 


This is a vector tangential to the curve and of length propor- 
ional to the differential dé which may be large or small. | 

If ¢ is the are of the curve, the vector ¢/(t) is of unit length, 
for in this case we may consider ¢ to represent the time for wnit 
and uniform velocity along the curve. 

If ¢(t)=0, the extremity of the vector OP=¢(t) is a cusp or 
slationury point. 

Ex. 1. The curve p=acost+ 8 sin¢ 
Pepresents an ellipse of which a and 8 are conjugate radii. 

[The vector dios Pham —asin t+ 8 cos t=acos (ξ +4) + (sin (= +2) is the 
rading conjugate to p.] 

Ex. 2, The parallelogram determined by conjugate radii of an ellipse is 
Constant in area. ; 


[Vpp'=Vap.] 
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Ex. 3. How is the point at the extremity of the vector 
οὐκ (ἘΠῚ ,sind(t+7’) 
808 4(t— PTB cos h(t—2) 
related to the points ¢ and ¢ on the ellipse ? 
Ex. 4. The curve p=af?+2(t+y ‘is the trajectory of a point moving 
with uniform acceleration, 


Ex. 5. What is the curve 1 
teat t 
i Os ats eae 
Investigate its properties. 
Ex. 6. A helix is represented by 
p=acosi+ Bsint+yi, 
the vectors a, 8 and y being mutually rectangular, and the tensors of 
aand αὶ being equal. Determine all particulars. 
Ex. 7. A conic is represented by the equation 
_o + 2pht+y 
Oat 2btpe 
Its centre is at the extremity of the vector 
.--46-- 2Pb+ ya 
τ΄ 2(ae—b7) © 
e curve meets an arbitrary plane in two points. Find the pole ofa 
chord, and in particular of the chord at infinity.] 
Ex. 8. Theequation VpaVSp=(Vaf)* 
represents a plane curve—a hyperbola of which a and £ are the asymptotes, 


Ex. 9. Write the equation of the conic of Ex. 7 in a vector form 


independent of the parameter. 
Arr. 49. A vector function of two parameters, ¢ and w, 
PGE 8); sisicrscsecesssevecees ue dees ΕΣ 
represents a surface. It may be regarded as generated by the 
family of curves w=constant, ὁ variable; or by the family 


t=const. 
In strict analogy with Art. 45, (v1) we have 


mn| p(t+— dt, w+ du) — p(t, w) | 


dp = dp(é, w) = lim 
L, (T1.) 


noes, haw 


1 
ex aan gl? +hdt, utgdw)— p(t, u)| 
where dé and du are any scalars. It is evident that this expres- 
sion is linear with respect to αὐ and du, so that we may write 


ἐπ ἢ eee Ὁ ἐς ἃ | 
dp=d¢lt, uw=¢'.déi+¢,.du= Ai αὐ τ » AU. υἁἱν ΠῚ 


—_ aa lL. SU ἜΚ ΤΥ ee SS CUCU Cm, CUCU 
J “2 4 wi j 7 psf " 
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The derived vectors φ(, wu) and ¢(¢t, u) are tangential respec- 
tively to the curves w=const. and ¢=const. at the point ¢, uw; and 
more generally the vector ¢’di+¢du is tangential to the 
surface. 
The equation of the tangent plane to the surface is 
S(p—¢)¢'¢,=0, or S(p—¢g)v=0, if ν᾿ γῴφ,, .....««(ἀπνὸ 
and the vector ν is normal to the surface. The equation of the 
normal is 
V(p—)V¢'¢,=9, or Vip—¢)v=9, or p=p+a». .....(V.) 


Ex. 1. If (¢) is a function of a single parameter, the equation 
ρΞ φί(δ τ ὐφ (ἢ 
represents a developable surface. 

[This surface is generated by the tangent lines to the curve p=¢(?). 
The normal vector is V(é'+u").¢' or Vdd’, and is independent of τι. 
The tangent plane is S(p—d—ud’) V¢'¢"=0, or 5(Ρ -- φ) φ' φ΄ -ΞΟ, and as this 
is independent of a, it touches the all along the generator determined 
by ¢«. Conceive the tangent plane to roll over the surface and the successive 
generators to become attached to it, the surface will be unfolded or developed 
in the moving plane. ] 

Ex. ἃ, The equation 

p=$(t)+ ua, 
in which ἃ is a constant vector, represents a cylinder standing on the curve 
p=(é) and having its generators parallel to a. The equation 
p=ud(t)+a 
represents a cone standing on the same curve and having its vertex at the 
extremity of a. 

Ex. 3. Find the locus of a line joining corresponding points on two 
homographically divided lines ΑΒ and cp. os 

The «: - , a+tG+s(ly+ims) ..  attB . ly+tmd 

me curls Re tie) Tg tae, Oe ἔμ 
homographically divided lines. This is a hyperboloid of one sheet. ] 
ts 4, ΤΟΝ that the variable line determines homographic divisions on 

le lines Ac and BD. 

Ex. 5. Find the scalar equation of the locus of Example 3, and show 

at it may be reduced to the form 
ι ΑὙἿ-ΞΖΥ,, 
Where X, Y, Zand W are planes. 


= = 6. Find the locus of a line similarly dividing two given lines AB 


ART, 50, The equation 
Ξε τέ, τὸ, Oo seed os vs ase dasenceeousason (1.) 


Ἂ ." t, wand v are variable parameters, may at pleasure be 
oe E 


————VS ee — OO eee Sh 
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regarded as determining (I.) a singly infinite family of surfaces, 
for example, the surfaces found by assigning various but constant. 


values to τ; (11.) a doubly infinite family of curves, for example, — 


ἐ variable, wu and v constant; (Π1.} any point in space, for we can 
in general find one or more sets of values of #, u, v corresponding 


to an arbitrary vector p. The scalars ¢, u, v are curvilinear 


coordinates of the extremity of the vector p. 


Differential of a quaternion function. 


Arr, 51. The differential of a quaternion funetion of a 


quaternion is defined by the equation 


ἃ, δύ): > {#(q +22) - Fy} - f(Aq), «ὉΠ 


or d.F(q)= lim - {F(q+hdq)— Ὰ) =/(dq), 


a definition in complete agreement with the results of Art. 48, 


The function f(dq) is «a linear and. distributive function of 


the differential dq, while it also in general involves the quaternion 
q in its constitution. To prove this proposition, observe that if 
7 and 8 are any two quaternions, 


f(r+s)= lim οὐ γίη + “τὴ — Fi a} 
=i nf Fg 9’: -F(q+-) +F(q+°) Ἐν ] 
=lim 7 


im oF g+F*)— Ag+ 5)} τοι m[A(a+ 5) — Fa} 
"- lim nf γί. + τ - rq) = lim 2 F(a+ =.) - Fa}, 


or simply FPA S)HP(TYAS(8). ceccccoecceeserescescens (π.) 
As a corollary, \ 


if ἃ; is any scalar. 
As an example, 


Ἵ 
᾿ 


᾿ de : Γι * a d di d 3 ᾿ 
a. fatin of (04+ 8) —<"} tin fet. Ta SP ὐϑ 


=lim{g. dg+dq. q+, 
and thus G2. AG Hd .G. ceseececceeeseceeeees (IV) 


SURI P ECT T )yiaseanascice tas caneese ἐόν {ΠῚ} 


ἕω tented ᾿ == =, ’ 
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There is a notable difference between the differential of a 
function of a single scalar and a function of a quaternion, which 
is clearly illustrated by this example. In general, from a differ- 
ential of a function of a single scalar ἃ. F(a), we can form a 


differential coefficient ae) which is absolutely independent of 


eae ιν" ' ; δ 
dx. Thus, ——= 2a, but =, 9 19 .q-dq-' is not indepen- 


dent of dg. And this, which is a consequence of the non- 
commutative law of multiplication, is really quite in keeping 
with the ordinary theory, for if F(#, y) is a function of two 
independent scalars # and y, we cannot form a complete 


differential coefficient from ἃ. Play) = dr dy, where dz 


and dy are arbitrary, though we can of course form the partial 
differential coefficients = and τὰ We must remember that a 


“gigi. is a Tunction of four numbers, and that a differential 
dg is susceptible of a quadruply infinite system of values. 
As a second example, 


for d.q™*=tim a{(a4 54) 9} 
=lim n, (a+haq) {1 ~(9+2 dq) τ] 


=lim (q+4dq) .dq. qr) 


Ex. 1. Prove that 
d.Sq=8dg, αὐ τ νά, dKq=Kadg. 
[Note that these symbols are distributive, or that 
Sq Ἐπ ἀφ) =Sq +2-1Sdq.] 

᾿, Bx. 2, If y is a vector function of a variable vector p, and if dv=ddp 

ow that gdp is a linear and distributive vector function of dd, so that for 
αὐ of vectors φία + B)=(a)+ φ(β). 
f [ 4s 185 a particular case of (11.). Fuller details will be found in the 
following chapter. ] 
4 Arr. 52. The differential of a function F(q, 7, 8, ...) of any 
amber of quaternions is the sum of the differentials with 
respect to each separately, or 


d. F(q, r, s,...)=d,. F(q, , 8, ...)+4,. F(q, 7, 8, «..)+ete., ...(1.) 
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where ἃς. F(q, 7, 8,...) denotes the differential of the function on 
the supposition that q alone is variable. We may write 
@ (G39; 8,....) 
he a 1 1 1 tag | 
=lim nf F(g+%a9, r+ 7 s+ nue )—F(q, %, s,---) } (an) 
wc this, by the process of the last article, leads at once to (1). 
Thus, 
d.qr=dg.7r+q . dr, 
d.qq-'=0=dq.q-!+q.d.q-', d.g-'=—q-!.dq.q-}. 
Generally in ony product of variable quaternions, the rule is to 
differentiate each quaternion in the position it occupies. 
Ex. 1. Differentiate = agbge, where ῳ is variable. 
Ex. 2. Differentiate (gr)? and g*r*, where g and r are both variable. 
Art. 53. The differentials of the functions Sg, Vg, Ka, ot 
Ps 


Tq, UVg, ete., of a quaternion are naturally of importance. 
have already stated that 


dSq=Sdq, dVq=Vdq, dKq=Kdzg, ............... (L) 


and these results are immediate consequences of the distributive 
character of the symbols, 8, V, Καὶ, 


Since (Art. 17, esl 
Tq’=qKq, we have 2Tq.dTq=dq.Kq+q.Kdq=2SdqKq 
(compare Ex. 6, Art. 20, p. 15), and since Kg=Tq(Uq)7}, the 

differential of Tq is 
τ- 5 oh 
dTq Sq or 
Further, since 
q=Tq.Ugq, and dq=dTq.Uq+Tq.dUg, 
we have on division by gq, 


dq_dTq αἴ 
q = "T9 Uq’ CAebAhe cess ese onSoseeanas (111) 
and therefore by (11), τ4-ν “ δ... aly elle αν 


In particular for vectors, 
dTp =—d. p” ==— 2Spdp = 2T p*Sp- ‘lp 
and dga=Tp.dUp+Up.dTp, and therefore, 


dT p dp dU d 
"1 =§-F em Vor, CoP TCP eee ere * 
ip ie Up. 9 Wa 
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The relations gIU9q_g οὐῦρ 


Ug” 1 a οὐτονοὐ ἐρν συνε 


are worthy of notice. 

Ex. 1. Resolve dp into components along and perpendicular to p. 

au 

Ex. 2. If p=ra* B, where Ta=TB=1, SaB=0, and where the scalars 

y and wv alone vary, show that 
VP madi, get 
P Ρ τ᾿ 

(a) Prove generally that TV.dpp-! is the differential of the angle swept 
out by the varying vector op=p, 

Ex. 3. If p and p’ are inverse points, the origin being the centre of 


inversion, and if dp and d'p are any tw erentials of p, and dp’ and dp’ 
the corresponding differentials of ρ΄, prove that 


a 


dp’ _ 1, 4p 
ἀρ ? "ἄρ᾽ Pr 
and interpret the meaning of this relation, 
Ex. 4, Compare an element of vector area with the corresponding 
element into which it is changed by inversion. 
(The elements are Vdpd'p and ρ΄". p-'Vdpd'p. p.] 
Ex. 5. Prove that Vag 
(a) dUUVg=V Vo" UVg. 
(Ὁ) AVUg=V ( v “ Uq). 
(Ὁ asUq=8(v 2. vy). 
(c) ἂμ 7 4) 
a dq -) 
(ὦ dig=8 (owt .) 
Ex. θ, The vector a being constant, prove that 
d,gag*=2V . Vdqq'. qag-*=29(V . Vq-*dq. aq. 
Ex. 7. Prove that 
da*=der(log Ta+ Ua) a’ 
where ἃ is a constant vector and 2 a variable scalar ; and that 
da? =.2S da a + vie, Va’, 
a. a 
where « is constant and a variable. 


Arr. 54, If P is any sealar function of a variable vector p, 
a differential of P is connected with the corresponding differential 
of p by a relation of the form 


dP= —Srdp, ρϑνε νυν θλου τα νυξον ἐφωθ ο Led 
the vector ν being a function of p but independent of dp. 
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The rate of variation of P along any direction a (Ta=1), may © 


be written in the form 
CP a et IE «ον κ κε μα deenmnhbute (11) 
it being understood that the suffix a attached to d signifies that 
the corresponding differential of p is 
CARRE Oly ὁ τιρυωδονναι εὐ μονῶν ince οὐ ο (TIL) 

This rate of variation as expressed by (11) is the projection of 
the vector ν along the. vector a, and consequently the rate of 
variation of P is maximum along the vector ν, being then equal 
to Ty, while it is zero along any direction normal to ν. 

Having given the variations of P along three non-coplanar 
directions, or what is equivalent, having given the differentials 
dP, dP and d’P of P corresponding to three non-coplanar 
differentials dp, d’p and d“p of p, we can determine the vector ». 
We have in fact 

dP=—Swp, d’P=—Sr'p, d’P=—Srd"p, .......(1V.) 
and by the fundamental formula of Art. 26, p. 24, we find 
_ Vd'pd"p.dP+ Vd’ pdp.d’P+Vdpd'p.d"’P (v.) 
ee 
Thus it appears that the vector » is derived from P by means 
of the differentiating operator 
-  _Vd'pd"p.d+Vad"pdp.d’+ Vdpd'p. a” ; 
V=--— Sdpd’od’p aceenee (VI) 
in which dp, dp and d’p are any three non-coplanar differentials 


of p, and in which ἃ, d’ and d’ are the corresponding symbols of 
differentiation. 


y= 


Ex. 1. Prove that VSap= —a, 
Vp? = — 2p, 
'VTp= + Up, 
VIVap= + UVap.a, 
VI(p—a)'= — U(p—a).T(p—a)-*. 
[These follow from the relation d?= —SdpV/.] 
Ex. 2. Show that ὁ 
SaV . Τρ} = —Sap.Tp™,. 
SPVSaV . To! =3SupSBp. Tp  ἜΒαβ. Tp, 
SyVSPVSaV . Tp-'= —3. 5SapSBpSyp. Tp —3=28BySap. Tp. 

Art. 55. The form of the expression found in the last article 
for VP suggests a new view of the subject which is applicable 
in the general case when P is a vector or even a quaternion 
function of p. Suppose a arising constructed having its 
edges equal to any three vectors dp, dp and dp, and having its 
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centre at the extremity of p. If we suppose the vectors arranged 
in positive order of rotation (compare Art. 24), Vd'pd"p is the 
outwardly directed vector area of the face having its centre at 
the extremity of p+4dp; and — Vd'pd"p is likewise the outwardly 
directed area of the Sian, centre p—idp. Also —Sdpd’pd'p is 
the volume of the parallelepiped. 
Let F(p) be any function of p sealar, vector or quaternion, 
then the sum of the products of the outwardly directed vector 
faeces into the value of Fp) at their middle points 1s 
Vd'pd"p.Fip + }dp)+Va"pdp.F(p+4d'p) + Vdpd'p. (p+ να΄) 
- Vd'pd’p. F(p — 3dp)- Va" pdp. F(p —3d’p)— Vdpd’p. F(p- 345), (1) 
and the quotient of this sum by the volume of the parallelepiped is 
ΣΥγ ἄρά". {(P(p+idp)—M(p—tdp)} αι 
-  Ββαρά ρα 


uF a” ἃ : 
Each edge being diminished in the ratio τὶ the quotient becomes 


i} "ἢ 1 l 
n-2SVa'pd pt F(p ὦ ἀρ)--Ρῴρ-- ὦ ἀρ)} 
¥ v-"Sdpd ρα p 
So that when 2 increases without limit, or when the parallele- 


ae Co Bee hag ἀξ ἐν 
piped whose edges are “dp. au p: .8 p decreases without limit, 


pa caese Ste) 


the limiting value of the quotient (111.) is (compare Art. 51 (1.)) 


_ ΣΥ4 ρα". nf Fp > dp) =r (p ῳ aa) 
= Sot op 


2 dpd'p.dho_o p 


= 


Sa anieta κα wae at Be IV. 
Sd od’ pd” ρ p ( ) 


Thus V.F() is the limit of the ratio which the sum of the 
products of the outwardly directed faces of a parallelepiped into 
the mean values of F(p) over the faces bears to the volume of 
the parallelepiped. And the vectors dp, d’p, dp being arbitrary, 
the result is independent of the shape of the parallelepiped. 

Take the case in which F(p) is a vector function (¢) of p, and 
consider separately the scalar and the vector parts of V.o. The 
scalar part is the limit of the ratio which the sum of the scalar 
produces of σ into the outwardly directed elements of the sur- 

ace—or which the sum of the inwardly directed normal com- 
ponents of ¢ into the corresponding area*—or which the surface 


. ἢ Remember that Sag ie minus the length of one vector into the projection of 
the other upon it. 
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integral of the inward normal component of «—bears to the 
volume. Thus if « represents the flux of a fluid, SVo is the rate 
per unit volume at which the amount of the fluid is increasi 
at the point in unit time. In other words SVo is the rate o 
increase of the density at the point. If o is the velocity of a 
fluid and ὁ the density, co is the flux, or the mass of the fluid 
that crosses unit area normal to ¢ in unit time, and SV.(¢c) is 
the rate of increase of density at the point, or τ᾽ Thus 

Oe 7 

5; = SV (co). λα πὰ νος 


For an incompressible fluid, c is constant and SVe is zero. 

In like manner, V.Vo is the limit of the ratio borne to the 
volume by the integral over the surface of the vector product 
V.Uv.o.dA, where Uy is the outwardly directed unit vector 
along the normal and dA the scalar element of area, or where 
Und A is the outwardly directed vector element of area, 


Since it has appeared that these results are independent of | 


the shape of the parallelepiped, it follows that they are true for 
any closed surface formed of a single sheet, and we have 


lim {dvF(o) aa. ee (vt) 


where dy is an outwardly directed element of vector area of the 
surface, and where v is the volume, the limit being arrived at 
when the surface becomes indefinitely small. 


_ Arr. 56. Towards further elucidation of the operator V, con- 
sider the analogous integral taken round the vector sides of a 
parallelogram, having its centre at the extremity of the vector p. 


Fie. 24. 
Cireuiting in the positive direction and forming the product of 
the vector sides into the corresponding values of F(p) at their 
middle points, the sum is 
dp. #(p—id'p)+d’p. F(p+idp)—dpF(p+ $d’p)—d’ pF (p— dp). 
Collecting terms and dividing by the area of the parallelogram, 
the result is | 


ἄρ. {#(p+3dp)— F(p— dp); —dp{F(p+ 1d’p)—F(p—3d'p)} 


TVdpd'p 
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Now let the parallelogram be indefinitely diminished by replacing 
dp and d'p by “dp and 4’, and we have in the limit, 


vp{ F(p+$2)—F (0-32) | -ap| F(o+ 52 -F(»-5°)} 


ssn n-*T p 
d’p.dFp—dp. dF (1) 
TVdpd'p SPP ἃ αὶ καὶ ἃ καὶ ἃ ἃ ἃ αὶ ἃ ἃ ἃ ἃ αὶ αὶ ἃ αὶ αὶ αὶ ἃ 


But this is equal to 
{V , Vd V'p(Vd' lp . cl ᾿ ΕΥ̓ “od ss α΄. + Vdpd'p ; a” Ξ )} Fp 


—Sdpd’pd’pTVdpd’p 
because V(Vdpd’p. Vd'pd”p)= —d'pSdpd'pdp, ete., so that the 
integral is 
i at Sa Spm (Oy .V) Bp ....0ὁ.ιιν.....{11.} 


TVdpd'p 
if Uv=UVdpd'p is the normal to the area about which the 
direction of circuiting is positive. 

As in the last article, we have for any plane closed curve 
without loops, 


lim deF(e) 7 a a ee (m.) 


dp being now a vector element of are of the curve and A being 
its scalar area. 
In particular for a vector function (σ) of p, we have separately 


Vdor γίγυνγ. σ)...ν. 


It is obvious on using the expanded form of V that we may 
write 


lim dee =S(VUbV.), lim 


S(VUrV . c)=S(UrVVa)=SUrVea, ..... 0000000 (Ve) 


or that we may in this relation at least treat V as a vector in 
combination with other vectors, it being understood that V 
operates on σ᾽ but not on Up. 

This result leads us back to an interpretation of VVo 
analogous to the interpretation of VP in Art. 54. We have 


d 
A 
or the limit of the ratio which the integrated component of σ 


along the are of a plane eurve (—{Sdpc)-bears to the area of that 
curve, is equal to the component (—SUrVVo) of the veetor VVo 


SUVVo elim dee a 00 (vt) 
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along the per normal to the plane. This is a maximum and 

equal to TVVe when the plane is at right angles to UVVe; it 

vanishes when the aoe is parallel to that direction. 
If Sdpeo is the diff 


integral is taken (leaving aside cases in which singularities 
occur), and is in fact P(p,)—P(p,) if the integration extends 
from p, to ρῳ. For any small closed circuit therefore the integral 
vanishes, the initial and final points of the path of integration 
being coincident, and therefore 


V¥om0, 18 BadsecdP. ..csissccecsmaseres (VIL) 


Conversely, if VVce=0, we must have Sedp the differential of 
a scalar P; for in this case the inte af round any small 
closed circuit vanishes, or what is equivalent, the integral from 
ρι to ρῳ is equal and opposite to the integral back by another 

ath Bn Ps tO p,, or again, the integral from p, to p, is indepen- 
dent of the path. These results will be extended to the general 
case of curves which are not small. At present we remark that 


VVVP=0, or VV?P=0, or V?P=scalar,...... (VIL) 
if P is a sealar function of p, is involved in equation (VIL). 
Art. 57. It is useful to express the operator V in various 
forms. If, for example, as in 50, we suppose the vector 


to be expressed in terms of three parameters u,v and w, and if 
we write 


| 3 
dp= se .dw=p,du, α΄ ΡΞ se dv=p dv, d"p= <P awn =p,dw, (1) 


the symbols of differentiation d, d’ and d” refer respectively to 
u, v and w, so that symbolically 


we , Ὁ ine δ 
d=— . du, d =s5,- de, εἶ =5,° du: sstee sensei 
On this understanding, equation (v1.), Art. 54, becomes 
ὃ ᾿ Ὁ Ὁ 
Vpxpi- τῷ + Vespers, + Vers 5, 
V=- ee TTT 


Spipeps 

If the parameters are so selected that the derived vectors 
Py, p2 and p, are always mutually perpendicular, the symbols V 
and Κα in (111) become superfluous, and the expression for V 
reduces to the simple form, : 


rn, gid . 
V=-p, "Sy, 7 Pe "Spy ~ Ps rn eaeeeceas oveeens (Iv.) 


erential of P (some scalar function of p), the — 
integral [Sdpo depends merely on the limits between which the 
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If the vector p is expressed in terms of the Cartesian 
coordinates x, y and 2, so that p=ix+jy+hkz, we have 
pr=t> Po=d, ps=hk, and 

στὶς 

This last form may be regarded as the canonical form of the 
operator. We have, for example, when g is the operand, 


Vga id 4 jel 4 6A = BIT ες, I = V8 q+ SV + VV 9: 


oy 
and we shall -write 
054 OT OF pi 8d, 5 °N" 5_yg94.99-VVVe: 
9. Vaz, Sta I ἴω tia +25, VSq+SVq q: 


so that in combination with its operand V acts as a vector in 
combination with a quaternion. 

Again if @ is a constant quaternion, we have symbolically, an 
operand being understood, 


| Oe ee ae ag 5, ΞΞ 
ν ἀπίας tag thease V.Sa+SVa+VV Va, 


i . Ὁ . fs) Ὁ 4 ἢ Τ l= ἐ 
a. satel ati | die ala .Sa+SVa-—VVVa: 
and in combination with a quaternion, not the operand, V still 
plays the role of a vector. 
In combination with itself 


) epic δὴ 
V.V.gaV. (iste jed +k? 


oy 
Od, Od 90d OF 1 OE 
= Bait Toate a tits ast Vazey 


Od sg OT ge OE OE 
Ἐλὶξ t+ukss, + ὕπερον tT ον 


and generally in all combinations V may be treated as a symbolic 
vector. Of course some little care is necessary when V is ex- 
pressed in the general form, but it is precisely of the same kind 
4s the care required to distinguish between 


(22) = + 2c? and n(2). 
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Ex. 1, Show that if g= W+iX+jV+4Z, 
_ OX OF 2,./oW, oz oF 
Vo= ταν τῶν ae tt( Geto : 
(OW OX Ὁ OW oY ox 
| + Oy Be - Ba) εἰν ἂν Be) 
Ex. 2. Verify that 


V.VoaV.o=—-(S4+o4+S)o, where ¢=iX+j¥ +h. 


Ex. 3. Prove that ὕρ- --3; VVAp=2A; VUp=—2Tp~'; Vp-!=Tp-; 
V®.T(p—A)1=0 if p is not equal to A; VETVAp=-T(VA“p)"; 
V?log TVAp=0; V?/Tp=—f"Tp—2Tp-¥'Tp. 


[ For example, VVAp == mera a ΞΞ -- ae pee, | 


Ex. 4. Prove that VAY p=-2A; VVVAV.P=- AV*P+USAV.P. 
Ex. 5. Show that 
(aV+Va)q=28aV.qg, (αὖ -Va)g=2VaV . φ. 


[ Here (aV+Va).g=- Σ aVd' 


Ex. 6. If P and ᾧ are scalar functions of p, show that 
V.PQ=VP.Q+VQ.P. 

Ex. 7. If pand ῳ are quaternion functions of p, show that 
V-PG=VP-GotV - Po-4 


where the suffix is intended to denote that the affected symbols are not to 
be operated on by V. 


Ex. 8. Interpret the expressions 
VVV'.PQ, SVV'V’. POUR’, 


where the accents indicate that a marked symbol is to be operated on by the 


correspondingly marked VY. 
[if / and ᾧ are scalars, the first expression is V(VP)(V@Q), or 
OP 0Q oP 50) 
δία, δ Be By) 
This last expression is also true when P and Q are quaternions.] 
Ex. 9. Find an expanded form for V*. PQ. 
Ex. 10, Find the e ion for V in terms of the usual v7, 6 and & 
coordinates. [Use the relation (1v.).] 
Ex. 11. Show that ῳ. V=—K.VKg where V operates on gq ἐμ situ. 
[It is sometimes convenient to place the operator to the right of the 
operand. 


Ex. 12. If /,(p) is any homogeneous function of p of the order # which 
vanishes under the operation of V*, the function Tp-*"-'.7,(p) will vanish 
under the same operator. 


d’pd’p.a a. oy Sad’pd’p ao: 
pap sty ΕΠ 


ἣν 
- 


— 
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Ex ing that V*(Tp™. /,)=0, we may write this relation in the form 
oh mf, )= provided we remove the accents after the o ion. 
This expands into V'"?Tp™.7,+25V'Tp'™V .7,+Tp™. V27,=0, and observing 
that SpV./f,=—wf, because f, is homogeneous in p, we easily find the 
equation reduces to m(2n+1+m)=0. is result is of importance in the 
theory of spherical harmonics. | 


Art. 58. Given a quaternion function p=F(q) of another 
quaternion g, we have seen how to express dp in terms of dq 
(Art. 51). It is a more difficult problem to ye ieee dq in terms 
of dp, and we postpone the general method of solution for the 
present.* However, there are a few cases in which the problem 
ean be solved directly, such as to find the differential of the 
square root of a quaternion. 

Here p=qt or pr=q,.......00 Soe ee er (1.) 
so that PAP tT dp . PAA. ......cecsecercessescoess (π.) 

Multiply this by Kp and into p, and two relations equivalent 
to (1.} are obtained, 

Kp. p.dp+Kp.dp.p=Kp.dq; p.dp.p+dp.p*?=dq. p. (11) 

Adding, we have 

dp .(Tp?+2pSp+p*)=Kp.dq+dq.p 


because p+Kp=2Sp, Kp.p=Tp?; 
or 4.dp.pSp=Kp.dq+dq.p 
because Tp*=(Sp?—(Vpy, p?=(Sp)?+2Sp.Vp+(Vp/; 
4 -h 
and hence d ὦ τς ρας = νὰ (IV.) 


As another example, under which this might have been in- 
cluded, to find the differential of the nm root of a quaternion 
(v being an integer), we have 

1 | 
p=q, q=p", dq=dp.p""'+p.dp.p"*+...+p"~".dp. (v.) 

Multiply dg into p and subtract the product pdgq, and 

dq.p—pdq=dp.q—qdp, or V.VdgVp=V.VdpVq. (νι) 

Thus, with an indetermined scalar ὦ, 


ἀρ VUGVP+@ an V-VdgVp 2. 
Vap=—— PES or dp= yd +(Sdp+ γι) (vm) 


Turning to (v.), we have on substitution from (VII), 
dq=n.p""'Sdp+ Vdp.p""'+p.Vdp.p"""+...+p""'Vdp 


τ ἢ pe 'Sdp +57 . np 


x (p"-! + Kp .p?-?-+-(Kpy .p?-* +... +(Kp)"~’), ...(vit) 
* See Art. 150, p. 273. 


ὌΨΙ Ψ - Ὸν 
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because q and δι are commutative in order of multipli 


the vector V. (Vq)- τὶ being perpendicular to Vp. 


poi+Kp. p- 24 ete. = - i at. NE ‘al 


and because a,or a(Sp+Vp)=(Sp—Vp)a if SaVp= ᾿ 
γα. cing i dieu ἃ ἀντ 


since p and Kp are commutative in multiplication, and the 


expression (VIII.) reduces further to 


Bal : 
dg=n.p"'Sdp+y-.mp™"+- at Xe vi voces es Im 


Thus we have by (vu.) and (rx.) on elimination of « 


dp= SE AL. 2 re 


Vq πη) ng 
and the sought differential dp is expressed in terms of p, g and dg. 
Arr. 59. Writing the first differential of fg in the form 


d./g=A@ 49) .. ὌΝ (ls) 

= indicate bagel + Sets pecaprened 4 and of παν in the Inéter, the 

ἀξ, fg=f2(9, dg)+f,(q, Aq), rm 

ΜῈ skills tecover het aiaipteatel aed to taiwan AF oa 
that d%g=0, d°7=0, τῆς we have 


a”. “τε. fin-1(G, AG) =fin(G, Aq). .. ««{π.} 


Suppose that 70ῳ} and its successive differentials up to the oP a are finite 
for finite differentials of g, and ἘΝ the function ‘i 


F(o)=fq+2p)-S)-> AG »)-- τῇς ae AC Oe ~ mare P)y ."«αἰτνὸ 


in Shigeo gh sap? ard q and p “a two quaternions. Differentiati 
with res ἂν, and lea tan fi 
in Rey ae ; ving p and q constant, we find by the gene 
Oo Px mS 

SS =F, (ῳ +p, Pp) -ῳ, Pp) στ 7 falas »)... ra fm = afn-a P); 
Ὁ ΡΣ ον 

af ) age =L(d +p, »)-- πίω, »)-- τ τ 712» 2}... τ ena }), 
onl F(a) aig .«ε«({γ} 
i a =Jn—(7 + 2p; p)—fm-1(Js P)s 


Κα Δ ΑΝ, αἴ +P, p). 


Putting #=0 in (1v.) and (v.), we see that F(«) and its successive 
deriveds up to the wed m—1 nh when "τεῦ, al cee 


F(2)= c τα αἰ.) PP ἘΤΝ}η «(ον νειν νον Shoshunewen οὐ} 


ART. 60.] TAYLOR'S SERIES. τ 
where 7» is some quaternion function of «ἡ, ᾧ and p, and where by (v.) 
lim. SO? tim 0 (Fn P)+-Tin) = fin (Gs P)> eserercereneess (vtt.) 


By taking # saat πόαν. it is consequently possible to render 7,, 
infinitely anal in comparison with _ p), or 


lim τ ἢ ?) BUD, (ec vaccssentoeescheskias sinned δ, Ὁ 


Replacing zp by p in (1v.), what we have ee is that 
I(q+P)= HQ)+y. AG »)Ὲγ Ὁ GAG PIF tT τιν, P)ATinfy ον ΠΧ. 


where 7, is a function of g and p, which becomes Gala in comparison 
with ἐμ, p) for sufficiently small tensors of p. This theorem is what 
Hamilton calls “Taylor’s Series adapted to quaternions.” 

In certain cases, for a μέ value of m, the term 


= {Fin (Qs Ρ) ΈΤΩΙ 


becomes negligible, and we may write the expansion in the usual symbolic 


form 1 1 
"q+ P)=ENQ=AD+>-Ads PYF τ αὐνία, PYF CCS A= Py «νον X-) 
or more explicitly for a vector variable, 
τς 1 ie it 
ρα) ὅν . A p)=f(p)- : SGV ἤρετο, (SUV). fp) rete. ....(X1.) 
Arr 60. Instead of diiferentiating a second time with the same char- 


acteristic d, let the differential of | 
dQ =A(q 4) 


be taken for a new characteristic, d’ corresponding to the differentials dg 
and d’dg of g and dg. The result may be written 


dd. f(g)=fA(q, Vdg)+7e(q, αἴ, G8), iistiioninvornndt? 
where in full, 1 | 
sis Agha nf f(g 4a, dg) AC Aa). neve) 


Reversing the order of differentiation, 


dd’. F(g)=A\(q, Ad’g)  (ῳ, Ug, WG). ..ceecceeeceeeeeneeee( UL) 


We shall now prove the relation 


IAQ, τῷ 8): (ῳ, 7) .. -+(IV.) 
where ¢ and s are any two quaternions replacing dy and a’ 3 in 2 the functions 
which oceur in (1.) and (11.). We have by (11.), 


Fl, v, 8)= lin ι nf hh (1:1 7, :) —A 9) 
τὰς [ain m{(e+3r+Le)-r(e+4s)} 
- lim ™ { (q+ s)- f@} | 


=lim _ ΝΝ [Aeedeels -#(a+3 r)-f (1411) +14} 


and from mpsiiaakny this is equal vo f(g, 4, 7). 
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More generally, ἐγ by successive differentiation of a function £(q), a function 


£..(q, Τὴν Τὰν «++ 1} 28 constructed, the order in which the quaternions Τὴν Vo, «.., 


are | iid among themselves 1s immaterial. 
n virtue of (1v.), it appears that 
d’d . f(g) — dd’ f(g) = fy(q, Vg —d’q); ..νννννννννννννννννον (v.) 
and in general this difference vanishes if, and only if, d’dg=dd'g. 

Ex. 1. If @ is a scalar function of p, and if d(Q=Sydp, dv=ddp, show 
that the function ¢ is self-conjugate, or that SadB=—SBda, where a and § 
are any two vectors, 

[This is a particular case of (1v.). Compare Art. 51, Ex. 2, and Art. 62,] 

Ex. 2. If v, and v, are any two vector functions of the vector p; if 
dv, =, (dp) and ἂν, =4,(dp), and if V operates on all functions of p on its 
right, show that 

ὅν. —Sy.V.58r,V. =S(hyve— har) V- ; 
or in other words prove that the two operators produce the same effect on 
any function of p. 


Ex. 3. If p, g and ¢ are any three quantities or operators, not necessarily 

commutative in order of operation or multiplication, show that 
(Cy, 4]»7 ἘΓ{2,..]}} ἘΠῚ, »] 47:0 

where [», g)=pa-op, [lp 4], γ]Ξ », g)r-re, 4]. 

Ex. 4. Τί pand ῳ are any two quantities or operators, show that 

etpd = p++ ἔπε) oe +ete.,, where p,=[py-1, 9]; 
and hence prove the equation connecting operators, 
ei" ον το Sn" = νυ, 

where v, and vs, are any given functions of p, where v, is a determinate 


function of p and where V operates only on functions on its right. 


_ Art. 61. To find a stationary value of the scalar function 
J (p), whenever a stationary value exists, we equate to zero the 


first differential 
EFC 0) 6 PD ssndievicocccvecss αν δ. (1.) 


of f(p) for all differentials dp. This requires the vector ν to be 
zero, for otherwise Sydp cannot be zero for every differential dp, 
and the stationary values are obtained by substituting in /(p) 
the vectors p which satisfy the equation 


rR aasaneenyesssibenasdcecnassandeces (11) 
If the stationary value is subject to the condition 
ΡΟΣ svesecccsessecseee ST Ὑ 


where g(p) is a given scalar function of p, the differential dp 
is no longer arbitrary, and the conditions are 


df(p)=Srdp=0, dg(p)=SAdp=0, ..............(I¥.) 
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where A is a new vector function of p defined by the nature of 
the function g(p). Considered geometrically the condition (1.) 
requires the vector p to terminate on a certain surface and con- 
strains the differential dp to be tangential to the surface as 
expressed by SAdp =0. the function f(p) has a stationary value 
if d/(p) vanishes for every differential dp at right angles to X. 
In other words we must have ν parallel to Δ, or 

PT OAM, OF “Verde Os vo cccccscocctectacess (V.) 


where ὦ is a scalar multiplier. The solutions of (11) and (v.) 
afford vectors p which render /(p) stationary in value. 
Again if there are two equations of condition, 


9(p)=0, h(p)=0, .....ccececcsseesseeee( VL) 
the differential of dp consistent with these conditions must satisfy 


dg(p)=Srdp=0, dh(p)=Spudp=, ............(VIL) 


so that dp || VAu, and if in addition /(p) is stationary in value so 
that d7(p)=0, or Sydp=0, we must have » coplanar with ) 
and μ, or | 

y-+tA+yu=0, or SvrAu=0, ............000. ( VIL.) 


where ὦ and y are two scalar multipliers. Here the three 
vanishing scalar functions of p, g(p)=0, h(p)=0 and SyrAu=0, 
serve to determine a certain number of vectors p as vectors to 
the points of intersection of three known surfaces, and substitu- 
of any one of these vectors in f(p) will give a stationary 
value. 

For the solution of the equations, no general rule can be laid 
down. Sometimes, indeed most frequently, it is more convenient 
to deal with the equations (v.) and (vit) involving ὦ and ἡ 
rather than with the results of elimination of these scalars, 

ΤῸ examine the nature of the stationary values of f(p), it is 
necessary to proceed to second differentials. For example when 
there are two equations of condition, we have in addition to (VII.) 
(compare Art. 51, Ex. 2, Art. 60, Ex. 1), 


19(p)= SrA’ p+Sdpgdp=0, dh(p)=Sud%p+Sdpg,dp=0, (1x.) 


where ¢, and ¢, are two linear vector functions determined by 
the functions g(p) and h(p), and we must consider the sign of 


d?{(p)= Syd*p+Sd ρφαρ, Fe Sersthesonsvcwauuas (X.) 


when appropriate values of p and dp are substituted therein. 
_ By adding the equations (rx.) multickies by « and y to this we 
have by (vi1.) 


’ hc Sdp(¢ +xp,+y¢,,)dp, where dp ΠΧ; οὐδῷ (XI.) 
‘Q. F 
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the scalars « and y being given by (VII) in terms of ν, A and 
by means of the relations Vuy=«VAu, VvrA=yVAu, in which 
we suppose the appropriate value of p to be substituted. For the 
negative sign, f(p) is a maximum, while it is a minimum if the 
sign is positive. 5. 
In like manner, when there is only one equation of condition, 
we find 
d*f(p)=Sdp(¢+x¢,dp, where SAdp=0, v-+aA=0, (XID) 


and if d?f(p) is positive for every dp perpendicular to ἃ the — 


function f(p) is a minimum; if d°/(p) changes sign for some 
vectors dp perpendicular to \, the function is merely stationary ; 
if d’f(p) is constantly negative for the differentials dp, the 
function is a maximum. : 


Ex. 1. Find the stationary values of Tp, subject to the condition, 
(ρ -- αὐΣ- αὐτο. 
[Here dTp=—SUpdp=0, where dp satisfies S(p—a)dp=0, so that 
Up||p—a, or p||a, or p=a say, and the condition gives 
(v—1)°a?+a2=0, or w=1l+aTae, 
so that p=ataUa.] 
Ex. ἃ. Find the stationary values of Tp when (p—a)?+a*=0, S5Gp=0. 


EXAMPLES TO CHAPTER VII. 

Ex.1. If op=p=a'R, Ta=1, Sa8=0, the locus of the point pr will be 
the circumference of a circle, with o for centre, and on (=f) for radius, and 
in a plane perpendicular to oa (=a). 

Ex.2. If op=p=V.a'8, y=oc=Vaf, Ta=1, the locus of P is an 
ellipse, with its centre at 0, and with op and oc for its major and minor 
semiaxes. 

Ex. 3. If under the same conditions as in Ex, 2, 

on’ =f'=a7'VaB, or’=p'=a'Vap, 
the locus of P’ is a circle with on’ and oc for two rectangular radii. The 
equation of the circle may be written 
ρα β.. 

ἘΣ. 4. If op=p=atfB, Saf=O, the locus of Ρ is a logarithmic spiral with 
o for its pole. ; 

Ex. 5. If op=p=V.a‘, the locus of P is an elliptic logarithmic spiral— 
a plane curve which may be projected into an ordinary logarithmic spiral. 

Ex. 6. The equation 

p=ctat+a'B with SaG=0, Ta=1, 
represents a helix, while the locus of the cena to the axis of the 
helix which intersect the curve is represented by 
p=cta+ua'p, 
where τὸ is a variable scalar.* 


* These Examples are taken from the Hlements of Quaternions, Art. 314. 


ART. 61.] EXAMPLES. 83 


Ex. 7. If we project the ellipse 
p=acos#+Psing 


on a plane at right angles to the vector A, the vectors a and f will project 
into the principal semiaxes of the projection provided 


8. VAaVAB=0. 
(a) They will project into equi-conjugate radii if 
TVAa=TVAB. 


(Ὁ) Τῇ SaUA= +,/[3(B?— αἢ τ ψ{{{8-- αὐ Ἐ(Θαβ) ἢ], 
ὅβῦλε + JA (a?- βὴ) +  2(β'-- ΟἿ +(SaB)*}], 
the ellipse will project into a circle—one of four, of which two are imaginary. 
(c) The squared radii of the circles of projection are 
— (0? + B*) + /{4(B?— αὖ +(Saf)}, 
the upper sign corresponding to the real circles. 
Ex. 8. A circle of radius +2~'Tf rolls on a circle of radius Tf and 


centre 0, and carries with it a point Ρ at a distance {1 β from its centre. 
The locus of the point P is represented by 


op=p=(1+n—)a'B—lal+"'B, Ta=1, SaB=0. 
(a) Prove that dp=4r(1+n)a(p—a'f)dt, 
and assign the geometrical interpretation. 
(>) Τῇ the variable scalar ¢ represents the time, the equation of the hodo- 


ph * 
ie p=da(1+n)a(n—atB —lal+™B), 


and show that this curve may be generated by a point carried by one circle 
rolling on another. 


(c) Show that the condition for a cusp on the path of the point P is 
1l=nla”, 
and discuss fully the nature of this equation. 


(d) Prove that the vector of acceleration of the point Pp for uniform 
motion of the circle is 


ῥ-ξτ Ὁ τη) (8 Ἐη)ωβ --ἰ Ἐπ)ρ} 


and determine the condition that the acceleration may momentarily vanish. 


(6) The condition for an inflexion is found by expressing that Udp is 
stationary or that Vdpd?p=0, and it may be reduced to 
Pn*(1 +2) —ln(2+2)Sa™+1=0. 
(/) Show that the inflexions lie on the circle 
Εν δέω τὸ ρα | 
Ἐρ { n(2+7) 7 TB. 


Ex. 9. Under the same conditions, what curve, or rather what system of 
curves for various values of the scalar / is represented by p=t+/a'B? 
eg =e 
*The hodograph of an orbit is the locus of the extremity of a vector drawn 
4 fixed point to represent the velocity of the moving body. 
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Ex. 10. (a) If og=¢(¢) and oq’=y(u) are the equations of any two 
curves the relation 
Td. d(t)=Td. ¥(u) 
is equivalent to a differential equation connecting the parameters so that 
corresponding values of the eters in an integral determine equal ares 
measured from fixed points on the curves. 
(6) If the%condition (a) is satisfied, the quaternion 
d. h(t) 
d. ¥() 
is a versor which renders the tangent to the second curve at « parallel to 
the tangent to the first curve at the corresponding point ¢. 
(ὁ) When the curves lie in a common plane, the condition (a) being still 
satistied, the equation ᾿ 
Plt 
or= p=$()- FPO Wu) =00- PQ 


is the locus of the pole of the second curve when it rolls along the first so 
that points answering to corresponding values of the parameters ¢ and πὸ 
remain in contact, 

(d) The vector tangential to the roulette at the point Ρ is 


dp=—( Sf) .¥, 


and this vector is at right angles to p—(¢) because the quaternion of (5) is 
a versor. 
(e) The equation of the normal at the point P is therefore 


στον Ἔαρος $(t)+(e-1). ἃ - Ww). 


Ex. 11. The earth and a planet being assumed to describe circular orbits 
round the sun, show that the apparent path of the planet is represented by 
p=U (cy? a— dpa) 
where ¢ is the radius of the orbit of the planet and ὃ that of the orbit of 
the earth, where P and # are the periodic times of the planet and the earth, 
where y and # are unit vectors normal to the planes of the orbits and where 

a is a unit vector directed towards a node. 
(a) Show that the equation 
Slept ἀρ ΒΥ <0 


determines the values of ¢ corresponding to the “stationary points” at 
which the motion changes from direct to retrograde or vice versa. 


Ex. 12. Show that the equation 
p=hVa*+ua'B where Ta=1, SaB=0 


represents a cylindroid referred to its centre, and deduce the scalar equation — 


{?Vap*Sap=2hkSPpSafp. 
Ex. 13. Describe the loci represented by the following equations : 
(i) p=eSAUr; 
(ii) p=aSAUr+ 6SpUr ; 
(iii) p=aSAU7+ ββμῦτγϑνῦτ, 
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where a, 8, y, A, μ᾿ and y are given constant vectors, and when the auxiliary 
variable vector τ is perfectly arbitrary. 

(a) What modifications must be made in your interpretations when τ 


remains constantly inclined to given direction ? 


Ex. 14. (a) If Spdp=0, show that Tp is constant. 

(b) If Vpdp=0, it follows that Up has a fixed direction. 

(c) If Spdpd?p=0, show that UVpdp has a fixed direction and the vectors 
pare el to a fixed plane. 

Ex. 15. Show that 

Τα Ἐφ) τἀ φᾳ ἘΚφ)}, Ud+g)=(+g)h+Kgy 4. 

(Elements of Quaternions, Art. 343 (9).) 

Ex. 16. Prove the relations 

| πὶ, U(at+ U “ον -1\7?. 

U(a+f)=Ua. (1+0-48)(1 + βα- ἢ; expt Tat 18) ᾳβα- ἢ; 
and find the development to the third order when 1 is small in comparison 
with Ta. 

Ex.17. Supposing the earth to describe a cireular orbit round the 
sun, show that the parallactic ellipse of a fixed star is represented by 

B=-V.yar". Uc 


where o and y*a are the heliocentric vectors to the star and to the earth 
respectively. 


(a) Show also that 
UVoy.Tac! and U.cVoy.TaSyo-! 
are the principal vector radii of the parallactic ellipse. 
Ex.18. If v is the (scalar) velocity of light an Bs the velocity of the 
earth in its orbit, the aberration of a star is represented by 
U(eUe+p)— Us. 


_(a@) == earth’s orbit being supposed circular, the aberrational ellipse is 
given by 
w= —-vwVU .y*ac.Ue 


| 0 
where w is the scalar velocity of the earth. 


Ex. 19. Assuming the effect of refraction to be A times the tangent of 
the zenith distance, show that a star in the direction of the unit vector σ 
appears to be in the direction of the vector 


(14457 )o 


where / is the unit vector directed to the zenith. 


Ex 20. If Ρ is a point in a body attached at band c by universal joints 
to two bars BA and cD having fixed universal joints at a and Ὁ, show that 
the motion of the point r is subject to the conditions implied in the 
equations 

aP=p=pap'+geq™!, PD=p'=ryr*+qnq"', 
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where a, y, ε and 7 are fixed vectors and where p, g and r are variable 
quaternions ; prove that the envelope of the point may be determined by 
identifying the equations 


SVdgq-!. Vgeq'p=0, SVdgq?. Vang"'p'=0; 


and show that these conditions require the five points anrcp to be coplanar, 


Ex. 21. If Sodp becomes the differential of a scalar function of p when 
multiplied by a suitable factor, show that SeVo=0. 


Ex. 22. If ἂν is the directed element of a surface at the extremity of 


the vector p, the element of solid angle it subtends at the origin is 
SdvV Τρ". 


Ex. athe Show that 
d - (sag Ss ν᾿ = ἢ Γι] - V = et, 


Ex. 24. The differential of a function of the vectors p and o, o being a 

function of p, may be written in the form * 
d. P= —Sdp(V,-V;,'Se'Ve). P 

where V, and Vz, operate respectively on p and on o as explicitly involved 
in P, and where oan on p as involved in σ΄, the accents being 
removed after the performance of the indicated operations. 

(a) If P is a scalar function of p and o, and if o is a function of p which 
renders P constant, 

VpP δὰ V,'so’VeP=0, 


(Ὁ) If the same function o renders constant another scalar function Q of 


p and a, the relation 


(P, Q=8.VVoPVeQVVe where (P, Q)=S(VpPVeQ— V,QVeP) 
must be satisfied. And if o can be derived from a scalar function of p by 
the operation of V, we must have 


(P, Q)=0. 
(ὁ) If Ay, pq, Ag and py are any vector functions of p and o, the operator 
SA Vp + Ve) S(AgVp + μων ) — S(AgV pp + pV) S(AyVp + Ver) 
reduces to the form S(AVe + p2Ve)- ; 
(d) If Py denotes the operator S(VpPVe—VePV,), we have 
PeQ= -QeP=(P, Q), 


where P and Q are scalar functions ; and if R is any third scalar function, 


the expression 
PyQy. R—-QyPy. R= Py(Q, R)+Qe(R, P)=(P, (Q, R))+(Q, (BR, P)) 
does not involve the second deriveds of R. 
(e) Hence = (P, (Q, R)) +(Q, (RB, P))+(R, (P, Q))=0 ; 
and the operator (P, Q)e = PrQy — QePv. 


* Compare Jacobi’s method of solution of partial differential equations and 


Lie’s work on Pfaff’s Equation. 
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Ex. 25. Bright curves are seen on a surface owing to Hehe reflected by 
scratches on the surface from a source at A to an eye at B. If the scratches 
are represented by putting u=const. in the equation of the surface 
p=(t, u), show that the equation of the curves may be found by combining 
the equation of the surface with the result of expressing that 
T(p—-a)+T($- 8) 

is a minimum with respect to ¢. 

(a) If the equation of the surface is fp=0 and if Fp=w is the equation of 


a family of surfaces through the scratches, the bright curves are given by 


fp=0, SV/VF{U(p—a)+U(p— β) το. 
() The bright lines due to the grooves made in turning a surface of 
revolution (Tp=/Skp) lie on the surface 


Skpt U(p—a)+U(p-B)j=0; 
and meridian grooves on the same surface give rise to bright curves on the 
surface | 
SVip(Up + kj’Skp){U (p- a) + U(p- )}=0. 


Ex. 26. The differential of T(p—«) sca a es ἰὴ a given differential 
of p ceases to be determinate when p comes to coincidence with a unless we 
know a law according to which p tends to coincide with a. 


CHAPTER VIII. 
LINEAR AND VECTOR FUNCTIONS. 


Art. 62. A vector function of a vector, distributive with 
respect to that vector, is called a linear vector function. 


Thus if 

$(a+8)=¢a+¢8, Spa=0, SHB=0, ............. (1.) 
for all vectors a and 8, the function ¢ is linear and vector. As 
a corollary to the equations of definition 


puceel (DA) POPE... vies csrccsceccessssicssseee( Lae 
if w is any scalar. 
Given the vectors 
G =o, β΄ Ξφβ, 7 HPy, «sccsrerserserceres (111.) 
the results of operating by ¢ on any three given and non- 
coplanar vectors, the function ᾧ is determinate : for by (1.) 


_¢SBypt+BSyapt+ySaBp 
pp Βαβν 5 ὲνκε γεναξ νον tee 
since pSaBy =ZaSByp for any arbitrary vector p. 
_ With a new μἀθλτ υδ μᾶς of the vectors, α΄, β΄, γ΄, a, β, γ, any 
linear function may be reduced to the trinomial form, 


pp=aSapt β SBpty'Syp, v.ccccecsescseeee (We) 
in which either set of vectors a’, β΄, γ΄ or a, B, y may be 
arbitrarily assumed. For if we resolve ¢p along three fixed 
vectors a’, β΄, γ΄, the coefficients in the resolution must be scalar 
and distributive functions of p; that is, they must be of the form 
Sap, S8p, Syp. If, on the other hand, we assume a, Ββ and y, the 
set a’, β΄ and γ΄ follow, being ¢VBy:SaBy, ete. 

Thus in any case, the general linear function is seen to involve 
nine constants, the nine constituents of three vectors a, 8 and y, 
or a’, β΄ and y’. 

For arbitrary vectors, a and £, if 


SapB=SBpy ooeseecssveeessesseeeeen AVE) 
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the function ¢’ is said to be the conjugate of the function ¢. 
The conjugate for the trinomial form (Υ.} is 
fp p=aSa'pt+ BSB’ pt ySy’ p. .....ἁὁἀ{νννννννν VIL.) 
Ex. 1. Given r=dp=a'Sap+ P'SBp+y'Syp, 
show that 
p= 0=(VBySB'y'o+ VyaSya'r+ VafSa‘B'a) : (δα βΎΒαβγ). 


Ex. 2. Show that Vapf is a linear vector function of p, and find its 
conjugate. 


Ex. 3. Is aTpa linear vector function of p? 


Art. 63. From a geometrical point of view the equation 
T= Py «-scerecscccccceccscncnnecsecenes (1) 
in which ¢ is a given linear and vector function, and in which 
the vector p is abies, establishes a linear transformation from 
vectors p to vectors σ. ig 
Kanal oboe are converted by ¢ into equal vectors; right 
lines transform into right lines, and planes into planes, as 
expressed by the relations 
c=pattges if p=a+tB; 
c=dat+toB+upy if p=attbB+uy ...(IL.) 
—consequences of the formula of definition (Art. 62 (1.)). 
The plane whose equation is 
S(p—a)By=0 becomes S(o—da)dBdy=9; ...... (111.) 
and the vector area 
Va8 transforms into V@a@G; ......... «εν. {{Υ.} 
while the volume 


SaBy becomes SpaPBpy. «.--....-0-eeeseee (v.) 
Ex.1. Verify that 


Seba Sa’ 
Stet EH 


where a, B, y and a’, β΄, γ' are any two sets of non-coplanar vectors. 
Ex. 2. Prove that 
VoabB+  ῴγφδε:  φεφί, if Vab+Vyd=Vel 
Take a’ along the edge of the planes of af and of yd, and reduce Va 
ancl Vyéd to γα and Vary’, ete. | Σ : 


Ex. 3. Prove that Vda is a linear vector function of Va. 


Se is practically included in the last example. Verify by the trinomial 
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Art. 64. There is an inverse transformation which converts 


vectors o into vectors p, so that 


peg te WP ome Gps iicc.sccsocecesecesoescen 

and we propose to investigate this transformation. 
Writing afk ξναλμ, Sac sede cewccaecvnseesrag (I1.) 
the conditions of perpendicularity of the vectors o, \ and σι, μ give 
SAdp=90, Sudp=0, or Spd’ A=0, Spd’ u=0...... (1π,) 


by the property of the ceagiaaie function (Art. 62 (V1.)). 
Thus the vectors ¢’\ and φμ are at right angles to p, and con- 
sequently 
mp=VoerAdu=wWVrAp, OY Mp= Wo, ........«««ἰ1Υὸὲ 
y, being an auxiliary linear and vector function defined by the 


equation 
EV GI EVE ed secstecsoecenstunvesnvstl (νυν. 
in which a and βὶ are any arbitrary vectors. (See the last 
Article and its Examples.) 
To determine the value of the scalar m operate on (Iv.) by 
S¢’y, where ν is an arbitrary vector, and we have 


| MSA UY=SBAD UD Y, cscsccecerscse vescsesesss (VI.) 
because Spd νξε ϑνῴρτε ϑὃνσ τε  ϑνλμ. 
“ Operating likewise on (Iv.) by ¢, we have 


Mpp= pba or πιστὸ φψσ :᾿ 
and replacing ¢ by ¢p we also find 


πιρεεψῴρ: 
so that we may write symbolically 


M = PY = Worth, .ccceccesecssscecesees( VIL) 
with the interpretation that the effect of operating first by Ψ 
and then by ᾧ on any vector, or first by ᾧ and then by y, is to 
multiply that vector by the scalar m. This relation shows that 
m is an invariant, or absolutely independent of any particular 
set of vectors A, μ, ν in (VI.), for by (ν.} ψν is independent of the 
vectors ἃ and yu in (Iv.). (See also Ex. 1, Art. 63.) 
Thus wherever ™ is not zero, we can always pass from vectors 
σ᾽ to vectors p by the relation 


_ mp=re, ...... peer rt ere, (VIII) 
m being calculated by (v1) and W by (v.); and it will- be 
observed that in the calculation of this scalar and this auxiliary 
function, we only require the direct operation of the function ¢ 
on vectors. 
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Ex. 1. Show that the function y transforms vector areas into vector 
areas when vectors are transformed by the function ᾧ'. 


Ex. 2. Show that volumes are altered in the ratio m : 1 in transformation 
by the function ¢’. 

Ex. 3. Show that Ψ' is the conjugate of ¥ if ¥'V αβ-ε  φαφβ. ' 

[Expand 5:0 γδν φαφβ, and prove that it is equal to SVaBV¢}'y¢'5.] 

Ex. 4. Show that volumes are altered in the ratio m:1 by the trans- 
formation produced by ¢. | 

[mSaB =SupB=SP'ayB=8.¥'P'aB.] 

Ex. 5. Follow in detail the geometrical meaning of the transformation 
employed in deducing acecae om, Gaile 

[See Art. 63 (1v.) and Art. 150.) , 


Arr. 65. The transformation in the last article fails in one 
case—if m is zero. In that case the vectors o are all coplanar, 
the volume of any parallelepiped formed by them being zero 
(Ex. 4, Art. 64); vad because in general mp= vo if o=p, τῇ 
this particular case, the function y, destroys every vector in the 

lane. 
: To cover this case, consider the general transformation for an 
arbitrary function ¢, 
c=(6+e)p=Pp and M.p= ro; ρὸν 
where 6 is a scalar and where m, and v,, bear the same relation 
to +c that m and y bear to ¢. It appears at once by (v.) and 
(v1), Art. 64, that | 
mSruv=S(g' +0)" -οὐμίφ' Ἐν, 
ψοῦλμε VP HEAP HOME ..005Χ5 Ὺπηλλλλλεεεετεν (II.) 
so that if we write 
Me= MEM CEM CHE, WeH=WHOXHCG, «ore eeeeee(IIL) 
we shall have 
iv’Sr\pv =Sr¢' nd’ v+-ShrAugyut+ Sprg'u ν, 
ὦ ΒᾺλμντε φίλαν + Ξλφίμν-Ὲ 5λμῷ ν, 
xVAu= Vp Aut λφμ. 

Now for any arbitrary value of the scalar ὁ, the scalar M, is an 
invariant, and therefore, separately, the coefficients in its expan- 
sion m, m’ and m” are invariants, or are independent of A, μ 
and ν. 

By (1.) we have identically for all sealars ὁ, 


Me= hebre= Weer 555.» Pn rr ρων (V.) 
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or m+mce+m'?+E=(6+e)(y+ex+c?) 
Ξ φψ tet dx) +e(ptx)+e 
=(vtox+e)\(p+e) 
=Wote(y+t xpter(xto)+e, 
and therefore equating the coefficients of ¢ on each side 
M=GV=Wp; M=V+OX=W+xo; πύ πε φΈχ; ---(VL) 
it beg understood that these equations denote that equal results 
are obtained by operating with right or left hand numbers on an 
arbitrary vector. 

One of the transformations most frequently required in 
quaternions is to invert a function ore or to replace an 
equation s=(¢+c)p by m.p= yc; and in general the process, 
due to Hamilton, as given in the text is the shortest and most 
certain. We first calculate V(¢’+c¢)A(¢' +e) and express it in 
terms of VAw. Then we either calculate m, from (IL), or it is 
sometimes better to caleulate it directly from (v.), namely from 

Tite VA = habeVrXu. 
In particular se 

mp=vo, mp=Wptxe, m"p= xptoa if c=Pp; .. (Ὑπὸ 
and thus the general solution of c=¢p is m’p=yo+wWp if m is 
zero with the implied condition Woe=0; while if m=m' =0, the 
general solution is m’p=o+yp with the implied conditions 
vo=0, Yp+xo=0. In the first case (m=0, m’ == 0), the vector 
p may be considered arbitrary in y-p—there is in fact nothing to 
determine it. But as y destroys every vector in the plane of the 
vectors o, it is really only the component of the vector normal to 
that plane that is of any account in Wp. In the second case 
(m=m'=0), similar remarks apply ; the vector p is arbitrary on 
the right subject to the condition yp+yo=0. The function ψν 
may vanish identically, and this case we shall consider in Art. 66. 

Ex. 1. Determine the functions m, yr and x for the function ¢p=Sa’Sap. 

Lyp==VaBSP'a'p; Xp==ZVaVa'p; mp=dWp= SaBySy'B'a’. p.] 

Ex. 2. Find the auxiliary functions for p= VApp. 

[Find ᾧς and yr, for ASup+pSprA=4,p.] 


Ex. 3. Solve the equations o=VaVBp and «=Vap by the general 
method, and directly. 


Ex. 4. Express ¥, and x, in terms of Ψ and χ.. 


Ex. 5. Construct a linear vector function which renders four given 
vectors parallel to four others. 


[The data are da|| a’, Bil ἢ’, by || γ΄, 68|| δ΄, and the function is 
ἐπὶ δ Ss re "ἢ ὮὮ ᾿ δ᾽ 
pp=e. (Se SByp + Pers Syap+ eee Sapp), 


where ὁ is arbitrary. ]- 
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Ex. 6. Prove that 
»ἵγαβ-- Ὑφαφβιεφγφαβεφναφβ; 
m'VaB=Vd¢'aBt+ Vad'B+oVaB. 
[See equation (v1.). These relations are often useful.] 
Ex. 7. Prove that 
mb'VaB=VwotB; WVaWB=mVP'aB; φύφαβεναψ'β. 
Ex. 8. Prove that the equation 
p=(p+i)*a, or V(¢p—a)p=0, 
a being a fixed vector and ¢ a variable scalar, represents a twisted cubic. 
[Show that it cuts an arbitrary plane in three points.] 


Art. 66. From the equations of the last article connecting 
φ, x and y we deduce . 
x=m"—o; Yom —m'ot+¢?; 0=m—mp+m'p—¢y; ...(1 
and we have the corresponding equations for the conjugate φ΄, 
χ'ξεηι --φ : VYi=m —m'p +o"; 0=m—m'd +m gb? — *. (11.) 
These may be proved by reflecting that 
Sa¢?8B=S¢'agB=SB¢"a, ete. ; 
so that for example 
Say8B=Sa(m”’ — p) B=Sh(m" —  )a=Shyx a, 
and from the third and fourth of these we have (m” —¢')a= χία 
because § is perfectly arbitrary. 
Let g,, go and g, be the roots of the scalar cubic, 
O=M—M{gt+M'P—PHOsZ .υνὐννννννννννννν (MIL) 
80 that M=GyJoJg ™’ =JoIg+IsitIJGYo M’ =GitGotIg ---(1V.) 
This scalar cubic is called the latent cubic of the function, and 
its roots are the latent roots of the function ¢. Le 
We may now write the symbolic cubic (1.) satisfied by the 
function ᾧ in the form 
(p-I)b—-GJoP—-Js)=9; ...... se eeeeeeneeenes (V.) 
and the same symbolic cubic is satisfied by ¢’, Hence 


ϑ(φ' --σιλα. (—92)($—IJs)B=Salo—H)($ -- 9ε)(ᾧ -- 99) B= 0 (VL) 
whatever vectors α and 8 may be; or in other words the vector 
(?'—g,)a is ly pendicular to the vector (¢—g.)(¢—gz)8. The 
vectors a and 8 being both arbitrary, it follows that one or other 
of the vectors (¢’—g;)a or (¢—Ggo)(d—gg) 8 must be parallel to a 
gy ee i llel to a fixed directi 
but (@’—g,)a 18 no era aralle a fix rection 
when ne ane a is artionry. for if it were we should have 


γ(φ' --,σιλα(φ' --σ) βξεῦ or (Ψ -ῦιχ Ἔριν αβεῦ, 
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where ἃ and £ are quite arbitrary; or symbolically, 


W-HxtgGP=9, οὐ (Φ -- ϑο)(φ τ Js) =9, ...0ὁἀἁτνον (VIL) 
utilizing (1.) and (1Υ.), and replacing m”—g, and m‘'—g,m"+g,* 
by their values, g.+g, and 19 "hs this case, which is quite 
special, the symbolic cubic of the function degrades into a quad- 
ratic (VIL). 

We conclude therefore that the product of a pair of factors of 
(v.) operating on an arbitrary vector reduces it to a fixed direction, 
and writing 

(φ - ϑο)(φ -- 92) ll γι; (ᾧ --θε)(φ --9ι)ρ || Yo: 

(φ - σιλ(φ --- Go) P || Yo “τ Ὁ τ τὴ λλλλλλλετενν (ViIr.) 
the directions of the vectors y,, yo, ys are tixed and are called the 
axes of the function ¢. 

We have by (V.), 

PV1=NYv PY¥2=IsV¥o PY¥sHIsVsi γ5 5555 7752): (IX.) 
and these vectors are generally distinct if the latent roots 
» Jo» Jz ave unequal, and they are also generally non-coplanar. 
oiveg then any vector p along ¥,, γα and y, we have 
PHUYy ΨΥ. Ὑ ZY 33 cececceeenseeerencees (x.) 
(I) P=YG2—Ir) V2 AIs— I) Ys 
(p— Jz) p=L(9,—J2) Vi 9(9ς τ Jo) γς: 
(φ--σε)ρτε (σι τ 99) Vit Y(Go—Is) V2; 
(p—G2)($—-IJs)P=Ci τ θυ)ίσι τ Is) γι: 
(p-9s)(P—-I)P=YG2—Is)\Io— I) V2 
(φ -- συ)(ῳ --9ω)ρ τε Ξ(σᾳ -- IIs Ia) Ye 

Thus (#—g,)p is coplanar with the pair of axes y, and y,, and 
if γι is the axis of the conjugate function corresponding to the 
root g,, it follows from the equation 


ϑρ(φ' -- οὐ) γι =9=Syy (PHP oreereeeeeeeeees (XL) 


that the vector y,’ is perpendicular to the plane of (¢—g,)p, and 


in particular to the vectors γῳ and y,. If vectors are drawn from 
the centre of a sphere along the axes of a function and of its 


conjugate, the two spherical triangles the two sets of axes deter- — 


mine are supplemental. 


Conceive the function ¢ to undergo continuous variation so 


that two latent roots, g, and gs, approach coincidence. The 
corresponding axes approach and ultimately coincide, but their 
plane is still determinate being perpendicular to γι. Similarly 
all three axes may coincide in a line perpendicular to that m 
which the three axes of the conjugate simultaneously coincide. 
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We shall give an illustration of a function having three equal 
roots. Let φατε β, ¢8B=y, dy=0, then ¢*B=0, ¢*a=0 and 
generally ¢°p=0, but ¢*p and ¢p are not zero. The function is 


op =(BSByp+ySyap) :SaBy, and ¢°p=ySByp :SaBy=wp. 
A totally different class of functions is characterized by the 
equivalent conditions that the axes are indeterminate or that the 
function satisfies a symbolic quadratic and not a cubic (compare 
(vit.)). If y, and y, are two different axes corresponding to the 
same root gy, the function ¢—g, destroys every vector in the plane 
of y, and y,, and the function is of the form 


pp =Jop+(I1— Ia) ViSyevae : SyvV2¥s ' 
and (φ -- σι)(φ το.) HO. ccrccccecseneecereeees (ΣΧ π.} 
The latent cubic has two roots equal to g, and the third equal 


tO (J). 

nally a third class may be noticed—that for which three 
non-coplanar axes answer to the same root—but a function of 
this kind is simply a scalar constant. 

In general the latent roots may all be real, or two may be 
imaginary. Corresponding to imaginary roots g,=g+»/—19’ 
and g,=g—/—1g’, the axes must be of the form y,=y+/ —1+/ 
and Wey NW te For (¢—9,)[(P—go) +($—gs)] 15 real and 


must produce a real vector from a real vector; but 


(φ -- οὐ [(ᾧ -- 92) -—($—9s)] 


is imaginary and produces an imaginary vector from a real 
vector. 


Ex.1. Every function coaxial with a given function ¢ is of the form 


ale +yX Ἐξ. 

ΠῚ ἢ), hg and A, are assumed to be the three roots of the function—the 
only disposable constants—we find on operating by #y+yX+<2 on y,, γα and 
Ys) three equations which determine 2, 7 and sf 

Ex. 2. Coaxial linear functions are commutative in order of operation, 
and conversely functions that are commutative are coaxial. 

[The first part is easily proved on expressing an arbitrary vector in terms 
of the axes. The second part is established be operating on the axes, Of 
course one function ps ἢ ve indeterminate axes. If so, two axes of the 
other must lie in their plane.] 

Ex. 3. Find the latent and symbolic cubies for ¥ and x. 

Ex. 4. The equation 


ϑρφρψρεεῦ, or Spdpdip=0, 
represents the three planes through pairs of axes of ¢. 
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Ex.5. Ingeneral,if (¢*+2.¢+y)p=0, 


where « and y are scalars, and p ae vector, either p must be an axis, 
δ ἥ 


and the corresponding root must satisfy the quadratic 
Ge t+xg+y=0%, 
or else p must be coplanar with a pair of axes, and the corresponding roots 
must both satisfy is enlace 7 tea. 
Ex. 6. Deduce the symbolic cubic from the result of replacing A, » and 
v by op, ¢*p and ¢*p in the relation 
pSApv=ASpvp+ pSvAp+vSApp. 
Art. 67. Combining a function and its conjugate by way of 
addition and subtraction we obtain two more functions, 
Pp=3(d+¢)p and Vep=}(p—¢@’)p. ...... voce tae 
To justify the form attributed to the second function, observe 
that 


whatever vector p may be. 


The function Φ is said to be self-conjugate. The conjugate of 


hs is —Vep, and the vector e has been called the spin-vector 
of ¢. 
Prive anes of ὦ self-conjugate function are mutually reet- 


angular, ‘The function being its own conjugate, each axis must 


be perpendicular to the other two. The aaes of « real self- 


conjugate function must be real. If two are imaginary they 
must be of the form y+/—ly and y—/—1y’ by the last 


article, and the condition of perpendicularity requires 
β΄) Ἐν -ἰγ)γ-- ν ly) =7 + y?=0, 


which cannot be, as y* and γ΄" are both negative. Hence follows 


the important proposition that the latent roots of a real self- 
conjugate function ure real. 


lf two roots of a real self-conjugate function are equal, it 
must have indeterminate axes. For if a single axis corresponds’ 


to the double root, it must be perpendicular to itself, and there- 
fore imaginary. | 
Referred to the axes a self-conjugate function is of the form 


the axes. 


Ex. 1. The axes of Vep are ε and ¢+/—le’, where ε, ¢ and εἴ are 


mutually rectangular, and where Te’ =Te’. 
[Note that (¢+/—le’?=0. The i 


circular points in the plane Sep=0. See 84, Ex. 8, p. 126.] 


SOLE NIE aver enrsviesenscensveesedel (IL) 


op πέρ axes are the vectors to the 


ΝΥ ΨΥ ΌΕΕ Ί ΌὌἝἼο ΎΝ π"πουψιῬασχυτουουνυμαΑ ΜΝ ΥΥΜΜΨΟΌΝ ΦΌΝΟΥ 
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Ex. 2. Find the self-conjugate part of the function 
dp=a'Sap+ PSBp+y'Syp, 
and also its spin-vector. 


Ex 3. Ifa μὴ κοῦ ες ρει function transforms a ae vector a into a 


riven vector a’, it transforms any other vector 6(=oB) into a vector, 
‘(=o08’) terminating on a fixed plane. 
[Here SaB’=Sa’B, and a, a’ and β are given.] 
Ex. 4. Given that a self-conjugate function renders « parallel to a’ and 
B parallel to f’, it renders y parallel to a fixed plane. 
(The conditions of self-conjugation require SBy'Sya’SaB'=Syfh'Say'SBea’.] 


Ex. 5. The axes of a function are mutually rectangular. It is self- 
conjugate, 
Ex. 6. Two axes of a function are at right angles. The spin-vector lies 
in their plane. 
[Syry2=0, Spipye=0=Syeh'y1=Sye($-29y1, ete.) 
Ex. 7. Prove that the quaternions 
h=(PA. Vavt+op. VVA+ ov. VAp) : ὅλμν, 
Ga=(A. Voppv+p. φνφλν. VpAdp) : ὅλμν, 
are invariants, 
[Verify that g,=m"+ 2e, gg=m' — Ξφε.} 
Ex. 8. If the vectors a, 8 and y are mutually perpendicular, 
Va da+ VB-'bB+ Vy—'hy=9, 
when ¢ is self-conjugate. 
Ex. 9. The planes containing a pair of axes of a function and the 


corresponding pair of axes of its conjugate intersect in the vector (ᾧ -- η)ε, 
where ε is the spin-vector and g is a latent root. 


Ex. 10. The vector to the common orthocentre of the spherical triangles 
determined by the axes of a function and its conjugate is 


UVede, 
Ex. 11. The spin-vectors of coaxial functions lie in a fixed plane. 
Ex. 12. In terms of the roots and axes 
2Syyyo¥s=(GJo—- 99) Ἢιϑγ9 79 (95-- Id VSVsV1 (9ι - I) VSN 2 

Arr. 68. It happens not unfrequently to be necessary to 
discriminate between the parts of y, x, and of the invariants 
which arise from the self-conjugate part of ᾧ and those which 
depend one. We have 


WVAu= V(P— Ve)A(P— Ve)u 
=PVAu—V. VeA.Pu—VEAVen+V. VeAVeu 
= PVAu+ASePu — uSePA -- εϑελμ, 
the terms —eSAPu+eSuPr cancelling. 
J.Q, G 
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This easily reduces to 


Wep=Vp— VBep—eSep. .....ceceseseeeevevee (Ly 


Thus the spin-vector of ψν is —Pe or — ge. 
Operating by ¢ or + Ve we have 
mp= Mpt+Ve¥p—PVPep— VeVPep— PeSep, 
and if we notice that PVPep = VeVp (Ex. 7, Art. 65), this reduces 
without trouble to 
m=M—SeGe or M=m-+Sede ......0..0ee000 (IL) 


where M is an invariant of Φ, Changing φ into @+e, and 


therefore m into m+m'c+m’c?+c, Φ into ®+c and M into 


M+M’c+M’e+c, we see by (1) that 


ην Ξε Μ' --ε or M=m'+e and that M’=m”. ... «πὸ 
Art. 69. We shall give a few examples of the geometrical 


meaning of the invariants of a linear vector function. (Art. 65 
(1v.).) 

(1) The invarvant m” vanishes if the function ᾧ transforms a 
pyramid ito another having its edges on the corresponding 


faces of the old.* Tf the vectors a, β are along the edges of a | 
| a and γ, p with y — ᾿ 


pyramid, and if a is coplanar wit 


and @y with a and £#, it is obvious that m” vanishes. 


versely if m” vanishes we can determine an infinite number of 
= which transform into others having their edges on the 
faces of the originals. For assuming arbitrarily a and β, the 
eer SaBy=0, SapBy=0, ..ccssersesesseveees (1) 


determine the direction of y; and the condition m”=0 requires 


SaBpy=0. 


(2) The invariant m’ vanishes if φ transforms a pyramid 


into another having its fuces through the edges of the old. The 
proof and the converse are the same as that just given. 


(3) The sum of the projections of vectors transformed from 
mutually rectangular unit vectors on the corresponding unit 


vectors is constant : 


mi” = —SUapUa-SUBGUp—SUygUy if UBUy=Ua. ...(iL) 
(4) The sum of the squares of vectors transformed from mutu- 


ally rectangular unit vectors is constant : 


Mm’ (d'o) = -- Σ(φ α)}" -Ξ —TSUag'gUa if UBUy=Ua...(1mL.) 
where m”(¢'¢) is the first invariant of the self-conjugate function 


- #In other words if @ transforms three planes into planes intersecting in pairs 


on the original planes, 
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(5) The sum of the squares of the projections, on any fixed line, 
of vectors transformed from mutually rectangular wnit vectors 
is constant. If d is the vector on which the others are projected 
2(SAPUaP=Z(SUaPAP=TPAX. .........00ee (I¥.) 
(6) The swm of the squares of the projections on a plane is 
constant. 
Similar remarks apply to vector areas V@Ua@UA, etc. 


Ex. 1. If the sum of the square roots of the latent roots of ¢ is zero, 
it is possible to find an infinite number of pyramids (oasc) which convert 
into others (oa’r'c’), so that intermediate pyramids (0a,3,c,) can be drawn 
having their three edges in the faces of the first, while their faces contain 
the of the second 

ὦ ἐ taut 

[Here Sd'aBy=0, Sé*Bya=0, Sé*yaB=0, and 8 =0, ete. 
See the next Article and the Bioeth to new πω E'tmets of 
Quaternions, vol. ii., note v.]} 


Art. 70. The square root of a linear vector function may be defined as 
a linear vector function, which, operating twice in succession on any vector, 


produces the same effect as the given function. Writing then ge for the 
square root of the function ᾧ, we have, if y,, y, and ys; are the axes of 


φῇ, and if A, ἧς and ἧς are its roots, 


Py =hyyy (PP HM =P 1p .υὐνννννννννννννννν (αι) 
and consequently the axes of φἢ are also axes of ᾧ (see Ex. 2, Art. 66), and 


the squares of the latent roots of g? are the roots of ¢. In general, then, a 
function has eight square roots answering to the double signs attributable to 


σι, σε σῇ. It does not follow conversely, that the axes of ᾧ are axes of ¢°. 
As an example, let ᾧ have equal roots, and let it have indeterminate axes, 
so that (b—g,)(vy,+yy2)=0 where x and y are arbitrary, g,=g, being the 
repeated root. A square root of the function may have three distinct 
roots σὺ, ape gs. In this case there is an infinite number of square 
roots, because we may select any vector vy,+yy, to be an axis of φὶ 
corresponding to Ὁ σὰ, and any other vector “᾽γ. Ὁ 2 γα may be selected as the 
axis corresponding to art For real square roots, the three roots g,, go 
and gs must of course be positive. 
rhe peng site resolution of a linear function ᾧ and its conjugate is 
sometimes useful—for example, in the theory of strain. It is due to Tait, 
Ὁ whom is also due the conception of the square root of a linear vector 
unction. 
Let ὁ, j, Ε be the mutually rectangular axes of the self-conjugate function 
ne and let αὐ, b*, οὐ be its roots. Reducing to the trinomial form 
te ae a 
ἣ 62), pp=aiSi’ p+ bjSi/p+chSl’p, ....ceccecsessreeeeessceeee(IL) 
Where 7’, 7’, & are to be determined, we have ¢'i=—ai’, ¢’j=—bj’ and 
he — Ki ” ‘These give Gbix ait? αὐ Sep ack Sek. ut i by 
hypothesis an axis of ὠφ', so that d@d'i=a%. Consequently we must have 


=-—1, Sij’=S’k' τεῦ, and in fact 7’, 7’, 15 form a mutually rectangular unit 


System of vectors. Thus in particular ¢i’=—ai, and ¢'¢i’= —adi= +a, 
and thus it follows that 7’, j’ and # are the axes of the new self-conjugate 
function ¢/¢, and that a’, 0°, οἱ are also its roots. 
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Let ῳ be a conical rotation which renders* 7’, j’, Δ΄ parallel to 7, j,k. We 


have by (11.), 
pp=ZaiSqig p= ZaiSigq ‘pg ; 
and therefore by the definition of a square root, 
φρ--(φφγ} σρῷ and φρξῳῃ. (φφ}}ρ ΤΠ (111.) 
and from these we also deduce 
er tae CaaS Ὁ ρος ον ΝΣ 


In like manner we may prove that 


φρ--ρ 1. (φφ)}ρ.», Pp=(P'P)* PEP Es --..:: πον) 


and thus we can reduce the effect of a function ᾧ to a rotation preceded or 
followed by the operation of a self-conjugate function. 


Art. 71. We add one or two miscellaneous propositions respecting two 
or more functions. | ’ 

The functions φφ, and $, formed by taking the products of two functions 
have the same symbolic eubic. For 


db. hy=goy ib φφ,γ =Pyy vvmeeereecceeeeceeereeeee(le) 


and thus the functions have the same roots and the axes (y) of ho are 
deducible from those of dd, by operating with ?,. | 

In particular 4-4, has the same symbolic cubic as ¢, and thus any 
peculiarity in the nature of one function occurs also in that of the other. 

Any two functions may be reduced simultaneously and generally in one 
way to the forms 

dp=aSrp+ BSpp+ySvp; bp=aaSrpt+bPSpp+eySvp. .......(.) 
Assuming the possibility of the reduction, it appears that ἽΝ 
$,Vuv=apVpy=aeSdyy, ete, 
and thus the vectors VAp, etc., are the axes of the function ¢-'¢, and a, b, δ 
are its roots. If both functions are self-conjugate, we must have 
Vor+VBpt+ Vyv=0, aVarA+bVBp+eVyv=0, 
veh VEE NI 

3 b-ce-a a-b 
and therefore for self-conjugate functions 


p=)SAp+pSup+vSvp, b,p=adSrAp+ buSpp+evSvp, .......-.(1IL). 


and further it is evident that 
SVurdVvA=0, SVuvd,VvA=0, ete. 


It is sometimes necessary to invert the function ¢+¢¢, and the auxiliary 


ψν of this function is defined by 


ψναβ-- ν(φ +th)a(d' + tb) B=VVaB+0¥ Vab+0y,Vaf .....(v) 


where — WVaB=Vep'ad/ B+ Vep/ag' B. ....ccccesceescceeseeeenee We) 


The invariant m, is 


* We must have 17,1 Ξ —1=ijk, but this can always be secured by attributing 


signs to a, b, c. If 7 ἢ were +1, we should not be able to rotate the 


proper 
vectors into ijk, for gig-). οὐχ ᾿. gkg-4=q. yk. q-'=-1. 


Me =M+Ut + UEAMfS ..cccercersersesssescnsesereesone We), 
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where m and m, are the third invariants of ᾧ and ᾧ, and where / and ἢ, are 
the two new invariants 


Say > Σϑὐφαφβῷ γ, LSaBy = 2Sad,Bo,y. Te ee Avi.) 


Ex. 1. The locus of axes of the functions ¢+¢p, where ¢ is a scalar 
parameter is the cubic cone 
Spdph,p=0. 


[If p is an axis pp+thp=gp. The surface represents a cone, as it is inde- 
pendent of Tp.] 


Ex. 2. The axes of functions of the family ᾧ -Ἐ ἐφ͵ form co-residual triads 
on the cubic cone, 

(The quadrie cone SAppp=0 in which A is arbitrary cuts the cubic in the 
three axes of ᾧ and again in three lines in which it cuts ae RE as we see 
by substituting ¢p=cp+yA in the equation of the cubic. Θ remaining 
intersection of the nadie cones is p||A. The cone SAp(d+¢¢,)p=0 passes 
through the axes of φ- ἐφ, and through the three lines above mentioned, so 
that these three lines are the residuals of every triad of axes (Salmon’s Higher 
Plane Curves, Art. 154). For other properties see Quaternion Invariants of 
Linear Vector Functions, Proc, R.1LA., 1896.] 


Ex. 3. Prove that the invariants / and J, are merely multiplied by a 
scalar when ᾧ and ¢, are replaced by 4,6¢, and 44,4. 

[The scalar is the product of the third invariants of ¢, and ᾧ,. This very 
general invariantal property leads to many theorems. See Phil, Trans., 
vol, 201, Part VIIL., sections iii. and x.] 

Ex. 4, Prove that the function PVa8=V¢'a¢/"8+V¢/"ad'"8 is 
co-variant with ᾧ and ¢,. 

king the substitution of the last example, ¢’~' becomes ¢,'~'¢’—',' 
and the function changes into fac tah 

Ex. 5. If «|| Vd,pd.p show that p|| Υ φ σῴῳσ; 
and more generally if o is connected with p by the chain of relations 

Pi | Vdipdep, Pe | Vibspy Pupp, soe Ὁ | V dan—1Pn—1PanPn—1y 
prove that an analogous chain of relations connects p with c. 

[The second part of this example is related to the theory of the 
Cremona transformations connecting vectors p and a, the direction of a 
vector (p) being connected by a one-to-one relation with that of a vector (c).] 


Ex. 6. If φίρ, ὃ) is a linear and vector function of p and also a function 
of the scalar ¢, the equation 
Vpd(p, t)=0 


represents a cone whose order is the number of values of ¢ which satisfy 
SAP'(A, GGA, ὁ, 4=0, 
\ being any constant vector. 
Ex. 7. The equation | 
V(p—a)p(p, )=0 


represents a surface which meets an arbitrary right line V(p—)y=0 in as 
Many points as there are values of ¢ which satisfy 


S(B—a)yh(B, )8yh(B, ὃ φίγ, ὃ =S(B-a) yoy, ὃ) 5(βἈ --᾿ 2) $(6, δφίγ, ὃ. 
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EXAMPLES TO CHAPTER VIII. 
Ex.1. Find the auxiliary functions x and and the invariants of the 
function : 
dp=DmVaV pa. 


Ex. 2. Invert the function dp+VaVpa where ¢ is a given function and 
where a is a given vector. 
Ex. 3. If 6,»=a-'Vadp show that the conjugate function is 
φέρ: φΎα Υαρ, 
and prove that the spin-vector is «—4Va-¢'a. 
(a) Show that the auxiliary y function of ¢,+¢ is expressible in either 


of the forms WaSa-p+e(xp— Vd'aVa"p)+c2p 

or (Ψ ἘΟΧ  ο)ρ--  φα(φ' +e) Va" p, 

and show that the third invariant of the same function is 
ἐ cSa"(Wr+cy +07)a. 


(b) Prove that the axes of 4, are determined by substituting a root of 
the equation cSa(yv+ey+)a=0 in (p+e)-'a. 

Ex. 4. If dp=¢p+aSBp, show that yp=Wp+VE¢'Vap and that 
m,=m+S8Byra. 


Ex. 5. Show that the y function and the third invariant of ¢p—- VBVap 
may be reduced to the forms 


ψρ-- χαββρ.-- V¢'BVap+aSBpSaB 
and m—SBoya+SPhaSaP. 
Ex. 6. If ¢.—+¢, etc., show that 
Xe=Xt+2e, m= m'+2m"e+3e%, ας =m" +e, 
Ex. 7. Prove that 
V.dVap.B=y'V.Vap.8-V.Vap. of. 


ὁ Ὁ) Show that the conjugate of this linear function of p is V.¢’VBp.a, 
sy ΠΡ that the spin-vector is }¢)'Vaf8—aSef8 where « is the spin-vector 
0 ᾿ 


(Ὁ) Show that the auxiliary ¥ function is aSSpSav/f. 

(c) If V.d¢Vap.B=c, show that p=xa-¢’o(SavB)-! where x is an 
arbitrary . Deduce this result by the aid of ‘i implied relations 
Sapd'c=0, SBar=0. 

Ex. 8. Prove that | 

ν΄. φ(ρ)-- -- BV By - da(SaBy) 
where a, 6 and y are arbitrary vectors. 


(a) Show that 
V.W(p)=-2a. γφ βφγ.(8αβγ). 


(6) Express these quaternions in terms of the scalar invariants and the 
spin-vectors, 
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Ex. 9. Three lines are defined by the pairs of vectors (σ᾽, τ᾽ (0, Το), 
(os, τῷ}Ῥ as in Art. 36, Ex. 4, show that any line which is met by all the 
transversals of the given lines may be represented by 
a=q7r where Srdr=0, 
the linear function ᾧ being defined by the equations 
σι ᾧτι, σατε HT T= GTy 
(a) The transversals of the same set of lines may be represented by 
=-¢q'7 where 57'¢f'7'=0, 
the function ¢’ being the conjugate of φ, 
(6) Writing 
o=p7r=Vpr 
and expressing that the function φί )— Vp() has a zero root, the locus of 


the lines is found to be ; 
S(p— )P(p—e)=m +Sege 
where m is the third invariant of the function @ and where ε is its spin- 
vector, 
(c) The same equation is satisfied by the transversals. 


(1) Show that four given lines have in general two common transversals ; 
and that these are determined by 


o’=-—¢'r' where S7’(o,-—¢7,)=0, 57 ¢'7’=0, 

the fourth line being defined by (c,, 7,). 

Ex. 10. Given any four pairs of vectors, (f,, a,), where Ξε], 2, 3 or 4, 
show how to find a linear vector function ¢ and a vector Ὑ so that 

βιξε φα, Ἐγ. 

Ex. 11. Given any six triads of vectors (y,, 3, ,) where n=1, 2, ... 6; 

determine two linear functions ¢, and ¢, so that 
Yn= φια, τ Powe 

Bx. 12. Verify by assuming p=aa+yf, SAa=0, SAG=0, that the 

solutions of the equations SAp=0, a ail may be written in the form 
p=Vead +a(SdWA)® 

where ἃ is any vector perpendicular to A. 

Ex. 13. Given two tetrahedra Αἰ ΒΟ and ascp, find a point Ε and a 
function ᾧ so that 

EA'=d.EA, ἘΒ΄ ξεξ ᾧ. ΕΒ, EC'=q.EC, Ἐπ΄ Ξε φ. ED. 

(a) Show that corresponding faces of the tetrahedron determine with the 
point = tetrahedra having a common ratio of volumes. 

(b) If the lines joining corresponding vertices are generators of the same 
system of a hyperboloid, it is possible to find four rs l, m, n, p so that 

U(a! — a) +m(B' -- B)-+-n(-/ — 7) +p(8'-8)=0; 
(Vaa'+mV BB' +nVyy' + psd =0. 
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(c) These scalars are independent of the origin, and if the origin is taken 
at the point z, we shall have 
la+mB+ny+ps=0, la'+mpP'+ny'+pd' =0 
for an arbit' pair of tetrahedra, while if the lines joining the vertices are 
generators of the same system of a hyperboloid, we shall have in addition 
ναι +mV BB +nVyy'+pVd0 =0. 
Ex. 14. Identify the expressions 
Fi a (a, B, y, Skt, 1} 
p=(pttyA+t)= Ceo dat, 1 


where ¢ is a scalar variable, and show how to express the function ¢, and 
the vectors A and yp in terms of the vectors a, β, y and ὃ, and the ur 
a, b, cand αἱ. 
Ex. 15. Of what nature are the curve loci 
p=(+t)a+tp) and p=(p+A)(at+étBy"? 

Ex. 16. Gauss has described, in an unpublished ms. of the year 1819, an 
aged which alters the size of any figure in a given ratio, which turns 
the figure through a given ge round a given line through the origin. 
He proves that an operator ὁ 
successive fo ρῴν υκῇ compound into a single operator of the same kind, and 
that the order of the operations is not commutative. 

(a2) Show that Gauss’s operator may be expressed in quaternions by 
eq( )gq™, ὁ being a given scalar, and g a given quaternion. 

(6) Hence prove his theorems. 


(6) Compare and contrast the lack of commutation in the order of these 


operators, or in the order of the operators 2 and cos. in the simple inequality 
cos 27 = 2 cos x, 
with the lack of commutation in the multiplication of quaternions. 
(d) Prove that the sum of two Gaussian operators is an operator of a 
distinct kind. 
(ec) Prove that a sum of at least three Gaussian operators is required to 
adequately express a linear vector function. (Bishop Law’s Premium, 1899.) 


Ex. 17. Unit vectors a, B and y are directed respectively from the centre 


of a regular solid to the middle point of a face (or toa vertex); to the middle — 


point of an edge of the face (or of an edge through the vertex); and to a 
vertex on that edge (or to the middle point of a face containing the edge), 
prove that 4 2 

y*=Ba", 


where n=3 for the tetrahedron, n=4 for the cube and octahedron, and n=5 
for the dodecahedron and oaetiattecks 

(a) Hence show that all rotations which leave unchanged the region 
occupied by the solid may be represented by powers and products of linear 
vector functions A, « and « which obey the laws * 


AMf=1], C=], εἶξε], Amex, (n=—3, 4 or 5). 


*See Hamilton on the Icosian Calculus, Phil. Mag., Dec. 1856; Proc. R.L.A.s 
Vol. VL, pp. 415, 416. See also Burnside’s Theory of Groups, Arts. 200, εἰ seq. 


this kind depends on four numbers, that 
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Ex. 18, A real linear function which is a symbolical x root of unity, or 
which satisfies the equation P 
":.]} 
is of the form 


21 , ar 
φρ. ϑαβγ--[αφο535- Bsin= ) 5βγρ 
+ (« sin =e + B cos ἈΕῚ Syap+ γϑαβρ, 
where a, § and y are arbitrary real vectors. 
Ex. 19. The result of eliminating the vector @ between the equations 
SHa=0, SHdp=0, SHdT=0 
may, When ¢ is self-conjugate, be expressed in the form 
SavraSpdbp —mSap*=0. 
(a) In the same case, 
SdhpaV . Vadp= VadbVadbp=pSava—WaSap. 
(6) And moreover * 
SdpadSeppap-=SpppSVarpVap-+SrypSap?— Say/pSApSap —SayrASppSap 
+SavraSApSpp. 


- * These examples are quaternion equivalents of the transformations in Arts. 
383, 385 and 390 of Salmon’s Higher Plane Curves. 


CHAPTER IX. 
QUADRIC SURFACES. 


Arr. 72. If f(p, p) is a homogeneous, rational and integral 

scalar function of the second order in a variable vector p, so that 

Κα β, a+tB)=f(a, a)+t(f(a, B)+f(B, a))+P7(B, B), ..(E) 
where a and £ are arbitrary vectors, the equation 


Fp, p)=COMSb. .....ceceeseeseee nad owed (μα) 


represents a surface of the second order, referred to its centre as 
origin. For by (1.) we find a quadratic in ¢ which determines 
two points in which an arbitrary line p=a+?6 cuts the surface; 
and on putting a=0, the roots of the quadratic are equal and 


opposite, showing that every chord through the origin is bisected 


at that point. 

The coefficient of ¢ in (1.) is linear and homogeneous both in a 
and in §, and as it involves these vectors symmetrically we may 
write 


f(a, B)+A(B, «)=2SagpB=2SBea ....... ἃς -» (I 


where ᾧ is a self-conjugate linear vector function. Thus the 
equation of the central quadric is expressible in the form 


F(p, p)=SpPp=COnsb. .......scerceseceesereee(1Vap 


Without loss of generality we may suppose the constant incor- 
porated in ¢, and we take as the equation 


in which, as we have said, ¢ is self-conjugate. Of course, and 
without gain of generality, we may suppose ¢ not to be self- 
conjugate in (Υ.), for the spin-vector automatically disappears 
from an equation of this form (Art. 67); but this is very hkely 
to lead to mistakes in further developments, and it adds needless 
complexity. 
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Art. 73. Equation (V.) of the last article gives 
eee. hee 
Tp’SUpgUp=—1 or = BU pPU P= i= sa obaniceexeb 


if v is the length of the central radius parallel to Up. 

For a closed quadric, an ellipsoid or sphere, 7* is always 
positive, as every line through the centre meets the closed 
surface in real points. For a hyperboloid, the radius becomes 
infinite for an Be of the cone 


SUpdUp=0 or Sppp=0, ......eeseseceeeeres (11.) 


the asymptotic cone of the surface. The sign of the expression 
r~? or “0 pdUp changes on passing through a zero value, and 
the expression remains with changed sign until it passes ag 

through a zero value. So on one side of the cone Sp¢p=9, lines 
meet the hyperboloid in real points, and on the other side the 
points are imaginary and the co nding vectors are of the 


form p=nr/—lp’, (Up=Up’, Tp=+/—1Tp’), where ρ΄ is a real 
vector. 
The vectors ρ΄ terminate on the quadric 
Spdp= -ἘΠ ....ceccsceseessseesevsesoees (IIT.) 


—the conjugate of the quadrie Sp¢p= —1. 

For the sake of brevity we shall write generally 7* for the 
square of the length of the radius whether that square be 
positive or negative, the interpretation in the latter case being 
that just given. ᾿ 

An erie A right line p=a+t6 cuts the quadric Sppp= —1 
in the points determined by the roots ¢ of the quadratic 

Sagat ϑέδαφβ- ΘΠ βφβ = — 1. ...ececceeeeeeee(1Ve) 

For a real and positive root, the point is in the direction + U8 
from the extremity of a, and for a negative root it is in the 
direction — UZ. For equal roots, the line touches the surface ; 
and for imaginary it cuts it in imaginary points. 

The locus of the middle points of chords parallel to β is the 
diametral plane 


for if a is the vector to ἫΝ point in this plane, the roots of (Iv.) 
are equal and opposite. If the diametral plane of 6 contains the 
vector a, that of a contains 8 in virtue of the self-conjugate 
property of ¢, for then 


SagB=S8da=0. ........ὁἀοὶ eshhcbaesicnsan (VI1.) 


The equation has equal roots if 


SBoB(Sapa+1)—(SapB)?=0, .....Ἅ.Ὄἐἐννννως (ὑπὸ 
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and regarding 8 as variable, this is the equation of the a 
cone from the extremity of the vector a referred to 
extremity as origin, for it is independent of 13. Rep. 

8 by p—a, the equation of the same cone referred to the centre 
as origin easily reduces to 


(Sppp+1)(Sapa+1)—(Spgat1)*=0; «........(VIML) 


and the form of the equation shows that the cone ones the 
quadrie along its intersection with the — | 
(IX) 


Spg?a=-1. 
—the polar plane of the extremity of a. 

If the vector a terminates on the surface, the equation of the 
cone becomes the square of the equation of a plane—the tangent 
plane at the extremity of a, 

Spda=—1, Sada=—1. — = q 


Allowing on the other hand ἃ to vary arbitrarily i in the qué 
ratic equation, and putting for greater clearness ἃ Ξε ρ΄ =p—tf 5. 
the vector ρ΄ bein , one from the extremity of the vector ¢8 
while p is drawn from the centre, we see that 


[cHar. 1x, 


Sp’gp'= —1-—@SBe8 if Sp’oB=0............ (XL) 
These two equations jointly represent the section of the quadrie 
by the plane SppB=tSB9B, ...-ccreecccerrcererceesacs (XIL) 


and the centre of the section is the origin of vectors ρ΄, or the 
extremity of the vector #8. Hence the locus of centres of 
sections by planes parallel to (v.) is the line through the centre 
parallel to 8, as indeed might have been proved directly from (V.). 
The section (XL) 1 is similar to the parallel central section οἵ he 
quadric, for if 7’ is the radius of the section parallel to ρ΄ and rT 
that of the quadric, 


—1*$Up'gUp' = "3 πὶ 88 98=1-—V2 xm) 


if b’ is the radius of the quadric parallel to β. 
The equation of the normal to the quadric at the extremity οἱ 
the vector a is | 


jude or V(p—a)pa=0; 
and the normals which pass through a given point 8 are six i 

number and are determined by the equation 
B=p+a¢p, or V(B—p)pp=9, and Sppp=—1... 

To solve these equations we have 

=(1+a)-18, where S6¢(1+a@)-26= —1, ....(XVL) 
because Sppp=—1, and on inversion we find a sextie equation 
in ὦ: 


(αν) 
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Ex. 1. Prove that the rectangle under the intercepts from the extremity 
of a on the line p=a+ép is 
(Ta? - a) bq’ 
where a’ and δ΄ are the central radii parallel to a and f. 
[ἡ Th?=(Sapa+ 1): SUBPUR.] 
Ex. 2. The ratio of the Seog sal under the intercepts of lines drawn 


from a fixed point is erp eet 0 el pg of the point, and is equal to 
the ratio of the squares of parallel cen 


Ex. 3. Chords drawn = a point are divided harmonically by the 
quadric = the polar plane of the point. 


[Put = a == pt 3 where ¢, and ¢, are the roots of the quadratic (1v.).] 


Ex. 4 an the central vector | 
any point, and obtain the locus of the 
central pedal su 


[(o=- (ga) a=-¢d 1g"; Said a "- --1.] 
Ex. 5. Prove that the central pedal surface is the inverse of the reciprocal 
quadric. 


Ex. 6. Prove that the ratio of the perpendiculars from a pes A and 
from the centre on the polar plane of Β is equal to the ratio of the perpen- 
diculars from 8, and from the centre on the polar plane of a. 


Ex. 7. Find the locus of the poles of =m planes to the surface 
Spb,p= —1 with respect to the surface Sp@.p= 


Ex. 8. Find the pedal surface for an arbitrary point. 
Ex. 9. The feet of the normals which pass through a given point are the 
intersections of a twisted cubic with the quadric. 
oe (xv.) and Art. 65, Ex. 8, p. 93.] 
The normals saga τ a given point lie on a quadric cone 
= BB 0, and the feet of the normals lie on the cone : Shpdp= =0, 
Ὃς ery cones have edges parallel to the three axes. 
Ex.11. Find the condition of the intersection of normals at two points 
aand £. 
Ex. 12. Find the equation of the polar plane of a to the quadric 
Spd, op= —1, },¢, being the product of two linear functions. 
[Note that ‘dud! is the conjugate of ,4».] 
Ex. 13. ἘΝ that the polar line of ρα ἐβ with respect to the 
quadric Spodp= —1 is 
φβε: 


PY WV Ba 
Art. 74, The central plane S\p=0 is the diametral plane of 
chords parallel to ¢~'A, as appears on comparison with (v.) of the 


last article. The locus of the centres of sections by planes 
parallel to SAp=0 is the right line 


ViGG TA MO: ivccccvadcscccsystecstvevesext ἢ) 


endicular on the tangent -plane at 
eet of central perpendiculars, or the 
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The vector to the pole of the plane (Art. 73 (IX.)) 
Apt --1 ΙΒ OAS ....«ἁἀοννννννεν κεν 
and the plane touches the quadric if (Art. 73 (X.)) 
SAGAS KL, 0 ἀὶκνννννοννοενν νοός DERM 
and as \ varies this is the tangential equation of the quadrie, 
But SAp=—1 is the polar plane of the extremity of A with 
t to the unit sphere, Tp=1 or p*=—1, and the equation 
(111.) may therefore be regarded as that of the reciprocal of the 
quadrie with respect to the unit sphere. 
The vector to the centre of the section by SAp= —1 is by (1) 


ΝΗ οὐ ἐν 4 

Sian oe seickusies os uenmn 

the tensor being determined so that this vector may terminate in 

the plane S\p= —1; and on comparison with (ΧΠ|.} of the last 
article, the ratio of the radii is given by 

vy? 14+5A¢71A ‘ 

7 SAg—7r ° Ἔτι 


Ἐχ.1. By direct comparison of SAp+1=0 with (x11.) of the last article, 
find the vector (1v.) of the present. 
Ex. 2. Find the reciprocal of the surface with respect to an arbitrary 
sphere. 
Ex. 3. Find the lines in which the plane SAp=O0 cuts the cone Sp@dp=0; 
and show that they are parallel to | 
VAda+a(Sdyd)? 
where a is an arbitrary vector in the plane. 
[Assume the lines to be a+¢a’ where Vaa’=. and actually solve for ¢ on 
substitution in the equation of the cone.] 
Ex. 4. Prove that the tangent of the angle between the lines in which 
the plane SAp=0 cuts the cone Spip=0 is 
= 2 TASAYAY! 
SAXA 
[If a+¢,e’ and a+é,«’ are the lines, calculate a*+(¢,+¢,)Saa’+¢,t,a7 and 
(ἐ —t,) Vaa'.] 
Ex. 5. Show that the lines in which the plane SAp=0 cuts the cone 
Spdp=0 are parallel to the vectors 


tan wu 


VA[VVAA + GA(SAWA)?*]. 
Art, 75. The vector radii ἃ and β of the quadric are con- 
jugate if oe ee 


that is if one lies in the diametral plane of the other (Art. 73 
(v1.)); and it follows geometrically, or directly from the equations 
of the tangent planes 

Spda=—1, Sp¢B=—-1; Safa=—1, SBp~B=—1,.....(L) 
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at the extremities of these vectors, that each vector is parallel to 
the tangent plane corresponding to the other. 

If the vectors are perpendicular as well as conjugate, they are 
the principal axes of the section by their plane, and the condi- 


tions are Br PTW 5 cu voiinns cosnnmasntans (111.) 
From these we see that 
Aes VAG ΠΕ τ (IV.) 


so that if one vector is given, the other is determinate; or given 
that a line is to be at ana ἈΝ axis of a section, the other prin- 
cipal axis is determined by (Iv.), and the normal to the section is 
parallel to 

Va || aVada|| da. a*—aSa¢ga || gaTa®—a. .........- (V.) 


Thus to determine the principal axes in a central plane S\p=0, 
we have 
galau’—al|rX or al] (PTa®—1)-1A; «0... eens (γι) 


and because SAa=0, we have if Τ᾽ αὐ Ξε γ", 
SA(g7?—1)-'A=0 or SAWA—PSAXA+A*=0, ....( VIL) 
using the formula of inversion (Art. 65). Thus a quadratic in 7* 
is obtained and substitution of its roots in (¢r?—1)-") gives the 
directions of the vectors required. 
The principal axes of a surface are normal to the tangent 
planes at their extremities, so that 
ὁ ἐς eee ce a 
for a principal axis. These are the axes y,, γὼ. ys; of the 
function ¢. 
Ex. 1. Find the maximum and minimum radii in a central section. 


[Here SAp=0, Sppdp=—1, Te=max., and on differentiation, SAdp=0, 
Sdpdp=0, Spdp= 0, so that the three vectors A, dp and p are saat or 


(6+2)p=yX. Operating by Sp, we fall back on (v1). 


Ex. ἃ. Find the maximum and minimum radii of the quadric, and show 
that their directions are the solutions of 
Vpdp=0. 
Ex. 3. The sections by planes perpendicular to ἃ are rectangular 
hyperbolas if 
SAXA=0. 


Ex. 4. The equations (rv.) fail in one case. 

[Where the vector a is a principal axis of the surface.] 
, ἘΣ. 5. In general, the three radii are coplanar which are axes of sections 
having any three mutually rectangular radii as the remaining axes. 

[Because ¢ is self-conjugate, Va-'da+ VB o6B+ Vy by =0 if a, B and 
are mutually perpendicular (Art. 67, Ex. 8, p. 97).] a ᾧ ἶ 
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Ex. 6. The sum of the squares of the reciprocals of three mu 
rectangular radii is constant. 

Ex. 7. Interpret geometrically the equation 

1\"1 
s\($- pe A=0, 

which asserts that the plane SAp=O cuts the quadric in a section having a 
principal axis equal to r. 

[This expresses that the plane touches a certain cone.] 

Ex. 8. Central planes cut a quadric in sections of given area A. Prove 
that their envelope is the cone 


re \-! 
Βρίν - ἦν) p=0. 
Ex. 9. The axes of the section by the plane SAp+1=0 are the roots of 

the quadratic ne 
m+ ἐν 
s1($-Expr ) nae 
Ex. 10. The area of the section made by the plane SAp+1=0 is 

A= TA(m+SAyA) ? 
(-Srya)i 

_ Art. 76. From any pair of a ie radii a and § we can 
derive a third radius conjugate to both so that . 
SBoy=Syga=SagB8=0. ..... eunkniees ss (L) 
We may in fact regard the two conditions in Ὑ as equations 0} : 


planes, and | | | 
yl ὕφαφβ | WVaB || φ᾿  αβ. -eesceseeseeees (IL) 
With proper tensor the radius y is 


-1V 4 
y= (<8 VaBo-!VaBy Psivisses vevoees (ULE 


In terms of the three mutually conjugate radii, the equation 
of the quadric is 
(SByp)?+(Syap)*+(SaBp)?=(SaBy)? ...6ἈἨ6{εννον, (Iv.) 


as appears on substituting p=ZaSPyp :SaBy in Sp¢dp= —1 and 

attending to the conditions. 
Writing (compare Art. 70) . 
a=¢ ἴα', B= o tp’, y= g ty’ ssihteqavnnne 


it appears by (1) that the vectors a’, β΄ and y’ are mutually 
perpendicular, and because a, 8 and y terminate upon the 
as ace Sp@p=—1, it further appears that a’, β' and y are 
unit vectors. The theorems of Art. 69 therefore apply, the 
vectors a, 8 and y being the results of operating by a linear 
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funetion (¢*) on three mutually rectangular unit vectors. 
Thus the sum of the squares of three mutually conjugate radii 
is constant, ete. 


Ex. 1. The radii a, B, y being mutually conjugate, prove that 
Ἐν Vya Vaf 

‘i Su 

and that ‘ : μ 


: ee τ 
᾿Ξ Τα + TR ΕἼγ"; a STV βγ + TV γα Ἐ͵ αβ’; m=(SaBy)*. 


Ex. 2. The locus of the extremity of the diagonal of a parallelepiped 
having three mutually conjugate radii as conterminous sides is 


Sppp+3=0. 


Ex. 3. The locus of the ga a of a triangle formed by the 
extremities of mutually conjugate radii is 


Spop+ 1-0. 


Ex. 4. The locus of a ἀρῶν from which it is possible to draw three 
tangents parallel to mutually conjugate radii is 


Sppp+3=0. 
Ex. 5. In the last example show that a point on the locus is 
passat B+); 
and that the points of contact are the extremities of 
43B+v» πατῶ, -ἘΘΈβλ 
Art, 77. Τὸ find the cyclic planes of a quadrie we have to 
throw its equation into the form 
Spdp=gp?+2SrApSpp = — 1 on eececseeecereeeee (LZ) 
or to determine. g, ἃ and μ so that for all vectors p, 
pp=JptrASuptusrp. ....... svounateees dane the) 


It follows that ¢—g must reduce every vector to a fixed plane, 
that of ἃ and w. The scalar g must therefore be one of the 
latent roots of ᾧ, say g=go, and in terms of the axes, 

Sp(¢—9s) p= — (91-92) (Sip)? —(93— Ge) Shp) = 25ApSup (II) 
because pp = —ig Sip—jgSjp —kgSkp. 

Thus 

A=W Ga hit I— Ihe 2t- tu =n/g.—hi-n/9,—Gok (IV.) 
1.Q. Η 
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where ἡ is arbitrary. The transformation is real only if 
91.» 9» ὺς ΟΥ (90. ye vrrreerererereeees () 
The cyclic planes SAp=0, Sup=0 cut the surface in cireles of | 


radius g, ἢ, and these circles are real only if g,>0. 
The planes Sip+l=0, Sup+m=O0 cut the surface in circles 


lying on the sphere . 
Sppp+1—2(Srp+))(Sup+m)=0, 
or gp* — 2S p(lu+mr)—2m+1=0. 


In nearly every problem relating to quadrics some valuable 
information will be gained by throwing the equation into the 
cyclic form or into the focal form of the next article. This 
transformation is not generally of any great difficulty. 


Ex. 1. Reduce a quadric to the form 
T(p—a)* =e(SAp+1)(Spp+1). | 
[This gives Dr. Salmon’s focal property. The locus of the extremity 
the vector a is a hyperbola—the focal hyperbola, and this depends on 
equation (1v.). ] 
Ex. 2. Prove that the roots for Hamilton’s cyclic form are 
4, gtSdAp+TAp, g+SdAp—TaAp. 


Ex. 3. Any two circular sections of opposite systems lie on the same 
sphere. 


= 


Ex. 4. Ifa quadric is a surface of revolution, 
VpxpV xpvp=(V pvp? 
for all vectors p. 
[The self-conjugate function ᾧ has two equal roots (c) and (Art. 66 (x1), 


p. 95) | 
γῴ-οα(φ-ὦβ 
is identically zero for all vectors a and £, or Ψρ-- οχρ τ ἄρεεῦ. 


Ex. 5. If for all vectors p 


Spxp¥p=0, or Spdpd*p=0, or Spdpyp=0, 
the quadric is of revolution. 


Ex. 6. From a fixed point a, on the surface of a given sphere, draw any 
chord ap; let p’ be the second point of intersection of the same spheri¢ 
surface with the secant gp drawn from a fixed external point 8; and take 
a radius vector ΔῈ, equal in length to the line Bp’, and in direction either 
coincident with, or opposite to, the chord ap: the locus of the point E 
will be an ellipsoid, with a for its centre, and with 8 for a point of its” 
surface. 

[Elements of Quaternions, Art. 217 (6). See also Lectures, Art. 465. ΤΕ δ 
is the centre of the sphere, the isosceles triangle acp gives — =K—, or 
cp= —Ap7!.cA. AD= — AE™!. ca. AE, and therefore 


DB=CB+AE'.CA.AE=t+p™ xp 
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if cB=t, AE=p,cA=«. By the property of the sphere p's. pp=cn*—ca*=x*-, 
and by the construction Tp=Tp’s=T(e? — x*). Tos, or T(pe +«p)=T(? — as 
Squaring both sides, we have Tp*T'(+**)+28p.K«ep=T(—«*), whie 
reduces immediately to Hamilton’s cyclic form. | 

Ex. 7. Conceive two equal spheres to slide within two cylinders of 
revolution, whose axes intersect each other, in such a manner that the right 
line joining the centres of the spheres shall be lel to a fixed right line ; 
then the locus of the varying circle in which the two spheres intersect each 
other will be an ellipsoid, inscribed at once in both the cylinders. 

[Hamilton, Lectures, Art. 496. Taking the oe to be T(p—ta)=6, 
T(p—tB)=b, where a, 8 and ὃ are given and where ¢ is a variable scalar, 
we find on elimination of ¢, 


(p? ἘΦ )γ(α "Ὁ — B-*)(a? -- B®) =25(a~* — βου pS(a— β)ρ.1 


Art. 78. To find the right circular tangent cylinders of a 
quadric, observe that if the vertex of the tangent cone (Art 73 
(viil.)) passes off to infinity, the equation of the tangent cylinder 
parallel to @ is 


(Sppp+1)Sapa—(Spga)?=0. «22... eeeeeeeees (I.) 
A right circular cylinder parallel to a and of radius Ta~* is 
represented by 
TVap=1, or (Υαρ)" -Ἐ1 τεῦ, ......ccseercseees (11.) 
and identifying this with (I.) we have to satisfy 
= Sepa) : 
Spop= Saga +(Vap)* ---...... τρϑ δυο (πι.) 
for all vectors p, or what is equivalent we must identify 
paSppa _ 
φρΞΞ Base aVap ΒΕ ἐν 


Sad? 
Oe ons em pa. a+ aSaga. ......eeeeeee( Ve) 


Here then is a linear relation connecting the vectors ¢°a, da 
and a, and it follows (Art. 66) that a must be coplanar with a 
pair of axes, ὁ and / suppose, and that (say) 


Pa—(Js+ pat Isa = 0. 
This gives on comparison with (ν.) 
Saga=—gs9,, ϑαφ'ατείσ, Ἐσι- αὐϑαῴφα, Saj=9, ...(V1L) 
and putting p=/ in the identity (Iv.), we find 
τὴν tay 
The identity is now satisfied for three non-coplanar vectors, 


5-:- — 
tt =—_ fas St δὰ αὶ ἃ αὶ τὰν αὶ ἃ αὶ αὶ ἃ tits ἃ ἃ 
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j, a and ga and therefore for all vectors; and if U@=Uda, the 
equation of the quadric is by (111.) reduced to 


Sppp=b(SpUBY+a(VpUalr= —1, ..........--(VIIL) © 


where A= Jo, b=9.—-9,—- Is) 


which is Hamilton’s focal form, if we remark that by (VL) 


and (VIL) 


Ther “Bowe 
Baga Saga προσ hi Fs 


If a=iv+kz we have by (VI.) and (vu.) 
W+P=Jo, JX? +952°=930, 


and aminf WD) sp JAI). md 


9ι- 9s 91—-9s 
Art. 79. 70 find the generators of a quadric, we express 
that when we substitute p+fa in its equation, the equation is 
satisfied for all values of t. Thus | 
Spdp=—1, Spda=0, Sada=0. ...........-04. (1.) 
From the second and third of these 


Vap=ada, Or p=Ham~ Pat Ya, --+ereeeeeeee+--(IL) 


and substituting for p in the equation of the quadric, 
—1=eSVa-'gapVa-'da=2*mSVa-'paV φ ἰα ἴα 


τε δον ϑα -Ιαδφαφτ α-} --ϑα τ Ἰφ  Ἰα Saga), 


or simply αὔηιτε --ἰ, Thus the equation of the generator is 


a ὦ "ἢ 
p=t πα PAYA, ...{{0Ἀἀ{{{. 


it being implied by the form of this equation that Sa~'ga=0. 
Generators of one system correspond to the sign +, and those 
of the other system to the sign —. 

Ex. 1. Prove that generators of opposite systems intersect. 


Ex. 2. Find the locus of the feet of central perpendiculars on the 
generators. 


aceon ses Σ 


[From the equation p= + a -ἰαῦφα we find a |) Vpdp, and substitution - 


is Sada =0 gives a quartic cone which intersects the quadric along the 
locus. 


Ex. 8. Prove that the locus of intersections of generators which cut at 
right angles is the intersection of a sphere with the quadric. 

[Note that a central plane parallel to a tangent plane cuts the asymptotic 
cone in lines parallel to the generators.| . 
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Ex. 4. The locus of intersections of generators which cut at a given 


angle is 
a ἘΦ Ν᾿ πὸ 


tan «= 
[See Ex. 4, Art. 74.] 


Art. 80. When the equation of a quadric is given in the form 


Sppp— Weptl—=O, ....cscsececeeeeeeeeeeee(L) 
in order to find its centre, or centres, we may replace the 
equation by 

S(p—w)p(p—w) +2S(p—w)(pw—¢)-+ Swpo—2WSew+l=0, ...(π) 
and if ὦ terminates at a centre the part linear in p—w vanishes, 
and w is a solution of the equation 


pw=€. ..... Sraewadseacounanc teers ueas (πι.) 
Operating by vy we have 
PRM WE, scnccsex cas iietanivaces connec (ιν. 
and the vector to the centre is finite and determinate if m is not 
zero. If m is zero and We not zero, the centre is at infinity in 
the direction of We, and the surface is a paraboloid. If we is 
zero, m must also vanish, and the solution is (Art. 65) 


Miw=yet Yoo, Wre=0, .....ὁἀἐννννννεεκενγενον (V.) 
and the surface has a line locus of centres and is a cylinder, 
vy being parallel to the axis of corresponding to its zero root, 
and the length of We being indeterminate. If ἣν vanishes, 
the function y vanishes identically since ¢ is self-conjugate 
(Art. 67), and in fact ᾧ is of the form —aiSip. If xe is not 
zero, the line of centres is at infinity since (V.) can only 
be satisfied for infinite values of ὦ. If however xe=0, the 
solution is Mower y@, EHO, ..cccsccsescecssscesses (VI.) 
and the surface is a pair of parallel planes. More simply when 

dw = --αἰδίωξεε and Xe = e+ aiSie=0, 

equation {11.} becomes aSiw = Sie. Ae 

In the case of the paraboloid, equation (v.) without the 
condition We =0, or 

mMw=xetuk, wWe | kh, Ph=O wees (VIL) 

is the equation of the axis, remembering that We || k= uk where 
wu is an indeterminate scalar. We have in fact on operating 
by φ, m’(¢dw—e)=—wWe, and the term linear in p—w is propor- 
tional to Spo). n like manner it may be shown that (V1) 
Without the condition ye=0 represents the axial plane of a 
parabolic cylinder. 
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ArT. 81. We propose in this article to give a short account 
of the cone of the second degree and of sphero-conics. (See 
Elements of Quaternions, Art. 196.) 


The equations 
Se Sao tlm; sf απο Hy Aan ““ 
represent respectively a plane and a sphere which passes 
through the origin of vectors. Combining these equations so as 
to eliminate Tp, the equation 


ϑαρδι +1=0, or SapS8p+p*=0, or SBpS | +1=0, (πὸ 


represents the cone whose vertex is the origin and which passes 


through the circle of intersection of the plane and sphere. 
The third form of the equation shows that the cone passes 
through a second circle, the circle common to the plane and 


sphere 
Ρ S8p+1=0, 5.150, πε, 


and thus exhibits the theorem of Apollonius that an oblique 
cone having a circular base has a second series of circular 
sections. 

The second form of the equation shows that the product of 
the cosines of the angles between an edge of the cone and the 
eyclie normals (Ua ie U£) is constant, for this is 


SU .apSU . Bo = Τα 387"; ....ccecceeesnerene( EME 


or what is equivalent, if the cone is cut by a sphere concentric 
with the vertex, the product of the sines of the arcual perpen- 
diculars let fall from any point of the sphero-conic of intersection 
on the two cyclic ares (the great circles in the planes Sap=0, 
S8p=0) is constant. | 


If Up and Up’ are the vectors to any two points P and P’ on 
the sphero-conic, and if the great circle PP’ cuts the cyclic ares 
in Q and Q, it follows from the second of equations (1.) that. 
U(UpSaUp’—UpSaUp) is the vector to one of the poe (Q) 

U — 


and that U(UpSuaUp—Up’SaUp’) is the vector to the s 
point (Q’), Q being in the cyclic plane Sap=0 and Θ΄ in S6p=0. 


ence, from the form of the expressions for the vectors to these 


points, we learn that the arc PQ is equal to the are PQ, 


If Ῥ' and Ῥ' are two fixed points on the sphero-conic, and if P- 
is a variable point likewise on the conic; if the arcs PP’ and PP” 
cut ohne cyclic arc (Sap=0) in Θ΄ and Q’, the length of the are 
Q’Q" is constant. This follows most easily by producing the 


radii of the points P, P’ and P” to meet the plane Sap+1=0 


of equation (1.) in the points P,, Ῥυ' and P,”. It is evident that OQ 
and OQ" are respectively parallel to P,P,’ and P,P,”, and more- 
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over the angle P, P,P,” is constant since it is the angle subtended 
at a point on the circumference of a circle by two fixed points 
likewise on the circumference. 

Given the cyclic arcs of a sphero-conic and a point on the 
conic, the conic is determined by elimination of ¢ from the 
equations 

SapSSpt+tp?=0, SaySSy+ty=0, Tp=1, 
the vector y terminating at the given point, and for convenience 
the radius of the containing sphere being taken equal to unity. 

The three propositions Just proved are used by Hamilton to 
establish the associative principle of multiplication of quaternions. 
In the figure the great circles GLIM, CHBG, DAEC are the traces 
of the planes of three versors 


Ὅν re me 
Tog” oe OE 


Fig. 25, 


Constructing the product 7s=OH:OE, the point H is deter- 
mined and the sphero-conic HKBF is drawn through the point H 
having GLIM and DAEC for eyclie planes. Producing the ares 
CH and EH, the points B, G, F and I are constructed. The point 
L is joined to B and LB is produced to K and A. The are ΕΚ 
is drawn and produced to M and D. It follows then that the 
ares GL and IM are equal and also the ares CE and AD, and 
moreover FM=DK and AK=BL by the properties of the sphero- 
conic, 

We have therefore 

OH ΟἹ OM ΟἹ ΟΜ ΟΚ ΟΚ OA 

Φ ΤΡ op ~ 2° OR~ ΟἹ ΟΡ OF ΟΡ OA‘ OD 
_OK 0. __OL 0G 
ΓΟΑ᾽ OB’ 0G’ OB 

By proving the properties of the sphero-conic without employ- 
ing the associative principle, this principle is established since 
we can show that for any three quaternions q.7rs=q7'.4. 


,ϑεξ Ὁ. 8. 


In addition to the properties just proved for the sphero-conic, it is eas 
to see that great circle arcs which intersect at a point on the curve include 
eupplamental ares (such as cA and GL, Fig. 25) between the points in which 
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ed cut the cyclic arcs, Reciprocating these properties, the cyclic ares 


me the foci & and αὶ (Fig. 26) of the reciprocal sphero-conic, and if the 


two foci and one tangent are AB are given, the conic can be constructed. 
from any point on th 
also two focal ares to the foci, then one focal are makes with one tangent 


the same angle as the other focal are makes with the other tangent. More-— 


over opposite arcs of a spherical quadrilateral, ancp, circumscribing the 
conic subtend supplemental angles at the foci. 


Fig. 26, 
From these properties Hamilton deduces the associative prineiyle, The 
Lx 


versors g and 7 are represented by the directed angles Bar and Epa, and their 
product gr is (Art, 30, Ex. 5, p. 30) represented by the external angle at Ε 
or by the equal angle cep. A third versor s is represented by pcr, and the 
external =~ of the triangle pec represents the product gr.s (namely 
qr into 8). king Frcs and car respectively equal to the angles of s anc 
of 7, the point F is found; and when the sphero-conic having Ε and F for 
foci and ΑΒ for tangent is constructed, it follows that sc and cp are also 
tangents on account of the equality of the angles marked r and of the angles 
marked 5, Again, use CED was constructed equal to the supplement of 

the are pA will be a tangent to the curve, sid FAD will be equal to the 
angle of g, and pra will be supplementary to crs. Hence rap and DFA 
represent respectively g and rs, and the external angle of the triangle apF 
represents the product g.7s. But the angle between pa and pr is equal to 
the angle between pe and pr, and therefore g.rs=qr. 8. 


To find the locus of a poem on the surface of a unit sphere, 
sum of whose arcual distances from two fixed points, Ἐ and 
F, 7s constant, we have in the first place for the cosine of the 
sum of the ares, 
SU .epSUnp—TVU .epT VU. np=cos a; .........45 (v.) 
or on rationalization, we find the locus to be a sphero-conic, 
(SU. ep +(SU. yp)P—2cosaSU.epS Unp=sin*a; ....(VL) 
since (SU.ep?+(TVU.ep)?*=1. (Compare Elements of Qua- 
ternions, Art. 360.) 
This may also be written in the form 
S(Ue—cosa Un)p= +sina TVUnp, ............ (VIL) 


e sphere, two tangent arcs are drawn to the curve and — 
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so that the sine of the are between a point and a focus 1s propor- 
tional to the sine of the ae Samy on a directrix are. 3 
Many interesting examples and illustrations will be found in 
the Elements, Book II., Chap. IIL, Sections 1 and 2, and in 
Art. 306, and also in the sixth of the Lectures on Quaternions. 


_ Through three given points on the surface of a sphere, it is 
5. ἴο jars soherocoets 5 that a given great circle shall be one of 
its cyclic arcs, | = 

it Yi; γ. and ‘ys are the vectors to the three given points, it is necessary 
to τ B so that SBpSap+p*=0 may be satisfied on replacing p by yp ¥2 
and y3, a being a given vector. The vector Bis given by 
BSyryeys= - ΣΥ γιγείδαγι 1}. 
Ἐχ. ὃ. Find the relations between the cyclic normals of a cone and its 


focal lines. 
espace ἰρ. ἢ (v1.) with the second form of (1.), the required relations are 
, ] 


easily obtain 
Ex. 3. Prove that 
S.V. VaBVaeV . VByVepV . VysVpa=0 
represents the cone which has five edges parallel to five given oe 
a, B, y, ὃ, & and show that the form of the equation furnishes a prool 
of Pascal’s property of the hexagon inscribed to a conte. (Lectures on 
(uaternions, Art. 442.) ; 


CONFOCAL QUADRICS. 


Arr. 82. Quadrics of the family 
Sp(h+@) p= AL, cecceeeeeeene (ieee (1) 
in which αΣ is a variable’ parameter, are called concyclic, as they 
have common planes of circular section (Art. 77). 
The reciprocal system of quadries 
Θρ(φ- αὐ) tps ..ὁ(ενννννεκεκε εκ κε ετεν (π.)} 
is called a confocal system. 
Because we may write (Π.} in the form 
Sp(y tax +2") p= —(M+M E+ MA +0), ννννννοι (111.) 
it appears that three quadries (1I.) pass through an arbitrary 
point; and reciprocally, three quadrics (1.) touch an arbitrary 
plane. Also one quadric (1.) passes through an arbitrary point, 
and one quadric (11.) touches an arbitrary plane. | 
Confocal quadrics cut at right angles. Let a, y and 2 be the 
parameters of the three quadrics which pass through an arbitrary 
point (a) Then 
0=Sa(o+a)—'a—Sa(pt+y)-*a=Sal(pt+e)*—-(+ry) Ja 


τα. PEM —O+2) , = (y—2)Sa(ota)-Upty)—a, 
ἘΣ aes) ΘΟ, (Φ-Ὲ 2) 
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for all functions ¢+, (¢+)-}, ete. have the same axes, and 
are therefore commutative (Art. 66, Ex. 2, p. 95). Thus at any 
point of the intersection of the quadries w and y, 

ϑρίφ Ἐν (Gy) p05 ..rccsrccssccsssons (IV.) 
which expresses that the normals (Art. 73, p. 108) (¢+)-'p 
and (¢+¥4)"'p are at right angles. 


Ex. 1. Reduce Sp. 


EP +UPt? ___ toa sum of the form 
(Pra b+y(b+e) * 
ASp($+2)" p+ BSp(p+y)" p+ CSp(h+z)*p. 
[We may employ the method of partial fractions, and treat ¢ as a scalar, 
it being commutative with sealars and with ¢+.., ete.] 


Ex. 2. If ἃ, y and z are the parameters of the confocals through the 
extremity of the vector p, the expressions 


Sp.(preypty)"p, Sp(pt+ay (pty) (pt+2)"p, Sp(h+x)(h+=)~p, 
are respectively equal to 


atta es, zero, and —\—T(p-+2)"1p2 


Ex. 3. Prove that 
Va-y.U(bty)"p, Ve—2z.U(p+2)"'p 


are the principal axes of the central section of the quadric « made by the — 


plane parallel to the tangent plane at p. 


Ex. 4. Find the centres of curvature at a point on the quadric «, and 
prove that they are the poles of the tangent plane to « with respect to the 
confocals y and z, 

[If y is the vector to a centre of curvature, two consecutive normals 
intersect at its extremity, or y=p+t(¢+.c)-'p is stationary when p and ¢ 
vary. Therefore 


[l+¢(b+x)"]dp+(p+x)'pdt=0, or (b+x+t)dp+pdt=0, 
or dp+(6+«+¢)-'pdt=0. 


Operate with S(+.<)'p, and Sp(d+r7)"(6+r+t)-!p=0, and on 
comparison with (1v.) the roots of this quadratic a are mea be y-—# and 
z:—«. Therefore y=(b+y)(b+.)"'p, y'=(¢+2)(b+.x)"'p are the vectors to 
the two centres. Observe that dp is also tangential to the quadric δ. 
Compare Art. 87, Ex, 1, p. 136, for the method employed. ] 


Ex. 5. If 2, y and < are the parameters of the three confocals through 
the extremity of the vector p, prove that 


obyte=—m'— ps yeteo+ay=m'+Spxp; xyz= —m—Spvp. 
Ex. 6. Prove that the plane SAp+-1=0 tonches a confocal at the 
extremity of the vector ‘ 
p=A-(VAdA-1); 


and show that the locus of points of contact for a system of parallel planes 
is a rectangular hyperbola. 
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Ex. 7. Prove that the locus of points of contact of planes through a line 
is a twisted cubic. 

[Put for A in the last example (A+¢m)(1+?¢)"' and verify that an 
arbitrary plane meets the curve in three points. ] 


Ex. 8. The locus of the poles of a plane with respect to a system of 
confocals is a right line. 

Ex. 9. The locus of the poles of planes through a given line is a hyper- 
bolic paraboloid. 

[p=($+u)(A+tp)(1+2) is the locus of a line dividing two given lines 
similarly. | 

Ex. 10. The plane SpAdA =0 
is the locus of poles of planes perpendicular to A. 


Arr. 83. In many investigations relating to the confocals through a 
given point, the extremity of the vector a, it is convenient to employ the 


vectors | | 
A=(h+rya, p=(S+y) a, v=(Dpz Va, ....ἁὁἐνεννννννν. (1) 

which when originating at the centre terminate at the reciprocals of the 
three tangent planes. These vectors are of course normal to the three 
confocals, We have then 

a=(b+xr)A\=(b+y)p=(b+2)v, SAa=Spa=Sva=—1; .......(0L-) 
and because these equations give 

—1l=Sp(d+e)A=SA(p+y)p, or (#—y)SAp=0, 
it follows that : 
ϑιμνΞτεϑνλεβλμεεῦ, ...... (ὁ. νυν νυν ννοννν νοι οννων (111.) 
or confocals cut at right angles. 
We also have from the same equations 


A=p+(y—x)(P+ry py ete, ...ccceeeeeeee ΟΣ ΕΓΕΙΙ (ιν) 
so that we+(y—2)Sp(b4+e)"u=0, (y—x)Sv(p+e)"p=0, 
or (»-- }[[,ρΞ —SUp(6+ zy! Up=+SUA(h+y)" VA, ete., 


SDE αν =O, CEC, avanesccensctssnssesscsneosnncnest VoD 
And the axes of the section of the quadric « parallel to the tangent plane 
are z—y.Up, Vxv—-2.Uv; and those of the section of the quadric y 

parallel to its tangent plane are Vy—a#. UA, Vy—2. Ὅν. 

Introducing a new self-conjugate function @ defined by the equation 
Gee ho οἴϑαρ, a iscassnccesesssvacescessssesrenseai( Vix) 
we may replace equations (1.) by 

(θ-.-λ)λπίθ- γ)με(θ- ξὴντιῦ, ....cceecceeoneceeeeeeee( VEL) 


so that A, μ and ν are the axes and «, y and ¢ the roots of this function. 
lf Swo=—1 is the equation of any plane through the point a, and if © 
is the pole of the plane with respect to any confocal τὸ, 


H=(H+u)w, οὐ We-a=—(G+U)O, cceccseeceecceeeeee(VIL) 


because -a=+aSaw. If the plane touches the quadric xu, the pole lies in 
the plane, and the vector @—a (joining two points in the plane) is normal 
to ὦ. Thus in order to determine the point of contact of the plane 
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Swp=-1 and the parameter of the touched quadric, it is only necessary 
to operate on ὦ by the function @ and to resolve θὼ along and at right 


angles to ὦ ; for 
Gu=0Vo-Gw+ wSo'Po=T—a-uw; T=a+0Vo-bo, u= —Sw-' Ge. (1x.) 
The vector @ being still supposed to terminate in the plane, the veetor 
@—a(=T) is tangential to the surface τὸ and perpendicular to w. Hence as 
@ varies subject to the condition SmHw=Saw=—1, we find by (vu1.) that 
Β(ῦ -- αγθ-Ἐ μ)ττ(ὦ -- αὐτξεῦ, or St(O+u)?r=0 ΠῚ ..- 
is the equation of the tangent cone from a to the confocal u, referred in the 
first case to the centre of the quadrics and in the second to the extremity 
of a. The form of the equations shows that the tangent cones drawn from 
a point are confocal. They intersect in pairs along any line through the 
point, for (x.) may be replaced by 


and may be regarded as a quadratic determining the quadrics touched by a 
given line (Ur=const.); and they intersect at right angles by the general 
property of confocals. | | 

ὃ can thus determine the two quadrics touched by an arbitrary line. 


Ex. 1. Prove that 
(Yo +UX, +e) p=( +X +u*) pt Va(p+u) Vap. . 
Ex. 2. A right line defined by the vectors o and τ of Art. 36, Ex. 4, 
touches the oonfoonls whose parameters are the roots of the equation, 
St(vr-+ ux +u*)t -—So(h+u)o=0. 


Ex. 3. The lines through a given point touching confocals with a given 
“= of saci generate the reciprocal of the tangent cone to a fixed 
confoca 


[The cone of the lines is St(@-m” —o?-»)7r=0, if v is the sum of the 


parameters. ] 
Ex. 4. If v and y are the vectors to the reciprocals of the tangent planes 
of the confocals and w’ at the points ἃ and p, and if 7 is the vector AB, 
τίν Ἐν) Ξί(μ' --ιὐϑνν,. 
[Here r=(H+w')v'—(H+u)v. This is Gilbert’s theorem.] 
Ex. 5. If the points a and καὶ are both points of contact of the line with 
the quadrics, 
Syv'=0, Sydv'+1=0. 


Arr. 84. There is a third general method which is often useful for 
dealing with the properties of confocals. Writing the equations of the three 
confocals through a point in the forms 

T(P+a)p=1, Tipty)p=1, T(h+2)tpa, νι) 
we are led to assume 


as an expression for the vector to the point of intersection. The square roots: 

(d +.x)%, etc., are commutative, and, accordingly, on substitution in | 
Sp(ot+x) "p= --Ἱ, 

we find —1=Se(h+y)(b+2)e=Sedte + (y+2)Sehe+ yz. νον) 


'-— ἪὙχσ-νὁΝΠν:-Ο-ῬῬ-: P= - Tite τ ΎΡ ΨΥ ΨΥ ΣῪ ΟΝ ~~ 
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This is identically satisfied, for the confocal a as well as for the confocals 


if 
if and ey I e=0, Sede =0, Sede = —] : ἘΠ τ -«᾿-- J 


or what is equivalent, if 
εἶτετ, Seye=0, Seyre= —1 5 ...cccccserssessessceeeeeee(Vs) 
t is, if « is the vector to a point of intersection of three known surfaces, 
oon of which 4a of course reel sarc Therefore (11.) coupled with the con- 
ditions (rv.) or (v.) is the vector to a point of intersection of the three 
confocals ; and allowing any two of the parameters, y and , in (11.) to vary, 
the vector equation represents the surface «; if only one parameter (x) 
varies, the equation represents the curve of intersection of the confocals 
τ γε Ὁ we may differentiate p, regarded as a function of ἅς, y and ¢, as 
given by equation (11.) just as if @ were a scalar, and we have 
ἘΝ ΣῊΝ 
dp=4%. «τ τ, Pf sececenecees | (v1.) 
and the method easily lends itself to the treatment of lines traced on a 
quadric 
Ex. 1. Prove that the vectors ($+.)~'p, (6+y)"'p, (6+2)"'p are mutually 
rectangular, and that the squares of their tensors are 
(e-2)(@-”) (e-My-9, (y-DE-2) 
mz) * my) " πᾷ) 
where stad τρίψει ma + mx? +a, and ae w, y and 2 ave the parameters of 
the confocals through the extremity of p. , 
[Using (11.), we nite Sp(o+y)(b+2)!p=Se(b+xr)e=0. Also 
Sp( p42) p= Se(h +2) (h+y)(b+2) es 
This is reduced by “eS y by εὐνῇ Ske ete., to Se(h+r)—e multiplied 
by a factor. On inversion of (+-)~! the rest follows.] 
Ex. 2. Find Tp? in terms of #, ἡ and 2. 
[e+ytet+m"=Tp*.) 
Ex. 3. Express the vector ¢ in terms of the roots and axes of ᾧ. 


Ex. 4. Prove that 


‘ange ET 3) - 2) 
Tdp*=}2 m(z) αν", 
. Ῥὶ that ρεε{ᾧ τι φ- αὐ Ub+y)™ +c) is the equation of 
ἢ oo ot to Noa ΡῈ dle 2 of the iL y and z; « being alone 
variable. 
[Use (v1.).] ; 
. 6. Prove that p=( +2) U(b+y)Xb+2) ε is the equation of the 
--.-. of calie of the Sue x—the locus of the principal centres of 
curvature—when ἡ and z vary. (See Art. 82, Ex. 4.) 


Ex. 7. Find the lengths of the principal radii of curvature in terms of 
«, y and 2. 
Ex. 8. The imaginary right line, ¢ variable, 
p=(bti(p+a)ee 


is an umbilical generator of the quadric «x. 


Le 
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[10 is evidently a generator of the quadric, and parallel to a line to a 


circular point at infinity for T(b+.2x)te=0. That is, it is one of the eight — 


generators through the four points in which the imaginary circle at infinity 
cuts the quadric. But the tangent plane at an umbilic cuts the surface in @ 
point circle—or a pair of these imaginary generators. See Art. 67, Ex. 1, p. 96.] 


Ex. 9. Find the locus of a point through which two of the three inter- 
secting confocals coincide. Show that it is a developable surface generated 
by the tangent lines to the curve 


p=(p+a)ie. 


(‘This is the locus of the umbilical generators of the system, or the circum- | 


scribing developable.] 


Ex. 10. The focal conics are double curves on this developable. 
[Put ¢ equal —g,, τοῖο or —g, in the equation of Ex. 8, and we get a plane 
curve in one of the principal planes, For t= —g, we have 
ϑρ(φ -- σι) ρΞεϑε(φ -- σι)(φ Ἐ4)εΞ --ἰ, Sip=0. 


The conic is double on the developable because a double sign is lost owing 
to the destruction of the component of the vector normal to the plane.] , 


Ex. 11. Ifa is a constant vector, and , ἵ variable scalars, the equation | 


ρξίφ' +rb+y)*a 
ie em a uadric ear e being ᾿ PI gs i298 function. 
ssume the equation of the quadric to Sp(ad* -1=0. 
determine the μέλος ns a, 6b and a ila cal 


Ex. 12. Prove that the imaginary vector ε of equation (1v.) satisfies the 
relation V —1. «= Verde. 


EXAMPLES TO CHAPTER IX. 


Ex. 1. Three right lines through a common point are mutually at right | 


angles. If the first and second move in the planes SAp=0 and a 
respectively, the third describes the cone ἡ ρκ 9 Δα Sela 


Ex. 2. The cone 


SaiSajSak a τος yjSyk 
saan: borcreen Uap! inant! “de a 
Sap _~ tp 


contains the six unit vectors ὦ, 7, and a, 8, y, the vectors of each set being 


mutually perpendicular. 


πο ΩΝ ιν must be sound if is toudhes these manele rennet 
planes, m’=0, 
Ex. 4. The four cones of revolution which touch the planes 
SAp=0, Spp=0, Syp=0 
are represented by T.Vp"'Vp>+ VuvTA(SApyy'=1; 
and the cones of revolution through the three lines 
VAp=0, Vup=0, Vrp=0 
are represented by TT. p™Sp>+ VuvTA(SApy)=1. 
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Ex. 5. Three points fixed on a line move in given planes. Find the 
locus of a fourth point fixed on the line, and show that it is represented by 
an equation of the form : 

T(aVpvSAp+bVvASpp+cV ApSvp)=1. 
Ex. 6. Interpret the equation 
TBV Bp=eTASAp 
as determining the locus of a point moving in accordance with a certain law 
in relation to a given line and a given plane. 

Ex. 7. The polar planes of points situated on certain fixed lines cut a 
quadric in circles. 

Ex. 8. Find the locus of the centre of a sphere which rolls along two 
straight wires. 

Ex. 9. Determine the locus of the vertex of a right cone standing on a 
given ellipse of which a and (3 are the principal vector radii. 

Ex. 10. A plane cuts a constant volume from a pyramid having its 
vertex at the centre of a quadric. Find the locus of the pole of the plane 
with respect to the quadric. 

Ex. 11. Find a tangent plane to a quadrie which along with three 
mutually conjugate planes passing through the centre forms a tetrahedron 
of minimum volume. 

Bx. 12. Find the locus of the point of intersection of three mutually 
perpendicular planes each of which touches one of three given confocal 
quadrics. 

Ex. 13. Find the locus of the foot of the central perpendicular on a 
plane through the extremities of three mutually conjugate radii of a quadric. 

Ex. 14. Find the locus of intersection of tangent planes at the ex- 
tremities of three mutually conjugate radii of a quadric. 

Ex. 15. Find the locus of a point whence three mutually perpendicular 
tangent lines can be drawn to a quadric. 

Ex. 16. Find the locus of a point whence three tangent lines can be 
drawn to a quadric so as to be parallel to three mutually conjugate radii. 


Ex. 17. Show that the equation | 
2hp _pP_ ΦΡ 0 
Spo μὲ (bp)? 
determines the directions of the radii of the quadric Sp¢p+1=0 which are 
most or least inclined to the corresponding normals. Solve this equation. 
Ex. 18. Through the extremity of the vector a mutually perpendicular 
lines are drawn to cut a quadric. Prove that 
Pe eS 
1+Saha ἀῶ Yo 772 
where «, and ἂν are the intercepts on one of the lines. 
Ex. 19. From a point on the quadric Sp¢dp+1=0, the extremity of 
the vector a, mutually rectangular lines are drawn to terminate on the 


surface. The plane through their extremities passes through the extremity 
of the vector 2a 
τῶ 


a— 
i 


dl 
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Ex. 20. Find the volume of the frustum of the cone whose vertex is at 
the centre of the quadric Sp¢dp+1=0 and whose base is the intersection of 
the quadric with the plane SAp+1=0. 

Ex. 21. If UVg is a fixed vector y, eliminate the scalar ¢ and the 
variable part of g from the relation | 

p=q(B+ta)q" 
and discuss the locus represented by 


Tp=(8 +a ane), 


ae oe een of and y being unit and mutually rectangular, 
Tda+ToB+Tey 
should be a maximum or minimum is 
Vad'Udat+ VBP’ UdB+ Vy’ Udy=0 
where ¢ is an arbitrary vector function, and prove that this is equivalent to 


Tda=TpB=Toy. 
(a) Hence derive a theorem concerning the conjugate radii of an ellipsoid, 


Ex. 23. Through a variable point @ on a fixed line V(p— 8)a=0, a plane 
is drawn perpendicular to a fixed line (y). Find the locus of points Ρ in the 
variable plane for which Tor=eTre where ¢ is a given scalar. 


Ex 24. Show that the section of the cone Sp@p=0 by the plane 
Sip+1=0 is equal to the section of the quadric SpppSA¢1A+1=0 by the 
plane SAp=0. 


Bx. 25. Find the equation of the surface which is generated by trans- 
versals of the lines V(p—)a=0, V(p—3’)a’=0 and of the ellipse 


p=y+y' 905 ἐτῈ γ' εἴπ t. 


Ex. 26. The envelope of the planes of intersection of the sphere 
2S\p™'=1 with a variable sphere passing through the origin and having 
its centre on the quadric Sp¢p+1=0 is the cone 


(SAp?+Spd—p=0. 


Ex. 27. From the extremity of the vector 6 which terminates on the 
quadric Sppp+1=0, a right line is drawn to intersect the vector radius a, 
one of three mutually conjugate radii a, §, y, and to be parallel to the plane 
containing the other two. It meets the aitipaoid in at the extremity of | 
the vector —6—2aSéda; and the plane SAp+-1=0 which passes through the 
three points thus determined by the three radii is given by 


(dicetfarth) 


Ex. 28. Show that 


pic. ν, “MA+AAY τὸ 
P= ~ ξχ ελφ ᾿(λ- ἐλ} 
is the locus of the centres of sections of the quadric ϑρῴρ-Ἐ] τεῦ made b 
lanes through the intersection of the planes SAp+1=0, SA’p+1=0; a 
iscuss the nature of the curve. 
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Ex, 29. Show that the surface represented by the equation 
S[A(SA‘p+1)—- A’ (SAp+ 1) ][4(Sp'p+ 1) - pe’ Sep+ DJ=0 


may be generated by the intersection of two perpendicular planes each of 
which contains a fixed line. 


Ex. 30. Prove that the foci of central sections of the quadric Sp¢p+1=0 
generate the surface | 
Spbp SVpdpbVedp 
Ex. 31. The envelope of a sphere which passes through the centre of a 
uadric and which cuts it in a pair of circles is a quartic surface touching 
the quadric along a sphero-coniec, 

Ex. 32, Quadrics similar to Sp6p+1=0 are described on a system of 
parallel chords of Sp@p+1=0 as diameters. Prove that the envelope of 
these quadrics is also a quadric, and find its equation. 

Ex. 33. Prove that Spx — Sapa ie 
where p, is the vector to the foot of a normal from the extremity of the 
vector a to the surface Sp@p+1=0 and where m’ and m are the second and 
third invariants of the function ᾧ. 


Ex. 34. Ifa right line cuts a quadric at the angles @ and @, show that 


sin θ sin θ᾽ 


Ρ̓ Ρ̓ 
where p and ρ' are the central perpendiculars on the tangent planes at the 
points of intersection. 


Ex. 35. If» is the length of the chord which is normal to a quadric at 
the extremity of p, 
= = m"p —(m' — mT p*) p. 
Ex. 36. Pairs of mutually rectangular tangent planes are drawn through 
the extremity of the vector a to the quadric surface Sppp+1=0; prove 
that the locus of their intersection is 


1 


Ee τὰς 
ite ih Wap 


a-p ,14-Pp_, ον 
+85 £. p41 ΠΝ ad τ᾿ 


Vap 
and show that this equation may be reduced to 
| m(Vap)?+S(a—p)W(a—p)=m'(a—p) 

Ex. 37. The sum of the products of the perpendiculars from the two 
extremities of three mutually conjugate diameters on any tangent plane to 
a quadrie is twice the square of the central perpendicular on the tangent 
plane, 

Ex. 38. In terms of the vectors r=p,—p,, ¢=Vp pz, show that the 
equation Sowr =0 
represents the chords of the quadric Sp¢p+1=0 which enjoy the property 
that the normals at their extremities intersect. 

Ex. 39. The locus of the centres of chords at whose extremities the 
normals intersect and which are parallel to a fixed direction 7 is the right 
line Spor=0, Spryr=0. 

J.Q. I 


| 
| 
. 
| 
[ 
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Ex. 40. Prove that the squared radii of the circular sections of the 
quadric gp?+2SApSpp+1=0 which pass through the extremity of the 
vector a are 

gt d*Brajy fg? and y+ p*(Spayy'gg* 
where g, g and g” are the latent roots of the linear function determining th 


quadric. Interpret these results. 
Ex. 41. Determine the spheres cut in diametral planes by a quadric. 
Ex. 42. If planes through an edge (p) of the cone Sp¢p=0 and through 
the vectors a and £ respectively meet the cone again in coplanar with 
the vector y, show that 
S(pSada = 2aSpha)(pSBGB -- ΞβΒρφβ)γ-εῦ, 

and reduce this by the aid of the equation of the cone to 

SphaSPoy + ϑρῴβϑγφα -- Βρφγδαφβ =O. 


Ex 43. Using the notation of Art. 38, Ρ 42, show that if a translation 
represented by the vector ὦ will carry the tetrahedron ancp so that it: 
becomes inscribed to the quadric Sppp+ 1=0, we shall have 

w= heb TASada; STASadad—'SASada + 4υξίβαφα + do*=0. 

Ex. 44, It is required to place a pair of tetrahedra ancp and ΑΒ σ΄ δ’ so 
that their vertices may be corresponding points on a pair of confocal 
quadrics. (Robert Russell.) 

(2) A quaternion statement of this problem is to determine a self 
conjugate function <, a scalar uw, a quaternion ᾧ and a pair of vectors « and 
κ΄ so that the conditions 

Φ ἵρ-- K)=(b+u) 2 (qp'q? -«')=a wnit vector 
may be satisfied when p and p’ terminate at corresponding vertices of the 
pe lls a in their initial on TS 

(Ὁ) If ᾧ is the linear vector function defined by the relations 

p(a—8)=a'-8, φί(β -- ὃ)-- β' -δ, φίγ -- δ) γ᾽ - ὃ, 
we find that μ᾽} τ ῥ᾽ ᾧ --Ἰ, and γί )\g-=(b'h) 2 ¢. 

(c) Also in the notation of Art. 38, x and τὸ are given by 
Qv .(b'b —1)K= —TASa(h'p—1l)a, v(u+SxK(h'h—1)x)+ ΣΙΒα(φ' ᾧ —1)a=0. 

Ex. 45. A plane mirror (normal y) is moved so as to reflect the light 
from a star in a fixed direction (6). Show that if y is the unit vector 
towards the celestial pole, σ᾽ the unit vector towards the star at the time 
¢=(), the vector v must describe the cone represented by 


oF 
v\|(y *oy" +8) or vSy(o+8)=28yySva. 
(a) Show that the vector 
oS νὼ 
y Υ tot. "AY | 


is independent of ον gtrbeae the vector A satisfied a certain condition of 
perpendicularity, and interpret. 


CHAPTER X. 
GEOMETRY OF CURVES AND SURFACES. 
(i) Metrical Properties of Curves. 


Arr 85. Supposing that from each point of a curve a vector 
7 is drawn, variable with the position of the point, let us 
consider the rate of rotation requisite to produce the change of 
direction of the vectors ἡ as we pass along the curve. In the 
figure P and P’ are any two points on the curve, and the vector 
PH=Uy is a unit vector along the emanant vector y drawn 
from P, while P'H’= Uy’ is a unit vector along the emanant η΄ 
drawn from P’. The vector PH” is drawn equal to PH’. 


In the limit the quaternion 


Uy'—Un __ HE" (1.) 
UnT(p'—p) PH. Tpp’ salah hale alga taht 


is a vector perpendicular to » and to η΄ so that rotation roun 
it from ἡ to η΄ is positive, the angle of the quaternion (the 
exterior angle at H) being ultimately equal to a right angle. 
The tensor of this vector is ultimately equal to the ratio of the 
circular measure of the angle HPH” (the angle between ἡ and 7’) 
to the are of the curve, and thus the vector represents in 
magnitude and direction the rate of rotation in question. In 
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terms of the differential of Uy and the corresponding differential 
of p(=OP), the vector of rotation is | 


αἴ) dy 1 Vydy 


‘=o  Ἰὰρ Ty?Tdp’ ci .} 


the second form of the expression for the vector being deduced 
from (rv.), Art. 53, p. 68, and the third form resulting from the 
consideration that ὴ 


VaB-'=Vaf. -2— —Vau8.TB-*= > VBa 85- 


If, in particular, we replace the vector ἡ by dp, a vector 
tangential to the curve, we have for the vector of rotation of 
the tangent, or the vector curvature at P, 


dUdp_ydp 1 _Vdpd’p 


dp dp ; Tdp Tdp* ᾿ μοῦ 1.) 


for in accordance with the foregoing this vector represents ἴῃ 
magnitude and direction the rate of bending of the curve at he 
- point P, the bending taking place in the plane through P at right 
angles to this vector.* a 
ἢ the case of a plane curve this vector curvature is alw ys 
parallel to a fixed direction—that of the perpendicular to the 
plane, but in the general case the direction of the vector 18 
continually changing. The plane through P to which it is 
perpendicular, or the plane of the bending at P, is the osculating 
plane of the curve at P. 1 
To investigate the rate of rotation of the osculating plane as 
we pass along the curve, or, what is equivalent, the rate Of 
rotation of the normal UVdpd*p to that plane (compare he 
third form of (11.)), we have by (IL), 


dUVdpd’p _y Vdpd'p 1 d®p 
UVdpd?p.Tdp ᾿ Vdpd®p Tdp Vdpdtp’ * 


since dVdpd?p=Vdpd*p. This is the vector torsion of the curv 
at P. It gives in magnitude and direction the rate of rotation 
of the osculating plane, and we see (what is geometrically 
obvious) that the osculating plane rotates about the tangent 
line (Udp). | 


* The phrases vector curvature and vector torsion correspond to Hamilton's vector 
curvature and vector of second curvature. We shall see what advantage results 
considering an angular velocity to be a vector on the plan of this article, 

and the present case is quite analogous. It is easier in Quaternions to rep we ant 
the primary characteristics of a curve, the curvature and the torsion, by vector 3. 
than to represent the somewhat artificial and indirect conception of an oseula ing 
circle or radius of torsion. The theory of emanant lines has been worked out bY 
Hamilton (Elements of Quaternions, Art. 396). 


=Udp.S (0) 
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The vector. curvature and the vector torsion may be com- 
pounded into a single rate of rotation 


te, ear: 3 
éu®¥ fap ὁ eS γα καρ cases ee 


which may perhaps be called the vector twist of the curve. This 
rotation produces the same effect on the tangent line and on the 
osculating plane as the vector curvature and the vector torsion 
respectively, for the former vector 1s at right angles to. the 
osculating plane and the latter is parallel to the tangent line, 
and we do not here consider the rotation of the osculating plane 
‘n its plane or the rotation of the tangent line round itself. 

If the equation of the curve is given in the form considered in 
Art. 48, that is if p is given as a function of a parameter ἐ, the 
expression (V.) may be written in the form 
_Vp'p ae ne | 
adam τ τ +UpsS Ts Leonitanngukexeceasebea (VI.) 
where ρ΄, ρ΄ and p” are the successive deriveds of p with respect 
to the parameter. 7 a 2a, 

If the are of the curve is taken as the independent variable, 
and if p,, ps py ete., denote the suecessive deriveds of p with 
respect to the are, the relations (compare Art. 48, p. 63) 

Tp,=1, Spp.=9, Spipstpo=9, ete., sence 

found by equating to zero the successive deriveds of Tp, serve 


to simplify the various formulae. Thus (v.) becomes 


τ ee ee eee RoE - (VIIL.) 
O= PiP2T P1 Pips 


Ex. 1. Show how to connect the deriveds of p taken with respect to ¢ 

and with respect to s. : ἐς 
π ae ὦ s\* 3 | 

[ρ΄ -ριὰν ρ΄ τρία) + Page oe 

Ex. 2. Show that the tangent line and the osculating plane of any curve 
may be written respectively in the forms, 

B=p+xp', G=p+xp'+yp> 

z and y being variable scalars, 

Bx. 3. The tangent line and osculating plane of the twisted cubic 


T=(p+ty ta 
may be expressed by 
Ta(Hro(prtyta G=(P+a(pry(GrH δα, 
respectively, a being a constant vector and ᾧ a given linear vector function. 
Fx. 4. Calculate the vector ὦ for the helix 
 =a(icost+j sin ¢)+ ht, 
i,j and & being mutually rectangular unit vectors. 
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Ex. 5. Find the centre of the osculating circle of a curve. 
[The vector to the centre from the point on the curve has the same 

a ay as Vp'p"Ip’-*. Up’, and its tensor is the reciprocal of that of this 

vector. | 


Art. 86. The important relations (1) and (1v.) of the last 
article enable us to reduce every affection of the curve to q 
function of the unit vectors Ἵ 


a=Udp, γεῦναραβρ, B=UVdpd?pUdp, seasons 
of the scalars . 
_lVdpd’p | _q dp 
q= Tdp® i iT Vdpd2p’ eee ee eee eee 


and of the deriveds of these scalars with respect to the are. 

We notice first that a, 8 and y form a mutually rectangular 
unit system so that aB=y, By=a, ya=8. The scalars a, and 
¢, are the ordinary scalar torsion and curvature respectively 
and partly for the sake of symmetry we regard them as the 


deriveds a ᾿ -Ξ of two angles σ and ὁ. The angle a is the total 


angle through which the osculating plane has turned about the 
ap amg line in passing from some initial point P, on the curve 
to the point P. In like manner ὁ is the total or integrated angle 
through which the tangent line has turned in the osculating 
plane from P, to P. The vector a is along the tangent, 8 along 
the principal normal and y along the binormal to the curve. — 

Denoting still deriveds with respect to the are s by suffixes, 
the fundamental formulae, (11.) and (tv.) of the last article, give’ 
in accordance with (1.) and (11.} of the present, the simple relations” 


2 Ys κ- (ya, β αγα Cyy ΞΕ ὼ,. «6 οννονονος (11.) 
or a, Ξε, By =a,y —¢,a, = — a, a, “αν ee ἴΥ 
or simply Wj VANS Pico nnasecsaveciveseiaete oovesl Wal 


if ἡ stands for a, 8 or y. 
The formulae in a and y are translations of the formulae of 
the last article. The formula in β is derived from these by aid 
of the relation B=-ya. | 
To express the successive deriveds, with respect to the are, of 
the vector to any point on the curve in terms of a, 8, y and of the 
scalars a,, ὁ. and the deriveds ας, ὦ, ete., of these scalars, we have — 
P| = 4; 
px = a, = Bey, 
Pg= α5-- 8,¢, + Beg = Be, +(ya, — ac;)c,, 
p= Beg + 2( ya, — ac, ey +(yty — ay) ¢, — βία," +¢,")¢, ; 


(v1) 
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and in general we shall find the ™ derived to be of the form 
pn=AAn+ BByt On --seerereeseees wae ak 

A,, B, and CG, are certain scalars (not the n" deriveds ὁ 

pis A, B, ὦ, however). We may remark that the deriveds 

of highest order of ¢, and @, occur in pp in the term Ben +y4n-1er 
see from (VI.). 

I Ths, oF as. ἐπ asserted, every affection of the curve may be 

expressed in terms of a, β, γ of ας ta c,, and of the deriveds of 

these scalars. (See Appendix. Hlements, Vol. 11.) 


Arr. 87. The developables connected with the curve may all 
igated in one common way. . 
«τ. ἡ and the scalar ¢ being in some way variable with 
a point on a curve, a plane of any developable connected with 

the curve is expressible by an equation of the form 
S(T — p) =e, cvesserereeecereesreererseeee(Le) 
being the variable vector to a point in the plane, and p being 
the πὰ to the point P on the curve to which the plane corre- 
sponds. The equation of a successive plane is of the form 


S(o—p)n—e-+ds. 2 (ϑίσ-ορ)ητ-6)-:9, εὐτον ἐπ νον te) 


ἃ p bei arded as functions of the are s, but @ being 
cndarendenk fs Thus two successive planes intersect in the 
line of intersection of the first plane and of the plane determined 
by equating to zero its derived with respect to 8. The iter- 
section of the plane (1.) and its consecutive 18 accordingly the 
line common to (1.) and to the plane 
S(@— p)m, =Sayt ey, τ λλτλλετλη ΤΡ (111) 
de, being the first deriveds of ἡ and ¢. — | 
" This ine of the developable is also given by the vector 
equation (Art. 35 (1), p. 39), | 
Lass Si as aa Iv. 
wD=p a Van ’ ( ) 
where ¢ is a variable parameter. : 
In the same way, equating to zero the second derived of (1.) 
with respect to s, 
S(o— ρ)η.ΞΞ 2San, + 5By . C+ ey, - Sere 5, 6 


and combining this with (11.) and (1), we have the point of 
intersection of three successive planes of the developable, 


wep 4. Vane + Vign(Sante )+ Van (2San +880. οι +62) (γ1) 


SNe 
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This point is on the cuspidal edge of the developable, and ἴδ 
corresponds to the point P on the curve. More generally if in 
(vI.) we allow the are to vary, we have the equation of the 


cuspidal edge of the developable. 


In particular, the polar developable corresponds to 7=a, e=0; 
while »=8, e=0 gives the rectifying developable: and »=y, 


e=( is the tangent line developable. It is shorter in many cases 


to treat the developables ab amitio rather than to substitute In — 


the general formulae (1Υ.} and (V1). 
Ex. 1. The vectors from a point on the curve to the centres of the 
osculating circle and sphere are respectively 


B oo δ. 1 
5 and at’ aa" a 
[These expressions follow from consideration of the polar developable. 


Or the first is geometrically obvious, and it is also evident that the centre _ 


of spherical curvature lies on the polar line, O= pr Bry, which is by 
 Bageacet the locus of points equidistant from three consecutive points on 
e 


curve. To determine 2 we may express that ΠῚ is the vector to a point 


which is momentarily stationary as we pass along the curve. ‘Thus 


ΟΕ masta (Σ μὰ: ἂν ee 5 (+) 
ὙΠΟ Ξ ΕἿΣ: Σ ἐβὰς 1) vB +5 + Ys and therefore a= Fe ΣΝ 


We must remember that « is not here a function of s. ἂν is some small 
scalar. See the next example. | 


Ex. 2. For aspherical curve 
1. @ ( 1) 
δ, ἡ da Ley = 
[In this case we can determine # so that the vector in the last example 


terminates at a fixed point in the centre of the sphere containing the curve, 
and now δὲ : ds is the derived of x with respect to s, so that 
“αι, ὃ, ἂς ἃ (1.4(1)) 
a, ἀδλομ J 
The method here employed is often useful. The condition may also be 
found by expressing that the vector to the centre of spherical curvature 
terminates at a fixed point. The condition is momentarily true (not an 
identity) if five consecutive points lie on a sphere. | 


Ex. 3. Prove that the rectifying line is V(@—p)w=0, and that the 

cuspidal edge of the rectifying developable is 7=p -Φ τ tb: 
1 

(The rectifying plane 5(@—p)8=0 through the tangent line and at right 
angles to the osculating plane, generates this dovelopabia} . 

Ex. 4. The curve is a geodesic on the rectifying developable. 

[Prove that the angles of the quaternions 

(w+do):a and (w+dw) :(a+dea) 

are equal to the second order of small quantities, and hence show that 
when the developable is flattened out the curve becomes a right line, so 
that it is a line of shortest distance (or a geodesic) on the developable. ] 
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Ex. 5. If the ratio of curvature (scalar) to torsion is constant, the curve 
is a geodesic on a cylinder. : 
K {it Pg H ca Twsin H=e,, the angle H is here constant, and 
equations (111.), Art. 86, give d(a cos H+ sin 1)=0, or on integration Uw=4, 
a constant vector. The rectifying developable is therefore a cylinder. 


Ex. 6. Show how to determine the curves for which the ratio of 
ω- γος a, = yasin H .To= Vike. cad πο og gi ; be, 
we have, on changing the variable from # to 4, α Ἂ 
ne a’=Vko' =kVka= —a—iSka= —a+hkeos Η; 
or © (a —keos 1) +(a—k eos H)=0. 


The i f thi ion is a— =\cost+psin¢t, and as we 
a poi Fl pense pore ert appears that A and ps ae * 
perpendicular to one another and to ἀν, and that their tensors must be equ 
“re oe a=kcos 1+sin H(i cost+/sin ἐ), 
and on integrating again 

B=|ads=p)+ks cos H+sin H. | @cost+J sin ¢)ds, 
where p, is a vector constant of integration. | 


Ex. 7. Find the conditions that the unit vectors (a, B, y) of one curve 
may remain constantly inclined to those (a, β΄, y’) at corresponding points 
: ther. - ᾿ 
5 [We at have wds=w'ds', or ada+yde=a'da'+y'de. Hence either 
p’ β or else da: de= —Syf': — —const. In the second case both curves 
are geodesics on cylinders. In the first, if a’ makes the angle τ with 
γ΄ makes the same angle with y (the four vectors being coplanar), a 

=u+H'. In other words, 

da=cosu.da’—sinu.de’, de=sinw.da’+cos wu. de.) 
8. Find the unit vectors for the locus of centres of spherica 

Εἰ. ὦ and show that they remain constantly inclined to those of the 
given curve. bo baie 

Ex. 9. The vectors p and p’ are drawn from a centre of reciprocation 
a point on a curve and to the corresponding point on the cuspidal edge of 
the developable into which the curve reciprocates, prove that 

ΡΎΒΥΡ ΞΡΥ ΒΥ ρ΄ -- Κα, ; 

where K is the radius of reciprocation and where y and γ' are unit vectors 
normal to the osculating planes at p and ρ΄. 

(2) Compare the curvatures and torsions of the two curves. 


Ex. 10. Compare the unit vectors for a curve and its inverse. 


(ii) Ruled Surfaces. 


Arr. 88. Having showed in the last article how to determine 
the surfaces generated by planes connected with the curve, we 
shall now consider the surfaces generated by the emanant line 


compare Art. 85, p 131) 
( Ρ Ρ V(@—p)y=0. ΡΥ ae 
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Reverting to p. 40, Art. 36 (v.), the shortest vector QQ’ from 


the line to any other line V(@—p’)y' =0 is 
Q0’ = Vim/S PP. d= 9..,89. PPM 
QQ ΕΙΣ ms Vin’ and OQ=p+75 Vn * eer 
Putting in these ρ΄ Ξε ρ- ἀρ, x’=n+dy and proceeding to the 
limit having divided Q'Q by T(p’—p), we find 


QY ~~ 34 Udp.. ,Udp dUy .UdpUy _ 
ΠΥ la ; ~ ie Sy, 7+ --<e 


by Art. 85 (iL); and neglecting a vanishing term in the 
expression for OQ, 


d d Ud 
00= p-+nSa ig, = p— UnS ay = p— UnS ay coke (ιν. 


the various transformations being easy consequences of the 
formula just cited, and p being a scalar defined by 


Ud d dpU; 
p=S—=Sy7f5=8 dU, ἘΠ ΤΕῚ (v.) 


The vector » represents the rate of translation of the emanant 
line as it passes through successive positions, this vector being 
the ratio of the shortest distance between consecutive positions 
to the are ds of the curve. In other words, the emanant may 
be supposed to pass from one position to a consecutive in virtue 
of a rotation :ds about the shortest distance QQ’ coupled with 
translation QQ’=pids along that shortest distance. Or again 
p is the ratio of the shortest distance to the angle between the 
consecutive lines. The quantity p is usually called the para- 
meter of distribution of the ruled surface, though the theory of 
screws would offer the more suggestive term pitch, because the 
transference of the generator from one position to the consecutive 
is in the language of the theory of screws effected by a twist 
about the screw coaxial with the shortest distance and of pitch p. 
The point Q, the extremity of the vector (Iv.), is the point of 
closest approach of successive generators? and as s varies Ὁ 
deseribes the line of striction of the ruled surface. For a 
mor igay this coincides with the cuspidal edge, and p 
vanishes, 


Ex. 1. Prove that the line of striction and the parameter of distribution _ 


of the surface generated by the principal normals of a curve are 


τ Ξε _ Bey = a " 
Ε Τα +o? ΤΠ atte? 


Ex. 2. The tangent to the line of striction of this surface is parallel to 
οὐ σε δ 
atest Br (ate ᾿ 
and the shortest distance between consecutive generators is parallel to ὦ, 
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Ex. 3. If y=acosl+Bsinicosm+ysinisinm, — 
rove that the condition that the emanant line ἢ should generate a 


velopable is | 
“ii sind. d(a+m)—coslsinmde=0 or siné=0. 


[By (v.) if p=0, Sandy =0.] 

Ex. 4. Prove that no line except a in the plane of ἃ and B can generate 
a developable ; that the only developables generated by lines in the plane of 
α and y are the tangent-line and the rectifying developables ; and that any 
line whatever in the plane of 6 and ᾿ is capable of generating a developable. 

[For the plane of a and B, /=0 or m=0, and m=0 18 impossible if ἃ 
varies. For the plane of a and y, /=0 or m=*. lf m=5, we find »=Ue 
since sin’.da=cosl.de. If las, we have a series of developables 

B=p+t(B cos(a—ady)—y sin(a—4ap)) ; 
and their cuspidal edges are 
a=p+2—7 tan(a—a,), 
os a | 

a) being an arbitrary constant.) 

Ex. 5. Prove that the curves 

a=p+2-¥ tan(a—a) 
1 

are the evolutes of the curve =p, and that they lie in the polar developable. 

Ex. 6. If the emanant is perpendicular to the tangent, prove that 

Ἀ, _ ἤσο. κω ΟΝ 
OR= PT Sos + (a, +m)” Po *cos*m + (a, +m)" 

where 7) =f cos m+ y sin m. 


Arr. 89. The normal to the ruled surface 


TS PF Ua veesevenserecrereeeseseeeen enon (1.) 
at any point @ is parallel to 
v= Vn(dp+udy), ee cull depen te ecansruen (1l.) 
this vector being perpendicular to every tangential vector 
da =dp+ udyt nd. ..... ἀν νννενν eiieiiann (111.) 
The tangent plane is ᾿ 
Ξ(Ὁ -- p) Vn(dp+ Udy) =0, -sceeee νι κκεκεν .--(IV.) 


and as it generally involves τι, it varies from point to μην along 
the generator. Moreover, since it involves u linearly, the an- 
harmonic of four tangent planes is equal to the anharmonic of 
the four corresponding normal vectors (11.), or of the four cor- 
responding points of contact (1.), (Art. 37, p. 41) 

pressing that the tangent planes at two points ἐν and w’ on 
the same generator are perpendicular, we have a relation 


Sw’ =0, or SVn(dp+udy) Vn(dp+ w'dy)=0, tegedest Ve) 
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which determines an involution between the corresponding points 
wand α΄. This may be thrown into the form 


Vndp\/.. , « Vndp Vindp\? 

(u+s vide )(e okie wea) =-1(V Tada) en) 
because (ὅλμ- 1} --Τλμτξ -Τ λα. Comparing with 
equation (1Υ.) of the last article, it appears that the point Q in 
which the generator meets the line of striction is the centre of 
the involution, and that the foci are imaginary. If C and © 
are the two points wu and w’, it is not difficult to see that this 
equation (VI.) is equivalent to 


οὐ. QO ae -ἘΤΡΗ,.......ὁ(.μώών νυν ενννενννον (γπ.} 


QC and QC’ being vectors, and because their product is positive, 
they must be Slaps d directed. That the quantity on the 
right in (vi.) reduces to Ty-*p? follows most easily by taking 
the are as the independent variable, and then 


V.Vanp Van)” = ySp,(Van,)-' = ἡ" *Sey(Vnn7*)-? 
= —y 'SUdp ie ee 
by (v.) of the last article. 


Ex. 1. If the tangent planes of a ruled surface touch the surface all 
along the generators, the surface must be a developable or a cylinder. 

(Tho direction of the normal must be independent of wu. - This requires 
dy I" that is, dU7=0, or else ἄρ] ἢ, or the line is a tangent to the curve 

=p. 

Ex. 2. If for any point p=0 the tangent plane touches all along the 
generator. 


[A generator of this kind is said to be torsal. A ruled surface has in 
general a definite number of torsal generators. ] 


Ex. 3. The point q being on the line of striction, prove that the tangent 
of the angle between the tangent planes at ὦ and at any point c on the 
same generator 18 

tan sie 
Ρ 


Ex. 4. Prove that the vector velocities of the points c and c’ are at right 
angles, and compare their magnitudes, 
[The vector velocity of ὁ is «(qac+p). See Art. 88.] 


Ex. 5. Prove that the vector to a point on the line of striction of the 
quadric Spdp+1=0, and the corresponding parameter of distribution are 


respectively 
1. φ3 ope" 
pm ey -aV Gh αν" 
where Sndy =0 | 


[See . 88. To reduce we may take 7 to be a unit vector so that 


Sa’ =0, δη φη Ξξῦ as well as Syd =0.] 
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(iii) Curvature of Surfaces. 


Arr. 90. Projecting a curve on any plane, normal to the fixed 
vector k, the curvature of the projection is (Art. 85 (IIL), p. 132) 


d.Ud.k-!Vkp _V.k-Vkdp.k-Vked?p _k~Skdpd?p 


τα πῦρ ΤΠ) -——“ T(Vkedp)* 
Ἔα es (1. 


dp ° T(Vkdpy” 


or the curvature of the projection is the projection of the cur- 
vature into the cube of the cosecant of the angle between the 
tangent to the curve and the normal to the plane of projection. 

If the plane of projection is parallel to the tangent, the pro- 
jection of the curvature is the curvature of the projection. 

Resolving the vector curvature of a curve traced on a surface 
into its components perpendicular to and along the normal », 
we have 


Op ἀν SUCH. ne eo caccess (11) 

dp dp dp 
and since Sydp=0, the first component is, by what we have just 
proved, the curvature of the projection of the curve on the 
normal plane (11dp) to the surface through the tangent line, and 
the second is the curvature of the projection on the tangent plane. 
Pontes that Svdp=0, and that its derived is also zero, 


or Svd2p= —Sdidp, the first component admits of the trans- 
formations 
ee νι. 5. 
Was dp me kee) mUdpe sey ape dp.v. Tdp a) 


The last of these shows that the component is the same for all 
curves traced on the surface, provided they have a common 
tangent line dp, dy being a linear function of dp; and thus in 
particular it is the curvature of the normal section of the surface 
through dp. This is Meusnier’s theorem—the magnitude of the 
curvature of the normal section is that of the oblique section 
into the cosine of the angle between their planes. 

The second component is, as we have already shown, the cur- 
vature of the projection of the curve on the tangent plane, or it 
is the rate of Eandine of the curve round the normal (or in the 
tangent plane). It vanishes for a geodesic—the straightest curve 
on the surface between a pair of points—for such a curve can 
have no component of beading in the tangent plane; and it is 
called the geodesic curvature of the curve. ‘The differential 
equation of a geodesic is therefore 


SrdpdUdp=0, or Svdpd®p=0. ......00-:-+0(IV.) 
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The normals to the surface along the curve trace out a ruled 
surface, and by Art. 88 the equation of the line of striction and 
the value of the parameter of distribution are 


dpy Ἢ d 
0Q=pt+Sy 7, p=5s γᾷ τι απὸ καυτα ον ϑ κα μκεαι (v.) 


The tangent planes along the curve generate a developable. 
This and its cuspidal edge are respectively represented by 


Vv 
B= ppuVedy, Bap ee. sccsrseessses( VE) 
Arr. 91. If fp is any scalar function of p, and if we write 
dfp=NSrdp, dv=Gdp, -...-+.eeeee ἀν baee (1.) 


the function is self-conjugate when n is independent of p or 
when it is a function* of fp. 

Let dp and d’p be any two independent differentials of p so that 

d‘dp=dd'p, ddfp=ddifp. ........000ceeceeeee (π.) 
We find on expansion by (1.) if dn=Sedp, 
ddfp=nS¢d'pdp+nSird‘dp+Sed'pSrdp, 
dd‘fp=nS¢dpd'p+nSrdd’p+SedpSrd‘p ; 
and by (1) these expressions give 
Sdp(ngd’p+vSed'p)= Sd’p(ngdp+vSedp). .......-(T1) 

The function n¢a+vScm is therefore self-conjugate; and if n 
is constant so that o is zero, or if it is a function of fp so that 
«|i v, the function ¢ is self-conjugate likewise. We also observe 
that if ¢ is the spin-vector of ¢, 

2ne+Vvo=0 and Sve=0. .............-..--(IV.) 

This scalar condition is in fact the condition that Sydp=0 
should lead to an integral fp =const. 

If the equation of a pase is given in the form /p=const., 
the differential vanishes if dp is any tangential vector at the 
sis of the vector p, and the vector ν is parallel to the 
normal. 


Art. 92. In applying~ the results of the last article to the 
study of surfaces, we shall leave Ty arbitrary, and shall write 
$e eer ne The spin-vector ¢ disappears automatically from 
Sdpdv=Sdp¢dp=S Pood , Whatever vector dp may be, and it 
also disappears from vd = Vr(¢,+ Ve)dp, because in this case 
Srvdp=0 and also Sve=0 by (1v.) of the last article, so that 
ViVedp=0. Thus we have 


dy=¢dp=(¢)+Ve)dp, Sdedv=Sdp¢ dp, δ᾽ νὰν Ξε Vv dp. (1.) 
| * This is included in a more general theorem (Art. 60, p. 80). 
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Writing C for the magnitude* of the curvature of the normal 
section parallel to dp, 
on --ϑάρόβρ 
TyTdp* 
and it follows at once by Art. 73, p. 107, that C is the inverse 
square of the radius of the conic 
Sog,o=—-Ty, Svw=0, ΠΤ yeah eam 
which is parallel todp. It is also evident from (1) that Vidy is 
parallel to the radius of this conic conjugate to dp. 
Remembering that the function ¢, is independent of dp, al- 
though it involves p in its constitution, we may for any point on 
the surface regard ¢, as constant, and we may apply the ormulae 


0 Pa eeresrerrererrer etre {ΠΡ} 


of Art. 75 to calculate the directions of the principal axes of the 


conic (111,). The inverse squares of the principal radii of the 
conic are the principal curvatures (ΟἹ, and (,) of the surface, and 
are the roots of the quadratic 

Βνίφν-- ΟὙν)-ἵνεε0, or O?TP—CSy-*xov-+Sv- yr =0; (IV.) 
and unit veetors {τι and τῳ) along the principal axes are deter- 


mined by 
ΤΊ | (py) —C,Tv)-*v, Te | (φ.-- CT v)~*v. eeneencenese (ν.} 


The three vectors τη, τὸ and Uy form a mutually rectangular 
unit vector system, and we suppose the directions chosen so that 
TT =U». 

riting also 
Udp=7, 6085 ἐ-Ὲ το Sil, ...sisereerrersseys (VI.) 
the expression for the curvature (1.) of the normal section 
reduces to 
C=C, cos*l +- Cy βίῃ δ 5 ...seseeceenreeeeeeees (VII.) 
by (1.) we also have 
Vidy=(r7,C, cos l—7,C, sinl)T*Tdp, ...........(VIIL) 
since VryT2p)Udp=7,Sr.p)Udp — 7,57, p)Udp 
Ξε τ το φυτο 51} ἰ -ο TST HT C08 L; 
and the vector 0Q to the point of closest approach of consecutive: . 
normals along dp and the scalar p (Art. 90, (v.)), assume the 
forms 
_ (C,—€,)sin lL cost 


C,cos*/+ C,sin®/ 
σον τ ρει το ἘΞ 
P cos*l+ C,?sin*l’ GE) 


OQeip Ur C,2cos*l+ Οἱ, δια 


——== - ——- 


* It is not hard to see by es aeptigh the sense of rotation that if we eu 
C to be positive for a surface like an ellipsoid, the sign selected in (11.} requires » 
to be drawn on the convea side, Of course there is no ambiguity about the 
vector curvature. 
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S(G— ρ)φιίσ -- p) + 2ST — p)=0, «ever eeeeeeee (ΣΧ) 
in which @ is variable and p constant, has complete contact οὗ 
the second order with the surface. We have in fact at the point 
ὥτερ, 0=Sdo¢,dot+ Srd2a, where do and d’a are differentials 
οἵ τὸ as terminating on the quadric, and this is also true for 
differentials of the vector to a point terminating on the surface. 
The equation of the quadric may also be written in the form 


S(T — p+ φο  Ἰν)φυί(ῶ -- pt ho 'v) =Svgy Ms "5000 (XE) 
and it is not difficult to prove that the principal curvatures are 
the parameters of the confocal quadrics 
S(@— p+ φο ἵν). (φ,-1-- OT)“ (B— p+ hy 'v) =Svgg "tv (XL) 
which through the extremity of p. The subject will be 
resumed in Art. 156, p. 295. | 


Arr. 93. The equation of the normal to a surface at the 
point p being 
rusian προ ι φρυκαρεω εν ΣΝ 


to find the condition that two successive normals should interseet, 
we express that the extremity of o is momentarily stationary 
and we have 

da=0=dp—ady—dx=dp—ax¢dp—rdq, ........-..(I-) 


where da is some small scalar if dp is small (see Art. 87, Ex. 1). 
The condition of intersection is therefore 


Sdovdy=0, ..-.cscceceeeseeeeerceeeeees (111.) 


and this is the differential equation of the lines of curvature. 

Moreover we have from (IL) 

dp || (1 —ap)-'v, where Sv(1—a¢)- 1,=(), ...... ov I Val 

because Sydp=0, and from these equations we can find the 
directions of the lines of curvature and the principal curvatures 
C,=2a,-'Tv-}, Cz=a,-'Tv-' if a, and ἂς are the roots of the 
quadratic. 

More directly, we have for the vectors to the centres of 
curvature, 


D=p—@y, .. 


w,=p—O,-'U», B,=p—C,-'Up, SPP πε εἰ eye (V.) 
and if d,p and d,p are tangential to these lines, 
djp=0,-1d,Ur, dyp=C.- Μὰ ΤΙΝῚ ccsecvscenssees (VI.) 


and the measwre of curvature, or the product of the principal 


curvatures, 1s 
_ d,Urd,Uy __ VdUrd'Uy 


CC Vdpd’p ” cdast obWa nse ἘΦ ΣΟ FREED 


2 E pdep 


ART. 94. | MEASURE OF CURVATURE. 145 
if dp and d’p are arbitrary tangential vectors, as we may prove 
by supposing p and Uy expressed in terms of two Ὁ eters. 
The interpretation of this remarkable expression 1s that the 
small area determined on a unit sphere by lines drawn through 
its centre parallel to the normals round any small contour on 
the surface, bears to the area of the small contour a ratio equal 
to the product of the principal curvatures. 

If we suppose the vector to a point on the surface to be a 
function of two parameters ¢ and wu, and if we use upper accents 
to denote differentiation with respect to ¢ and lower accents for 
differentiation with respect to w, we have 


dp a pat+ pu, 


and Td p? = edé® + 2/didu+gdu’, 
if e= —p”, = —Sp'p,; {{ΞΞ —p;. ‘ iss evuneusd sok eee 
Writing also y= Vp'p,, equation (11.} becomes 
pdt+ pdu—a(v'dt+»du)— νἀ = 0, ..2+-e0eee0+(I%.) 


and according as we eliminate « and da or dt, du and da we find 
the differential equation of the lines of curvature 


dt?Spyv— diduS(p'v,+p.)v+ Aw*Spvjv=O, «ὐνννενεν AX.) 
or the equation of the principal curvatures (C =~" Ty~*) 
C2T4+ OTS (p'v, +y'p,)v—Sv'vp =O. veeeeeeec ees (XI) 


It is not difficult to see that we obtain for the measure of 
curvature the expressions 


0,0,. T= Sup"Srp,— Sep, 
=SVvp"Vrp,—(Vvp, P+ (Sp"p, — p,*)i +++++(XIL) 
and that in terms of the deriveds of 6, f and g, 
2Vvp"=(¢,—2f')p' +p, Vvp/=—-IJp' +e. 
2Vvp,=—9p Ἐ(ΏΓ,--9}ρ,, Ξ(ϑρ'ρ,-- p/)= 4-2 FG 
ym f2— 0; vcceenecrreseccseosceeneees (X10) 


and hence it follows that the measure of curvature is an explicit 
function of the quantities 6, f and g and of their deriveds, so 
that the measure of curvature depends only on the expression 
(vitt.) of the square of a linear element. If then the surface 
undergoes any transformation in which the lengths of linear 
elements remain unchanged, the measure of curvature preserves 
a constant value. 


Art, 94. The following kinematical method is often useful in investi- 
gating the geometry of a surface. Suppose the vector p to a int on the 
surface to be given in terms of two parameters, τε and Ὁ, an let a unit 


vector a be drawn at the extremity of the vector p tangent to the curve 
1.0. K 


i Pee νυ 
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u variable ; let y be the unit vector along the normal at the same point and 
let P=ya be at right angles to both-—a tangential vector. These three 
variable vectors may be supposed connected with three fixed unit vectors 
z,j, & by the relations 

gq'=a, giq'=B, gka*=y; setereeerenseeereeeree (Te) 
so that the conical rotation represented by g would bring the vectors 7, j, & 
into parallelism with a, B, y. ese relations being supposed to hold for al] 
points on the surface, it follows that g must be a function of w and vw. Tt 
will be proved in Art. 106, p. 173, that if £ is any vector function of « and y, — 
its differential is expressible in the form, | 


dE = V (w'du τ ὦ dv)& + d(E), ....0.0c0eeeeees coenos til (11.) 
where* w'du+odve=2Vdgg" and d(§)=ade+ Bdy+ydz if E=ar+By+yz, 


while of course dé involves differentials of a, 8 and y. 
We shall write in terms of a, f, y, 


wo’ =aa' + BU +y¢, w, =aa,+ Bb,+-ye,, seneveeeseceseannee ( 111.) 
so that equation (v.), Art. 106, is equivalent to 

Ca’ Ca, ,, -. CO Ὃν, i) ὯΒ ὍὉΒδ ὦ τς 

- Dy Os OF 5 “5, =e. a ἢ am 52 ab Η ΝΠ 


κε τρκτὴ being the results of equating coefficients of a, B, y in the equation — 
cited : 


ὩΣ ᾿ς τον = Vw'w,. 


It will be sufficient for us to confine our attention to the case in which 
the curves « and v cut at right angles, so that @ is tangent to v variable, — 
since a is tangent to vw variable. There is, however, no difficulty in taking 
the general case. We have then for the orthogonal curves, 


dp=Aadu+BBdv and Tdp?= A*du? + Bde, ..........0000000(Ve) 


so that Adu and dv are elements of the arcs of these curves. The vector p 
being a function of τε and v, we obtain additional relations connecting the 
six scalars a’, δ΄, οἷ, a,, b, ¢, by expressing that 


op Ὁ Ὁ > 
Sob Ξ (Δα) (BBR aE soseserestenseeee 


Now, attending to (11.), we have for example, by (111.), 
da=V (w'du + o,dv)a=(Be' — yb')du+-(Be, — yb, dv, ...........(VIL) 
and the differentials of @ and y are obtained by cyclically transposing 
a, B, y, α΄, Ue, α, b, ¢, Hones tin) at once leads to the three relations 


Of Be =0, τς Ac,=0, Ab,-+ Ba’ τεῦ .... {ὙΠῸ} 


ooed VE 


obtained by equating the coefficients in 


os .a+A(Be,— yb, = $48 + Blya’ - a’), 


These three relations coupled with (1v.) give all that is necessary for the 
investigation. 


* Note that Vdgq~' is not a perfect differential. 
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To ascertain the meaning of the scalars, observe that the vector curvatures 
of the curve w variable and v variable are (Art. 86, p. 134) 
Oa 1 Bb'+ye oe 1 _aa,+ ye, “τ 
SD eee tag Be eae occa. Has Tama de (1x.) 
so that by what we have shown A~'0’ is the curvature of the normal section 
through « variable and A-'e’ is the geodesic curvature of the same curve. 
For any curve traced on the surface, if 
Udp=U(aAdu+ BBdv) =a cos/+ Bsin/, coslds= Adu, sin/ds= Βάν, (x.) 
the vector curvature is 
d.Udp (dal, σ᾽ “sin ) 
7 dp =7( $+ Seosl+ Zein 


, in? | 
- γυάρ{ (a’sin ἰ -- δ'οΟΒ 555: 4+-(a,sin ἢ -- b,cos ΩΣ ..«{Χι.} 


which follows easily on substituting for dw and dv in 
ἃ. Udp=(f cos ἢ -- α βίη 1) dl+(B(c'du+e,dv)— y(b'du+bde)) cos Ϊ 
+(y(a'du+ av) -- a(c'du+e,dv)) sin ἐ. 

Thus the esic curvature depends simply on σ᾽, ὁ, and the rate of 
variation of the angle 7 which the curve makes with w variable. The normal 
curvature depends on the four — a’, a, δ᾽, b, The relation (x1.) 
includes everything relating to the second differentials of the curve, and if 
we write for the curve a’=Udp, y’=U.dUdp.dp™, γ᾽ αἱ Ξε β΄, we may, for 
brevity, replace (x1.) by the relation | 

y=] COs M+ Ya’ SiN M, .. τὴν νον jaseiapses antennae (x11) 
and we may determine the torsion and everything depending on third 
differentials by differentiating once more, 


_ Determine the equations of the lines of curvature, and prove 
Gana tata that the ὑε ναλρφα of curvature depends on differentials of 
the line element. ᾿Ξ Ἐ 

[If C’ and C, are the principal curvatures, p—C™"y and p—C,-ly are the 
vectors to the centres of curvature, and expressing that these are stationary 
for the moment, we have 


Aadu + Ββᾶν -- C-Ka(b'du + bv) — B(a'du+adv))=9, 


and according as we eliminate the ratio dw : dv or C we have the equation of 
the lines of curvature, and the equation of the curvatures, 


Aa’ du? +(Aa, + Bb’)dude+ Bbdv=0, C?:AB-C(QUB-a,A) +a b —ap'=0. 


By (1v.) and (vii1.) we see that the product of the curvatures is a function 
of A, B and their differential coefficients. } 


Ex. 2, Prove that when the curves u and τ are lines of curvature, 
| OA OB 
b=C'A, a=-CB, a=0, b,=0, ¢=-Bs, ¢, =A i 


and show that s G.-C) 2d 
oc, (C'-C) OB oC’ (Ο,- ΟἹ 
=~ Fb aCe «A oO 


com -ἀρ {2 (5-4) +(4-S)} 
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Ex. 3, If the curves τὶ are geodesics, prove that we may take A=1, and 
that in this case 
1 @B ol 1 O8 


σθαι 5, Sma teint yo 


where Οἱ is the geodesic curvature of any curve, and / the angle it makes 
with the curve τὸ variable. 

[Here ο΄ τεῦ, so that A is independent of v, and by a change of the 
variable τὸ we may put A =1.] 


Ex. 4, Prove that the total curvature of any portion of the surface is 


| fecas=- | [FRanae= - [Bav= | (Se) as, 


where QS is an element of the surface ; and where / is the angle the bounding 
curve makes with the curve w variable, Οἱ is the geodesic curvature of the 
bounding curve and ds an element of its length. 


(a) Examine the case in which the bounding curve is composed of 


geodesics, 
(iv) Families of Curves and Surfaces. 
Art. 95. If ρτεη(ε; a, Ὁ, δ, 01), ἐὐνενουννν ἐκοοκνν νον όκες AL.) 


where » is a given function of a variable parameter ἢ and of 
certain scalar constants a, b, c, ete., the equation represents a 
family of curves, any particular member of the — being 

, 6, ete, 
If there are 7 constants, the family is said to be n-way, or to be 


determined by assigning fixed values to the constants ὦ, 


of the n™ order. 
The curves of the family which touch α given surface or inter- 
sect a given curve compose α family of order n—1. 
If the given curve is p=n,(t,), the condition of intersection 


hb) δὲν, τα εν πον ies ει τα (μ.) 


is equivalent to three scalar equations, so that on elimination of 
t and ἐς from these, we are left with a scalar equation in the 
constants a, b, ὁ, ete, and thus one of the constants may be — 


expressed in terms of the remaining 7— |. 
ΠῚ the given surface is /(p)=0, the conditions for contact are 


Ὁ 
_ (yn) =9, 2F0) «0, ATEN SSS, (αι) 


and on elimination of ¢, a relation connecting the constants is 
ior ini so that a family of order n—1 touches the given 
surface. 


Art. 96. Expressing that an unknown surface /(p)=0 meets | 
a curve of the family at the extremity of the vector p in πὶ 


consecutive points we have 
p=, Sv =0, Syn" - η φη =0, 
Sy!” + 28" φη + Sun" +5n'b( 47) = 0, ete., ...... AL) 
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where the functions #, @», ete., are defined by the relations 


dv=¢dp, dv=¢d’?p+¢(dp, dp), ete. οὐδεύυνούνν κυ 
The first of the equations (1.) is equivalent to three scalar 


equations, so that the system of equations is equivalent to n+2 


sealar equations. We can from these eliminate ¢ and the ἢ 
constants «, ὃ, c, ete. and the eliminant is a function of p, ν, Φ, 
¢», ete., and is equivalent to the differential equation of surfaces 
met in ἢ consecutive points by curves of the family. | 

In particular, the equation is equivalent to the differential 
equation of surfaces generated by curves of the family. 


Ex. 1. Find the differential equation of surfaces generated by parallel 
lines. 

Here p=«x+ta, Sva=0, and the equation required is Sva=0, a being 
a fixed vector and « being arbitrary.] 

Ex. 2. Find the differential equation of cones having a common vertex. 

{In this case p=a+ tx, Svx=0, so that Sv(p—a)=0.] 

Fx. 3. Prove that SVav}Vav=0 is the differential equation of surfaces 
generated by lines perpendicular to the fixed vector a. 

Ex. 4. The differential equation of surfaces generated by lines which 
meet the fixed line Vi(p-f)a=0 is SVvV(p—B)a. φ. VvV(p—f)a=0. 

(If p=«+tA is a generating line, S(« — Jak=0, SvA=0, SAPA=0.] 

Ex. 5. Find the differential equation of ruled surfaces. 

[We have SrA=0, SAPA=0, 8 (AA)=0, and the equation is obtained 
by solving for A (Art. 74, Ex. 3) from the first and second and substituting 
in the third.] 

Ex. 6. Find the differential equation of surfaces generated by similar 
and similarly situated curves. 

[Here a generating curve is p=«+aa(t) where « and ἃ are constants to 
be eliminated and where a(t) is a given function of ι 

Ex. 1. ‘The differential equation of surfaces generated by equal and 
similarly situated ellipses is 

SVVaB.v.d.VVaf. y=(Sav?+SBv2y%, 
a and f being a pair of conjugate radii. 


Arr. 97. As in the last article, being given the scalar equation 
of a family of surfaces involving 7 constants, 


lps α, B, «ὦ θὲ πεν ΠΕ ΥΝΕΉΤΙ Σ 


we can determine the differential equation of a surface which at 
each point is touched by some member of the family in as many 
consecutive points as serve to eliminate the constants. 

If only one constant is involved, only one surface is touched 
at each point by a member of the family, and that is the envelo 
chk tad 3 as the locus of intersection of consecutive members by 
eliminating the constant ὦ between 


f(p, 4) =0 and Ye 2) 0, oe ΣΕ ΤΕΥ. «(π.) 
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If two constants are involved, the conditions for contact with — 


some unknown surface at the point p are 
γα, J(p; @,.b)mO,...ccessscssvrssvceess (1T1.) 


where ν is the normal to the unknown surface and y», the normal 
to the surface of the family. The first equation, on elimination 
of the unknown scalar , is equivalent to two scalar equations, 
and between these and the second we can eliminate α and b, and 
we obtain the differential equation of the touched surface as a 
function of p and ν, homogeneous in p. 

When the family contains three parameters, we express that 
the surfaces touch at two consecutive points, and we have 


v=ay, pdp=r¢,dpt+dx.v,=0, Κρ; a, 6, e€)=0, Svdp=0. (1v.) 
We can eliminate dp and replace the equations by 
v=Dv, Sv(p—xg,)-'v=0, Κρ; a, ὃ, c)=0;.......+ (v.) 


and these equations are equivalent to five scalar equations from 
which to eliminate a, ἃ, b and ὁ. 


Observe that we find two directions dp for contact according 


as we substitute one or other of the values of « given by the 
scalar equation (V.) in the second equation (IV.) 

It is not hard to see that each additional condition of successive 
contact affords one additional scalar equation in ἃ and the 
constants. In fact if we attend merely to the new unknowns 
dp and d”x introduced in d"™-(¢dp—x¢dp+day)=0 and 
d”~'Svdp=0, we see that they occur in the forms 

d™p+(p—xqg,)~ vo. d™2+etc.=0, Syd™p+ete.=0; 
and when we eliminate the vector dp, the scalar da disappears 
also by (v.). The preceding vector condition 
ἀπ τφάρ —xpodp + davy) = 0 
serves to eliminate d™~', and so on. 

The conditions of contact at n—1 successive points serve to 
eliminate the » constants, and the result is the differential 

uation of surfaces touched at each point by some one member 
of the family in m—1. successive points. In particular, the 
equation is the differential equation of envelopes of the family 
obtained by replacing the 2 constants by arbitrary functions of 
a single constant. 

When the family of surfaces is given in terms of two para- 
meters ¢ and τ, πε 310,10) 0) tte ec. αὶ, ἀνε (V1.) 
we have v=«Vy'y, dv= (7 di+y,du)=adVy‘n, + V'nd2, ....( VIL) 
and on direct elimination of dé, du and dz, 


Sy. [pu — οὐ (γἭ, ἘηΉ, on, — ὧδ (1/0, +90,)] = 0. «..(VOIL) 
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The next differentiation introduces d*t, d*w and ἃ", and these 


being eliminated by an equation analogous to (VIII.) we use (VIL) 
to get rid of dt, dw and da. 


Fx. 1. Prove that for the envelopes of a family of spheres, 
+Uvit=p-—k, 


where x is the vector to the centre of a sphere and # the corresponding 


radius. 

. | ifferenti f envelopes of spheres of constant 
wide Ses tae ie ns Ob the τέκος 7p=0 is f(p+ UvR)=0. 

Fx. 3. The differential equation of the envelopes of spheres having their 
centres on the ellipse p=acos¢+/ sin ¢ is 

(Sapv)? +(SBpv)?=(SaBvy. 

Ex. 4. Find the differential equation of developable surfaces. 

Ex. 5. Show how to find the differential equation of the envelopes of a 
surface carried parallel to itself. 

[Take p=5+(¢, #)-] 

Ex. 6. Find the envelopes of a rotated surface. 

[Take p=q-(4,%)-7"] 


Arr. 98. A differential equation of the first order presents 


itself in the form Fp, v)=9, eeacwssvecseteseeunteceesesee es (1.) 
homogeneous in y. For any variation of p and y subject to this 
condition, ἃ. F(p, vy) =SrdptSpdy=0, 0. (11.) 


i ions Ὁ If the 
here + and μ are determinate functions of p and ν. 1 
pie Ἂ has 4 solution, there must be some scalar function of 


p, 80 that Fp nS, τιον οκοννέύνονν suconse hit) 
and for any arbitrary differentials of p, if dn= Sodp, 
ddfp=nSd'vdp + 2Svd'dp+ Sed’ pSvdp 
= dd’ fp = 0Sdrd’ p+ nSrdd’p+SodpSvd p, 
so that (compare Art. 91) 
S(nd’y—oSrd'p+vSod'p)dp— NSA ραν =0 ;.....ὁ.6νν (IV.) 


and this general relation must include (IL) as a particular case. 
‘anes he some differential d’p satisfying Sid’p=0, we must 


have wr =nd'y+ySad'p, t= -- NA py veseereseeeseers (ν.) 
and from this we have the equivalent of Charpit’s equations 


ἀρ _Vidy >= Pere bs 
ba Ξ Syd p=0. ...ss0000 (1) 
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EXAMPLES TO CHAPTER X. 

Ex. 1. Determine the equations of the osculating circle and osculating 
helix of a curve in terms of the vectors a, 6, y and the scalars a, and δὴ 
corresponding to the point of contact, and find the deviation of the curve 
from the circle or helix. : 

Ex. 2. Show that the vector to int or ipsoi : 
BoP ae e vector to a point on an ellipsoid may be expressed 

p=acosu+7sinw where Tr=b, SAr=0, TA=1, 
the vectors A and a being constant but + being variable. 
(a) A tangential vector is 
dp=(— asin w+7 cos uw) du+Ar sin ude, 
and the equation of the tangent plane is 
Svp=*SAa where v= VAr (asin u—7 cos ει). 
_ Ex. 3. The differential equation of a geodesic on the quadric Sp¢p+1=0 
is ὡ Sdpdpd*p=0. i 

a) This equation, which expresses that ¢p, and d’p are linearl 

connected, may by the aid of the differentials o se anion of the queda 


be replaced by | 
Apap Pte a, Sdpdp 0. 
dp? p bp ; 
and operating by Sddp an integrable relation, 


Sd?pddp os “p ete 
amie σὲ vow πιξξξε oll 1 τ ΞΟ 
ες Sdpddp dp?  φρὶ “" 
is found which affords the integral 

it Sdpddp. dp?=C. dp*. 

(>) The metrical interpretation is that PD is constant along the 
“χώνει ἢ w = fe the ory se Poe eee on the tangent plane and 
where / is the diameter of the quadric llel to the ta β 
geodesic. (Compare Ex. 14, p. 287.) yi — ae 

Ex. 4.* A unicursal cu f orde is re . i 
Pail a of order πὶ 1s represented by an equation 

p= (or ἂρ αν... Gn} 1)" 
(αυν yy Gg ves Xt, 1)” 
and in general this equation may be transformed into 


p= Bot di" Pe 


and the curve may be described as the locus of the mean centre of corre- 
sponding points on x homographically divided lines. 
(a) The equation of the asymptotic tangent parallel to β is 


p= Bot 2x" Pm + up, 


Ex. 5, Find expressions for the curvature and torsion of a line of 
curvature on a quadric in terms of the elliptic coordinates of Art. 84. 

Ex. 6. The vectors p=6(t) to points on a curve are transformed by t 
operation of a linear vector function @. Compare the curvature sd toate 
at corresponding points. 


*See Proc. R.I.A., 3rd Series, Vol. iv., 1897. 
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Ex. 7. (a) lf and ὃ are vectors from a common origin to four 
points A, εν ote io always possible to determine four scalars a, ὃ, δ 
and d, so that ac Tbh +ey+dd=0. 

(b) If the sum of these scalars is zero, the four points lie in a plane. 

(c) It is also possible to determine a second set of scalars so that 

do3+bB+e'y'+d54=0. 

(d) If the sum of this new set vanishes, the points lie on a sphere passing 
through the origin. ὲ 

(6) The equation of this sphere may be written in the form 

Sp (Boy +y7ta +a BY) =Sat By. 

(f) If it is possible to determine a third set of scalars so that 

a’’ad Ψ bh βὲ ie ey? + dd? =0, 
the four vectors are edges of the right circular cone 
SUp(U. By+U.ya+U .aB)=SU . aBy. 

(4) If the additional condition is imposed that the sum of the scalars of 
this third set vanishes, the four points lie on a surface whose equation may 
be written 3 λρὲ-- 1, 

A being a constant vector. 
(4) Discuss briefly the nature of this surface. (Bishop Law’s Premium.) 


Ex. 8. The differential equation of surfaces generated by lines of the 
complex (Art. 36, Ex. 4, p. 40) 
f (o, 7T)=0 


may be found by eliminating o and τ between this equation and 
g=Vp7, Svr=0, Sror=0. 
(a) For the linear complex S(ac + 8r)=0, the equation is 
S. Vv(Vap+ 8) bVv(Vap+ 8)=09. 
(Ὁ) Lines common to the two linear complexes 
S(ar+Br)=0, S(yo+d6r)=0, 
generate the surfaces whose differential equation is 
S.v(Vap+)(Vyp+8)=9. 
(c) Find the differential equation of surfaces generated by lines of the 
congruency 
fle, 7)=0, S(ac+ Br)=0. 
Ex. 9. If the vector βὶ is a given function of a variable unit vector a, 
the equation V(p-f)a=0 
represents a congruency of right lines. 
(a) If ἃβ =¢da determine the meaning of the several terms in the equation 
dda +xda+ad2= Pada. 


(6) A line of the congruency is intersected by consecutive lines at two 


focal points p= B+. where « is a root of the quadratic 
Sa(p+2)a=0, or Sa(s?+xXo+Wo)a- Sea*=0, 
ε being the spin-vector of ᾧ and ¢, being the self-conjugate part. 


Ψ ᾿ - » - ᾿ - és 
* 
_ - ἀπ ὰ. ———— ϑμμνω a rl 5 J 
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°’ points of closest approach of consecutive rays to the a! Weg 
he between the extreme points determined by the condition that SUdadUda 
may be a maximum, and the corresponding values of « are the roots of the 
quadratic 

Sa(o)+z)y'a=0, or Sa(a?+ry_9+,)a=0. 

(ὦ) The vectors of shortest distance at the extreme points between the 
ray a and its consecutives are mutually perpendicular ; and if these shortest 
vectors are parallel to the unit vectors α and a, the extreme points are 
determined by a'=Saa, and x,=Sa’da’. 

, (6) If the vectors a, a’ and a, are in positive order of rotation so that 
aa, =a, Sa'ha,= -- δὰ φα΄ τε — Sea ; 
and if the shortest vector at the point corresponding to « makes the angle τι 
with a’ so that . Uada=a'cos u+a,sin τι, 
the scalars x and P are connected with 2 and «, by the relations, 

πε cos*u+exsintu, P=Sea+(x,—2’)sin u cos v. 

, Ex. 10. A circle may be represented by means of a pair of vectors («, A) 

since its equations may be thrown into the form 
T(p-k)=TA, SA(p—x)=0; 
and an equation such as T(n, A)=0, 
_— J is a general function, may be regarded as representing a family of 
es. 


(2) In like manner an equation such as 


Fla, β, y)=0 where SaB=0 

represents a family of conics, y being the vector to the centre of one of the 
conics and a and Bi being its principal vector radii. (Compare Ex. 11, p. 103.) 

Ex. 11. The general surface generated by a variable circle (x, 1) may be 
represented by | 

p=«k+Ar where SAT=0, Tr=1, 

the vectors « and A being functions of a single parameter and the auxiliary 
vector τ being arbitrary so far as the conditions allow. 


(a) If P is a scalar analogous to the parameter of distribution of a ruled 


surface ΜΕ 
; Pan +d.Avr. Hence dra, 


and because Sdr=0, Strdr=0, we find 
»--ϑίἀκ —7dA)A_S(A+7dx)A 
| Srdk Srdi 


(6) These expressions for /’ lead to four values of the vector + which 
determine points at which neighbouring elements of successive circles 
approach most closely or are most widely separated. 

(c) Lf successive circles intersect in one point 

T(VdAASdAA + VdeASdxA)=T. ASAdAdK 
and the vector to the point of intersection is 


ἘΠ 4. VdAASAAA +VdkASdxr 
Ρ : SAdAdx j 
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(cd) If successive circles intersect in two points, the vector just found 

becomes indeterminate, and 
VdAASAAA + Vdx«ASdxA=0 ; 
and when this condition is satisfied, the surface may be generated by the 
motion of the sphere, aac 
SAdA\_, SAdA? 
T(p-n-+Agyge)=TA(14 Shai) 
(6) In the general case, the equation of a normal to the surface is 
V.(p—K—Ar) Vr(de+ Vdd. 7)=0; 
| is is ded we obtain two sealar equations which combined 
με τ te πρό σε condita enable us to eliminate 7, so that we find τ 
equation of the surface generated by the normals along the circle (x, A) to be 
S(p—x)dx —SAdA + S(pda — nda -dkA)UV(p—«)A=0. 

This surface is of the fourth order, and normals at the extremities of 
diameters of the circle intersect in a nodal conic. 


CHAPTER XI. 
STATICS. 


Art. 99. If a is the vector to the point of application of a 
force which is represented in magnitude and direction by the 
vector 8, the moment of the force with respect to the origin is 
VaS—the vector area of the parallelogram determined by a 
and 8; and the moment about the extremity of the vector y is 
V(a—y)8. The force may be replaced by an equal force § at 
the origin, and a couple Va8; or by an equal force B at the 
extremity of the vector y and a couple V(a—y){. 

For any number of forces, the quaternion quotient of the 
resultant vector moment at the origin by the resultant force is 
(Elements, Art. 416 (11)) 


qm 54° =P +o where p=Sq, o=Vq; .......-. (1.) 


and because ZVaB=p2B+DLB=prB+ Vprp, .......0..0+-(IL) 
if p is the vector to any point on the line represented by 
VpZB=B28 =(ZB)-*V . TELVaB, ....cccveceres (111.) 


we may replace the system of forces by a force 28 acting along 
the line (111.) and by a couple pf having its axis parallel to 
that line. This is the reduction to Poinsot's central axis. 

The system of forces constitute a wrench upon a screw ;* the 
scalar p, which is independent of the origin, is the 7: of the 
screw, and the vector @ is the perpendicular from the origin on 
the axis of the serew—Poinsot’s central axis. 

If the resultant reduces to a single force, p is zero or 
SrVaS({B)-!=0; and if they reduce to a couple [8=0 and p 
is infinite. If the forces equilibrate 


BO, DVO EO. cccicsscovacvvstevcevacch ity 


*Sir Robert S. Ball, Treatise on the Theory of Screws, Cambridge, 1900. 
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Hamilton uses a second quaternion 


part is the moment of the force and its scalar part is minus the 
virial. We shall write for any number of forces 
SaB=utmMm", UTBHA, -ereeeeveees acon (VI) 
so that we have 
p=VIaB=prA+, YH THM λτῦ, veceeer renee (VII.) 
μῖὶ t vector moment at the origin and where 
vi aa pp so virial at the same ἘΜΉΝ. The plane 
of no virial is represented by 


Sr(a—p)B=0 or SpArA= m1" 5... 


and Hamilton's centre is obviously the intersection of this plane 
and the central axis. 


‘coca νον AED 


Ex. 1. Vectors (a) are drawn from a variable origin to the points of 
application of forces (8). The equation 
rVaB=0 
implies equilibrium. Ἣ [ ; 
β ἢ f appli- 
If the vectors a) are drawn from a fixed origin to the poimts ὁ 
ake we must have separately [B=0, SVa,B=0 (Elements, Art. 416)} 


9, Forces act at the vertices of a triangle, in its plane and pro- 
Pee aes and perpendicular to the opposite sides. . Prove that they are in 
equilibrium. ' ἣν » 

If a, βὶ and γ are the vectors from ἃ variable origin, the forces are 
ee v(y—a), νία -- β) where ν is a vector perpendicular to the plane of 
the triangle. e moment formed as in the last example vanishes identically 
because Vavi= V Bra, ete. ] 

Fx. 3. The conditions of equilibrium of a rigid body may be expressed 
by the equation VSBda=0, 
which contains the principle of virtual velocities (Elements, Art. 416 (17)). 

‘For any possible small displacement of the body da=6+Vwa where 6 
and ὦ are arbitrary. Hence 2B=0, SVaf=0.] 

x. The moment of the force ΑΒ about the line cp is six times the 
ay? the tetrahedron ancp divided by the number of units of length 
in CD. 

The vector moment at the point ὁ is V.ca. AB and the component along 
cp is —S(Ucp. V.ca.AB)=—5.CD.CA. ΑΒΤ. συ 1.} 
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Ex. 5. A force of unit intensity acts along the line V(p-—a)8=0. Its 
moment about the line V(p—a’')$’=0 is —S(a—a')UBP’. 


ὲ Ex. 6. If three forces are in equilibrium, they must be in the same 
plane. 


h dition V(o—0)8+Vio—a’ στὰ > 
Sth) and πρὶ cai whee we fa ser) (en ὩΣ τῳ ὍΡΟΝ 


Ex. 7. If four forees are in equilibrium, their lines of action are 
generators of a hyperboloid. | 
[One method of proof (Chap. VIIT., Ex. 10, p. 103) is to express the four 


vector moments Va,/3,, etc., in terms of the four forces by means of a linear - 


vector function, so that Va,B.=f8,+. The vector » is zero because 


Σ γα, β. =, >B,,=0, and therefore the equation of a line of action is 
p=8,8,'+2B,. (See Art. 79, p. 116.)] 

Ex. 8. Resolve a wrench into forces along the edges of a tetrahedron 
ABCD. 

[If » is the moment and A the force of the given wrench at the fixed 
origin of vectors 0, the moment at the point Ρ is 

—-V.op.A=ZtanV. PA. AB 
where ἔλα, etc., are scalars proportional to the forces along the edges. ‘Take 
the point Ρ at p, and 
p-V.op.AStag. V.DA.AB+igcV. DB. BC+fce,V . DC. CA 

serves to determine three of the unknown scalars. Operate by S.pc and 
tan. 5S. DA. DB. DO=S(p -- V.oD. A)DC, or tyg.(ABcD)=S.cp.+S.oc.op.A.] 


Art. 100. ‘To reduce a system of forces to two forces, let 
μι and ἃ be the resultant couple at the origin and the resultaht 
force of the system, and assume 


u=Va8+Va'P, A=B+28’, veaseepneue bapeeeuee (1.) 


where 8 and β΄ are the two forces and a and a’ the vectors to 
their points of application. Hence 


β΄ τλ--β, w= γ(α --αὐβόηναλ; «cece ΒΕ εἰ ἢ 


and from the form of the second equation, it is obvious that if 
two of the unknown vectors a, a’, 6 are suitably assumed, the 
third may be regarded as the vector to a point on a determinate 
line. But a condition must be satisfied, for on operating in turn 
by S(A— 8) and S(a—a’) we have 
S(A—B)u=SrAa8 and S(a—a’)u=Saa’d, ........ (IIL.) 
so that if any one of the three unknown vectors is assumed 
(say a) the other two may be regarded as terminating on 
definite planes. Suitably selecting either 8 or a’ in accordance 
with (111) (which ‘is a consequence of (11.}), the remaining vector 
is constrained by (11.) to terminate on a line. 
Ex. 1. A rigid body is acted on by any number of forces. It is required 


to equilibrate the y by two forces whose points of application are 
situated on given lines. . 
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(If ἕ and & are the required forces and V(p—a)B=0, V(p-a’)f'=0 the 
equations of the given lines, we have 
A+E+E=H0, με V(ataB)E+V(a'+2°B)E=0, 
where # and αὐ are scalars. Hence 
S(a-a' +28 -- αἱβγμ-- 5(α Ἐαβ)(α' +2'B)A=0, 
and this equation of condition establishes a homography connecting the 
points of application. ] 

Ex. 2. A framework is composed of rods jointed by smooth hinges. 
Three of the rods, A,A,, Ag4, and AA, terminate at a point a, and are acted 
on by given wrenches. termine the reactions at the joints; it being 
sup] that the three rods are not coplanar. a2 we 

Let (ims Amn) represent the wrench applied to the AmAny the origin 
of bese Toles taken as base-point, and let B,,, be the reaction of the joint 
on the rod at the point a,,. For equilibrium of the rod 4,4, 

fy — VpAqy + V (ay—p) But V4 — p)Bu=9 
and putting p=a,, this gives 
Py — Vag ag + V (ay ay) By, =; 
or, for some scalar 24), 
By = (Ha — ὕα,λῳ +n) (a,— αὐ)... 

For equilibrium of the joint a,, we have By + Byy+ Pyg=9, ον 

21° (pan — ψα,λ,μ)ία, -- Mn) = - Σιὕσρία, — yy 
and from this vector equation the three scalars z,, can be found. ] 

Ex. 3. A rigid body is in equilibrium under the action of an impressed 
system of rshing , A) nd eet ert of two strings A’a and p's attached to 

ints a’ and x’ in the body and to fixed points a and 58. Show that the 

orces exerted by the strings on the body are represented by 
AB+t Ἔλατε 
raw) =P TABS! ¥(p-p)=" Ba 
where x, y and ¢ are scalars which may be determined by expressing that 
the lengths of the lines a’, n’p, a’p’ and AB are given, and where a, 8, a’ and 
β΄ are the vectors from the base-points to the points A, B, A and eB. 

(a) What condition is implied in these equations ? 

(b) If a, b,c and d are the tensors of the vectors a‘a, Β΄, A’B’ and AB, 
respectively, show that the scalar ¢ satisfies the equation 


c=Ti{aU (ut+AB +t) +6U (p+ Aa+t)+ da. 

Arr. 101. The resultant quaternion moment (Art. 99 (VL)) 

for an arbitrary base-point (the origin of the vectors a) of a 

system of forees (8) acting at points fixed in a rigid body is the 
first quaternion invariant of the linear vector function 

pp = Σαϑβρ, ἘΠ ee 

the first scalar invariant of this function being minus the 


resultant virial (m” = SSa8), and double the spin-vector being 


the resultant vector moment (4 =2Va{). 


Πα That is the invariant —gi.i-¢j.j-@k.& Compare Art. 67, Ex. 7, Ρ" 97. 
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If the forces receive a common conical rotation round their 
points of application so that each vector 8 is replaced by g8q-*, 
the function ¢p changes into ¢(q~'pq): and if the body is 
rotated so that a becomes gaq~', the function becomes q(¢p)q-*. 


The results of Art. 70 show that there are four rotations. 


applicable either to the body or to the forces which render the 
function self-conjugate ;* and in this case the resultant is a 
single foree passing through the origin. These four positions 
of the body relative to the forces are called the imitial positions, 
If \(=28)=0, the resultant is a couple for all relative 
positions. If the forces are in astatic equilibrium, the couple 
(as well as the resultant force) must vanish for all rotations; but 
this can only happen when the function ᾧ vanishes identically 
beeause a function such as g(¢p)g-! cannot be self-conjugate for 
all quaternions gq. Thus the necessary and sufficient conditions 

for astatic equiltetam are 
φεῦ, A=0; .........- εάν νέην κὸν 1 


and these are equivalent to twelve scalar relations connecting 
the forces and the points of application. 
In general reduction of the function ¢ to a trinomial form 


Pp=YSypt+ySrspt+ysSrgp, AytAgHAg=A, 000. (111) 
in which ἃ, and A, are arbitrarily assumed, corresponds to the 
reduction of the system of forces to three forces ),, A, and A, 
astatically equivalent to the given system; and it is easy to 
see that the points of application of these forces, the extremities 
of the vectors y,=@VAz,Ag:SA,AoAq, ete., are fixed relatively to 
the body and lie in the central plane 

Spv‘A=m or SpP'- Ax 1. .......0cce000+ATVs) 

Reduction of the function to the standard form of Art. 70 gives 

a particularly simple set of equivalent forces or couples. 

he vector φὰ is obviously fixed in the body, and when the 

origin is transferred to the extremity of the vector ᾧ. τὶ the 

linear function (which we continue to denote by ¢) corresponding 

to this special origin—the astatic centre—satisfies the condition 

|, ΕΣ aceanaseases insacssstennsasuets (v.) 

As one root of ¢ is now zero, the function is reducible to the 
binomial form, and the auxiliary y function is of the type 


WOE AIMED ei cnds nis ννενννενον ιν αὐ ναννν (VI.) 


where « is a vector fixed in the body. The equation of the 


central plane is now Sxp=0. 


* These are the rotations which convert 7’, ds ik’ of the article cited into 
+i, +j, +k; +1, -j, τὰ; τὸ, +7, τᾶ or τὶ —j, +k Compare the foot- 
note to the article cited. 
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In addition to the equations (v.) and (v1.) we have 
PA=VApe and φμ- φμ-εῦ κλ; ..cccceevecseseeeeee (VIL) 


the first is obvious because μι is double the spin-vector and the second follows 
from Art. 68 because -- ᾧμ is double the spin-vector of y. These relations 
coupled with the expression 

FORTEAN AV ΔΛ, Noavsssesdnesscorssceonssvensrasesih VERE 


for the moment in terms of the pitch p and the vector 7 from the astatic 
centre to οὐ sete on the central axis of the forces in any position enable us 
to deduce all the theorems of astatics, We first remark that the function pq’ 
is fived relatively to the body (or to the vectors a) and that the function o'd is 
jixed relatively to the vectors B (or to the directions of the forces). 

In order to determine the arrangement of the central axes relatively to 
the forces, operate on (vit1.) by the function ᾧ, and by (v11.) we find 


DV A= VMAs issncesrcnvnsentnecovensesssonsessst(tKo) 
so that ThVHA=TVKA or SVHNAP'SVNA=(VEAY 3 .csecceeeeeeess(X-) 


and therefore relatively to the forces the central axes compose a coaxial family 
of similar elliptic cylinders whose linear dimensions are proportional to the 
cosine of the inclination cee of the central plane to the axes whose 
direction (UA) is of course fixed relatively to the forces. 

The arrangement of the central axes in the body is determined by the 


equation 
| λα ΑΥΏΛ. εὐ ορκουονουνυονυονορονοοουν εν ΣΈ.) 
ΟΜΔΡΙΟΒ by operating on {0111.} by VA and attending to(vu.). Taking the 
nsor 

TVyA=TPHUA=,/(—-SUADPHVA))j.......eeeceeeeeeeees(XIL) 
and the locus of central axes having a given direction UX relatively to the body 
is a right circular cylinder whose radius is the reciprocal of the parallel 

radius of the elliptic cylinder 
Th’ p=TA or Spd’ p=A?*. .....ccccscsesseeseeseeees(XIIL) 


To each generator of a cylinder (x.) corresponds one of the cylinders (x11. 
which is traced out by that generator when the forces are rotated hm a 
vector A. In terms of the vectors o and τ of Art. 36, Ex. 4 {τ|} λ), we may 


replace (x11.) by 
PART τος ΝΡ ΟΝ ΑΝ... ὦ 


and this equation represents a complex of the second order—the assemblage 
of lines in the body which become central axes by suitable rotation of the forces. 

We shall now determine the pitch corresponding to each central axis. 
Operating by φ' on (vim1.) we have by (v11.) 


DRAPE Vigna VA, vorccsessccerccrerscsccesenaes (xv.) 
and operating on this by Sd’ or ὅλμον SVAVA we deduce 
PT PAZ -- Ββλφφ υηλ-ηγλβκηλ. cececcrecccerssecceecs (XVI) 


This equation gives p in terms of the vectors determining the central 
axes, _ we obtain an equivalent expression by taking the tensor of 
(xv.), and on replacing A by τ and VwA by o the result is 

pl ¢'r* —QpSrdhd'io+Th'o2=TVKr*. .......cccceeeenss (XVII.) 

This represents a complex of the second order and the lines common to 

the complex (xIv.) compose a congruency of the fourth order and the fourth 
J.Q. L 
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class—the assemblage of lines in the body which become axes of serews of given 
pitch for suitable rotation of the forces.* : 

Since (xv1.) is linear in ἡ, it represents a plane when the direction of A 
is given which cuts the cylinder {Χ1ι.} in two axes corresponding to the 
given pitch. The plane touches the cylinder if 


pl ¢' AT = + TVA(Dd'A+KTA®),...000000e0sceeeeeee(XVIL) 


and this relation determines the limiting values of the pitch for a given 

direction UA. 
The function φηρ corresponding to an arbitrary base-pomt —the extremity 

of the vector 7—Is ΡΈΕΙ ἜΤ Ὑ bi ctlieics Dash ncsocrnseras tC 


because bp is of the form SaSBp. The function φηφη for this base-point is 


φηφη P= PH p —TA2. Sip jecereeeeeceeseeceeereeenens (xX.) 


and supposing πῇ to be a latent root and a to be a unit vector along the 
corresponding axis, it appears on inversion of the function p'—u* that the 
latent roots (#7, uv’, 5. of cy’ ave parameters of the quadrics of the con- 
focal system (fixed in the body) 

Sp(hd' —u*) "pT =1 sagusnpenkanncsi bossy eayate ena 


which pass through the extremity of », and that the axes (a, a’, a”) of the 
function are the normals to these confocals. Reduction of ¢, to the 
standard form of Art. 70 gives 


φηῤ wa pp+u aS p +u'a" Sf" Ρ' seececeeemcensesenes (xx11.) 


where the unit vectors βὶ are likewise mutually perpendicular so that the 
system of forces may be replaced by A acting at the extremity of ἢ and by 
three couples (such as that due to the unit force + acting at the extremity 
of »+4ua and —f acting at the extremity of ἢ -- ὁ μα) whose arms (ua, u'a' yg 
wa’) are mutually perpendicular as well as the forces (B, BB") | 

The parameters of the confocals (xx1.) touched by an arbitrary line (o, 7) 
are the roots of the quadratic equation (Art. 83, Ex. 2, p. 124). 


Sr {Wy — w(t" — φφγευ τ  Βσίφφ' -- wo. TAY=0 
where J/” is the first invariant of ¢’, observing that in general the 
vy function of φῳ' is Wy ; or of the equation 
Ts? — (MT? — Τφ το + To TA2) + TY? + THe TH? =0 ; ..... (χχ].) 


and when the line belongs to the complex of central axes (x1v.) the equation 
reduces by (XviI.) without much trouble to 


ut — Mu + M! = pT Ut + BpSrAGG'o cereeeeeseeeees (xxtv.) 


where M’(=Tx*TX2) is the second invariant of 4¢’ or the first of viv. This 
shows that the central axes touch confocals having the sum of their pores 
constant and equal to 21“; and in particular we have Minding’s theorem for 
p=0 that the lines of action of single force resultants intersect the focal conics 
of the system (xx1.) since the parameters of the touched confocals are in this 
case the finite latent roots of φφ' and the focal conics obviously correspond 
to these parameters, The theorem respecting the constant sum of para- 


* The former equation (XxvI.) in terms of 7 and ¢ is 
pT ¢'s* -- Βτφφ' στε TAT rSxe ; 
and on rationalization this is seen to represent a complex of the fourth order, and 
it ae be shown that coupled with (x1v.) it reduces to (xv1t.) affected by the factor 
Τφτ'. , 
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meters is otherwise deducible from Art. 83, Ex. 3, for the cone i 
: ) , one of | 
= — (xIv.) through the extremity of the vector ῃ is rast a 
. : ϑτίφφ' — Ty? TA2 — nT A. Sy) THO. .....Ψ.κμννννννννως (xxv.) 
oreover (Art. 83 (x.)) this is the reciprocal of the tangent 
pa (ΧΧΙ.} whose parameter is ui? PTX. Aeeoedise a te teneeke 
“esd ecomes more and more obtuse by variation of the vector ἢ and finally 
yen the tangent plane, the reciprocal cone becomes more and more acute 
and finally coincides with the normal to the quadric, and the locus of such 


points is the surface 
57(oh' — Ty? TA) —y TA? = 1. eacternceosocseveesest REVI) 


This surface is a quartic analog | , : 
equation may be vsdtinn ito τ egous to Fresnel’s wave-surface, and its 


Ῥ Sid een; ᾿ TK 
"Tey TH. νκη TPO egy eM) 


remembering that ¢’«=0, In this form it is a 

me ), parent that th | 

eyed of a system of cireles concentric with the prices oe κὐρκαι 

with the vector « and of Sopaal aig ah age to that of the elliptic cylinder 

(x111.) which is parallel to the radius in the central plane. For points insid 

a ig ἐν cary of axes are imaginary. | ὃ 
-he boundary of the region containing the ἢ . | i 

on a axes pu ὑφ invest gated by Tait (Quaternions, Art 03) τον 
uxpressing that Ty is a maximum when Uy is given and when τ is 

subject to the conditions (xxv.) 

| βητεεῦ, ϑτίφφ' —Tr?TA2)r=0, 
the equation of the boundary is found to be 


Βη(φφ' -- Ty TA2)1 2 220 3... .cssecscorsenssonens o+s.(XXVIIL) 


and this represents a surface of the sixth o | 
i ) rder analogous to the i 
πηδοῦν sins τε : paper oe ses een it affords δ uadratic in Τὴ» 
respondin ven va Uy w imiti | 
of the squares of the SerRORS Nt aa ee 


Ex. If vectors are drawn in the bod itrary base- 
y from an arbit: 
represent the resultant moment, the locus of their extremities is aE oll 
Ww τ the forces receive pe, rsd rotations about a given axis.* ” 
hall the engin of fotation and Chae fe) walt τὸ,» sienna of 
tr : d where ¢ 1s a unit vec | I 
rotation, and the form of this equation establishes he thes Peer 


Arr. 102. The resultant of an : 
| ! y system of forces has been 
reduced in Art. 99 to a wrench whic € | 
acta which may be denoted by the 
PNA VGN, οὐολριουκοιυξυ κεν ερνονςον 


is the resultant moment with respect to t igin, W pi 
the pitch, where » is the vector to any ss ig ee Be 
where Ἃ is the resultant force. The wrench (tu, tA), where ¢ is 
any scalar, has by (1.) the same pitch and the same axis as (μ, A) 
It is therefore said to be a wrench on the same screw as e λ) 
and it may be denoted by ἐίμ, λ). The intensity of a wrench is 


*See Joly, Trans. R.I.A., Vol. xxxii., pp. 218 εἰ seq. 
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the nitude of a resultant force (T), and the wrench (ἐμ, ἐλ) 
has ¢-fold the intensity of («, A). 

It is often necessary to compound wrenches situated upon 
different screws, and we shall investigate the simplest expression 
for the wrench 

(m, A)=t,(uy, Ay) ρα; Ag) + Es (us, Ng) seseeeeeeees (1) 


which is the resultant of three wrenches of arbitrary intensity 


situated upon three given screws.* eines te linear vector — 


function @ determined by the three conditions (Ex. 9, p. 103) 
My =PAq, Mo=Prg, Mg =PAg vrereeeeeeceeevens (111.) 
we have μετεφλ if p= Zt, and A=2tA,; ----- Seesnah ay 


and thus (¢A, A),in which Ἃ is arbitrary, is the general expression 
for a wrench that can be compounded from wrenches on three 
given screws, or conversely, that can be resolved into wrenches 
on the given screws. _ ) 

To reduce the problem to its simplest form, let ε be the spin- 
vector of ¢ and let ¢, be the self-conjugate part; then 


= VeaA+¢.A = VeaA—aiSir —bjSjyA — chSkr οὐωψόν εν (v.) 


where a, ἢ and ¢ are the roots of @» and where i,j and ἢ 
are the corresponding axes. Thus the wrench (u, A) may be 
compounded from the wrenches (Vei+ai, i), (V—a+, 2), 
(Vek+ck, k), situated on screws whose axes 7, j7 and / are 
mutually rectangular and which intersect at the extremity of 
the vector «. The corresponding pitches are of course a, ἢ and ο; 
the latent roots of the self-conjugate part of the function ¢. 

The pitch of the wrench (φλ, A) and the vector perpendicular 
on its axis are respectively (Art. 99) 


P=SGr.A-}, We VGA.A?S .ccceseereceeeeeee( VL) 


thus p is the reciprocal of the square of the radius of a quadriec 
and the vector @ terminates on the surface represented by 


because σφ || and therefore o=VpVaq'a(Va¢'a)-'; and 
this surface is a quartic with three intersecting double lmes— 
the axes of ¢’. (Steiner’s quartic surface.) 

When the origin is taken at the extremity of the vector e, the 
function ᾧ is self-conjugate. This point is the centre of the 
three-system of screws. In terms of the pitch p and the vector ἡ 
from the centre to any point on the axis of a screw of the 


system, B=PAF VIA=GAHPA, ..ἀ.ὐννννννν. eovven Via 


*See Joly, Trans. #.1.A., Vol. xxx., Part xvi., and Vol. xxxii., Part viii. 


ART, 102.] COMPOSITION OF WRENCHES. 165 


so that is an axis and p the corresponding root of the function 
φρ-- ηρ. The latent cubic of this function is (Art. 68, p. 98) 


Sn(p—p)g=m— pi + pm! — p 5 .sccsececseee (TX) 
and as ἡ varies, this represents a quadrie surface—one set of 
generators consisting of the axes of screws of given pitch which 
belong to the three-system. Three axes pass t rh an 
arbitrary point, and the sum of the corresponding pitches is 
constant and equal to the first invariant of ¢. Two axes lie in 


- irc ὁ toy Say+1=0; their directions (compare (VI.)) 


SaheO; Βαύλλ᾽ 1. 138; seiscdslecsecccs, (x.) 
and the corresponding pitches are the roots of 
Sa(yr— py tp a1 oe.cceccscecseesseeeees (x1.) 


which is the condition that the plane should touch a quadrie (1x.). 
In order to reduce to a canonical form the two-system of 
aes compounded ao two given wrenches (u,, ,) and 
μον Ag), WE assume in conformity with the foregoing a functi 
φ 2 Neh satisfies the relations . aoe ἐμ 
φλι Ξε μη, PAg= Mer PVADe=VeVAyNgeereseseeeee (x11) 
where ¢ is the spin-vector of ᾧ. The function (¢—Ve)p will then 
be self-conjugate and will have a zero root, V),A, being the 
corresponding axis, and it will be expressible in the form 
—aiSip—bjSjp. We have (Art. 27, p. 25 
bp = by SA(VAyAg)~ !p— woSA,(VAAy)“"p 
+ VeVAAS(VAAs)~ 1p, «Ὑὐννννν, (X11) 
and the spin-vector is deducible from the relation 
Ze= V { (pyAg— MyA,)(VA,Az) -1} + VeVAAS(VA,Ay)=* 
Operating by SVA,A, we find 
Se VAAg= S(t Ag— MyAy) 
which gives 
= V{(uAo— MeAy )CVAyAQ)=*} — FCVAAg) “1S (4yAg— MA)! 
Taking the origin at the extremity of the vector ε, a wrench 
of unit intensity compounded from the two wrenches is deter- 
mined by 
= φλξξαΐ 608 U+b7 sin w= ρ(ὑ cos u+) sin uv) + Vy(i cosu+j sinw), 
DOR ee το ἢ ον ΠΡ ΗΝ τὺ ἘΠ eieweeswabskadessousacel (XIV.) 


whence the vector equation of the cylindroid—the locus of the 
central axes, and the equation for the pitch are 


»=(b—a)k sin wu cos u+t(i cos u+jsinu), p=acos*u+b sinrw 
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To show that in general a wrench nay be resolved vn one and 
only one way into components on sia given screws, or to reduce 
any pair of vectors « and Ἃ to the forms 


where the vectors μὴ ΜᾺ μς and Δ; ...«ἃς are given, we assume in 
the first place 

Mn=G An (N=1, 2,3); μη φολ,, (n=4, 5, 6); ...(XVIL) 
and writing tA, +fAttaA,;=T) tAyttAstlyAg=Te ---(XVIIL) 
we have k=O, 7 + bots, ΑΞ τὰ ἜΤΩ: 


or t= (¢1— $2)" "(μ -- Pr), T2=(Go— Gy)” CH= Hr). ..1:.: (XIX.) 


Thus the vectors 7, and 7, are generally determinate and the 
scalars ¢ follow from (XVIII). 


Ex. 1. The locus of feet of perpendiculars from any point on the 
generators of a cylindroid is an ellipse. 


[This is evident from the form of the equation (see Ex. 7, p. 64) 
= V (py +tpty)(Ay + tAg)*] 
Ex. 2. Find the locus of intersection of screws of the three-system 
j2=A whose axes are coplanar with the origin. 

If p=hA=pA+VydA, μ'τφλ' ξκρλΈεγηλ' the axes intersect in 7. 
Hence i - ἡη τῶ (pb Vn —p') feos every vector coplanar with A and 
Nand in particular it destroys ἡ if SjyAA’=0. Eliminating p and p’ from 
(b—Vn—p)(b—Vn—p')n=0 we have the equation of the locus which may 
be written in the form μ᾿ 

β.-Ἰ.-.-τ-0 
Vandy 


which should be compared with (v1.).] 


Art. 103. To give an example of appiying quaternions to a 
problem in statics, consider the case of a chain ying. on a smooth 
surface and acted on by any force. Let € be the force per unit 
mass, y the normal reaction per unit length, w the mass of the 
chain per unit length, and P the tension of the chain. 

For equilibrium of an infinitesimal element at the extremity 


of Ρ 
; ἀ(Ρυ Δ ,)-ὐξΤαρ- εν Τάρτπο, Sidp=0, ........-.(L) 


the pull back at p being —PUdp and the pull forward at p+dp 
being +PUdp+d(PUdp). When the length of the chain is 
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taken as the independent variable (Art. 85, p. 133), this may be 
written 
P.p"+P'p'+wE+v=0, Sp'p'=0, Syp’=0; ........(1L) 
and in virtue of the conditions it separates into 
P.p'’+wp'"Vp'é+v=0, P’—wSEp'=0, ......... (111.) 
remembering that Tp’=1 so that Sép’-'= —S£p’. | 
Tn certain cases the second of these equations can be integrated, 
and as it may be written 
dP—wSédp=0; P—JwSédp=const.=P, .......+. (IV.) 
is the integral in question, P, being a constant. 
The first equation gives the reaction 
TP = P*Tp"*—2PwSEp" + wT (VE); «Ὑ.ὐνννννοις (v.) 
and shows that Pp”+wp’-!Vp’é is normal to the surface, or that 
Pp'p"’+wV ' ξ is tangential. On elimination of the reaction (Ty), 
PV p'Uv-+wp'Sp' EU r=03 .....ccceecceseees (VI) 
and the tension into the curvature into the cosine of the angle 
between the osculating and tangent planes is equal to the 
tangential component of the applied force per unit length which 
is at right angles to the tangent to the chain. 


- 


CHAPTER XII. 
FINITE DISPLACEMENTS. 


| : | positi ther 
r.104. To transfer a body from one position to anoth 
Phys commence by rotating it until lines drawn in it receive 
their final directions. A translation without rotation which 
brings any point into its final position will complete the trans- 
ference. In quaternions* if o is the vector from a fixed point 
to any point in the body, the rotation changes the vectors to 
points in the body into gaq~}, and a translation + added to this 
gives p=r+quq"" οι βνς δεος νας τε ταν step 
i | ints in the initial 
he relation between vectors τ drawn to points in t tis 
trang the body, and vectors p drawn from the same origin 
to the same points in their final position. ᾿ -" 
This relation may be thrown into many various forms; for 
example p=7+q(B—«)q"', HTH eq  ceenevereeeees (11.) 
i i ut the e ity of the 
s that if the rotation were made about the extremity 0 
eae e. the successive translation must be 7’; or we may first 
suppose a translation (—e) effected, then the rotation about the 
origin and then the translation 7’. 7 . 
Successive displacements are compounded according to the 


relations, ρ--τ΄ Ἐφτ Mitte A Lol! Me A (111.) 

if p=rt+qnq', ρ--τ' τα ρ΄": 

and the order is all important for | 
PETE OT ᾿-Ἐηη BY Qn  seseseesereeeevees (ιν. 

if pi=rt+qaq-', p,=t+9e,7*3 


hi i e rotations are 

nd this vector p, is not equal to p. Even the ro are 

different unless “πᾷ, that is oe ἐΕ q and α΄ are coplanar 
and the conditions that the order should be immaterial are 


γ(τΥ 4). τ ᾿Ξ Υ(τ 4). 971s IY ΞΩ͂ 4. “.55:255555 (v.) 


¥ The remarks in Art. 21 should be compared with this. 


r 
᾿ 
ΕῚ 


. —o -- ee 
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Small displacements are commutative in order of application. 
This is merely a particular case of a general theorem. Let any 
uantity ὦ be changed by one operation into α- ἢ (α) where 
(a) is small, and into a+/,(a) by another operation, /,(@) being 
also small. Then to the second order of small quantities, 


atf, (@)+flath(M)=4t+fA(O+h(o 
=a+fla)+f,(a-tfela))...-AVE) 


The simplest view of a displacement is as a twist about a 
screw, that is a rotation about a line coupled with a proportionate 
translation along the line. If » is the vector to any point on the 
Ts τὰς PUVq the translation along the line, we have to 
identi 

7+qoq7t=nt+PUV9+q(G—an)qih, ..cceen sovaik VER.) 
so that 
ταη- Gag + PUVG=(ng—ga)q + FUNG 
=2V(nVq).¢7!+PUV9q, 


and as it immediately appears that the first vector on the right 
is at right angles to Vq, we find on resolving + along and 
perpendicular to Vq, 
Τ.,.. Τ' Ὥ. ὦ ἘΣ ἢ 

2V .\ a= yy, Vq-9, Pat ae. sini naisnsle (VUI.) 
and of these the first is the equation of the locus of the extremity 
of the vector ἡ, or of the axis of the screw. The ratio of P to 
the angle of the rotation, or P: 224, is the ratio of the pitch (p) 
to a whole revolution ; and the pitch is therefore 

T 


ieee eee 
Pes Oe Sabi acecdiraeibartama skated (1X.) 


Art. 105. Continuing to employ the same notation as in the 
last article, let us suppose that g and + are functions of a variable 
parameter, the time ¢ for example, and we shall have 


dp=dr+Va(p—r)dt where wdé=2Vdgqq"', 
dp=dr+q(Via)q-'dt where ddé=2Vq~'dq9. ........(1.) 
To prove these relations observe that 
dp=dr+dq.aq7'+qa.dq-? 
=dr-+dgq-!. qaq-!—qaq-!. dgg7} ........008. (11.) 


remembering the expression for the differential of the reciprocal 
of a quaternion. This leads at once to the first relation since 
prA—Ap=2V.Vpr if p is any quaternion and X any vector. 
The second relation is proved in quite an analogous manner. 
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The vector + is the vector from the fixed origin of vectors p to 
the variable origin of vectors @, and its derived with respect to 
the time is the velocity of that origin. The velocity of the 
extremity of the vector p is compounded of this velocity together 
with the velocity Vw(p—r) which is at right angles to ὦ and to 
p—7 and equal to the tensor of ὦ into the perpendicular from 
the extremity of ρ--τ on ὦ (the two vectors ὦ and p—7v being 
supposed to have a common origin). In fact the vector ὦ 
eg in magnitude and direction the angular velocity of 
the body. 
Using fluxional notation for the velocities, we may write 


p=7+Vol(p—r)=0Sw ++ Vo(p—7+ Vw '+—aw), .. (UHL) 


thus analysing the instantaneous motion of the body into a 
rotation round a line coupled with a proportionate velocity of 
translation along the line; or, in Sir Robert Ball’s phraseology, 
we have determined the instantaneous twist-velocity about the 
instantaneous serew ; the expressions 


ητετ-- δω ἸΤΈαω, P=SO FT ...ὁεννεννκεενον (Iv.) 


being the equation of the line or axis of instantaneous motion 
and the pitch of the instantaneous screw. (Compare Art. 99.) 

When the equation of this axis is referred to the moving 
origin we may write it in the form 


τ Ἰ(γ,-- τ) τ -- θα ἸΤα -Ἐαιτεη because w=qg™', ...(V-) 


for ὠ-τ 2 Υάᾳ 1 -Ξ 2 Υη(ᾳ 14) Ξε 3. ")ᾳ ἰτεφιᾳ τὶ by. (1. 
The line y= — Vi-!q-47q +a being supposed drawn in the body, 
the motion of the body brings it into coincidence at the proper 
instant with the instantaneous axis at the time ¢ Also the 
rotation converts ὁ into the angular velocity vector ὦ at the 
time ¢. Thus in dealing with the body itself it is convenient to 
use the vectors « and τσ, and in considering the motion of the 
body with regard to external objects, the vectors ὦ and p are 
preferably employed. ' 

Let us no longer suppose the vector @ to be constant as in (IL). 
Then if the vectors p and @ are still connected by the first 
equation of the last article, we shall have instead of the first 
equation of the present article 


p=tt+Vol(p—7r)+qnq), p=tt+q(V@+H)q7'; ...(VL) 
and more particularly when the vector 7 is constantly zero, 
p=Vop+qoq, p=q(o+Via)q", if p=quq-'; ...(VvIL) 
and still more particularly | 
w=gig-! because w=qq-', Vow=0, Vu=0. ...( VII.) 
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What we really do here is to compare the velocities of a point 
moving arbitrarily with respect to fixed objects and with respect 
to the moving body. The vector ὧς represents the velocity of the 

int relatively to the body, while ὁ is its velocity relatively to 
tixed objects. Sometimes a notation such as 


O(p : 
0) = gq”; p= Vep +); where p=q@q"' .,-.(1X:) 


may be employed—but it is not very explicit—to denote the 

variation of p arising from causes independent of the rotation ; 

and in this notation we may replace (vul.) by 
2(w) 


Qe 


ot 


which expresses that the rate of change of the angular velocity 
is independent of the rotation. We may for example suppo 
v, 7 and k to be fixed relatively to the vectors 7, and a=qiq7}, 
8=4q)9q"', y=qkq-* to be unit vectors derived from these by the 
rotation. In this case if p=ax+ fy+-yz, the derived ὁ takes 
sneoan of the variations of a, 8 and y as well as of a, y and Ζ, 
while = only refers to the variations of x, y and z and not at 
all to those of a, 8 and γ. 

These results include the whole theory of fixed and movin 
axes, there being now no difficulty in writing down deriveds ὁ 
any order. For example, on differentiating (v1.) again, we have 

p=7+ Vwo(p—r)+ Vo(p—r)+ qq '+ Vega", 
and on substituting for p, the general formula of acceleration is 
p=7+ Vo(p—r)+ VoVo(p—7)+9%q7'+2Veqag-*, ...(XL) 
which may of course be expressed in terms of ¢. 


In the ease of a rigid body it is uently convenient to 
replace (Π|.} by the relation site a 


Ὑ Ἐ ΣΤΡ ΕΗΣΞῚ ἢ: δ 


b=o+ Voct Νὼρ- ων ωρ, .....«ἁἀνννννννς, ( XIII.) 
bese follows on substitution for 4 in the result of differentiating 
AIT. ). 
As in Art, 102, we represent the ¢wist-velocity of the body by 
the symbol (σ, ), the fixed origin being taken as base-point, and 
we may replace (Iv.) of the present article by 


c=(p+Va)eo; p=Saw-'; n= Vow-!+ 20. ...... (XIV.) 
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Ex. 1. The instantaneous twist-velocity of a body may be reduced toa 
pair of simultaneous angular velocities, 8 and β', round two lines, by means 


of the relations 
o=VaB+Va' Bs’, w=B+P, 
where a and a’ are vectors to points on the lines. [Compare Art. 102.] 

Ex. 2. If pis cd age of the instantaneous screw and if ὦ is the angular 
velocity of a rigid , the velocity of any point in the body satisfies the 
relation Spot=p ; 

P; 
and vectors drawn from a common origin to represent the simultaneous 
velocities of the points of the body terminate on a common plane. 

Ex. 3. The locus of points having a velocity of given magnitude is a right 
circular cylinder 

Tp=T(o+Vop) or TV(p—9)=(Tp?—p*To*)}, 
coaxial with the instantaneous axis. 
Ex. 4. Determine the acceleration centre of a body moving arbitrarily. 


[In terms of o and ὦ, if the acceleration of the point at the extremity of 
the vector a is instantaneously zero, 


&+Vor+Voa+oVoa=0 or ¢+Vor+ha=0, 
where ¢p=Vip+oVop. Hence pp=—wSop—V.oVow. p+oSop and 
the third invariant is m= Vow*, so that 
aVow=(a80+ V . ὡωὼ -- οἴϑω). (6+ Vor). 

Ex. 5. ‘The instantaneous acceleration of a point of a rigid body moving 
in any manner is a linear function of the vector to the point from the 
acceleration centre, or 

j=(p—a) where p=Vap+VoVep and «=0. 


@) The locus of points having instantaneous accelerations of given magni- 
tude is one of a system of similar and coaxial ellipsoids 


T$(p—a)=Tp, 
concentric with the acceleration centre, whose linear dimensions are propor- 
tional to the acceleration. 
(b) The function ¢ is independent of the velocity of translation, and a 
change in that velocity merely alters the position of the acceleration centre 
and of the associated ellipsoids. 


Ex. 6. The locus of points for which the magnitude of the velocity is 
momentarily constant is the quadric surface 
S(o+Vep)(6+Vap)=0 or S{a+Vo(p—a)}p(p—a)=0; 


and the locus of points for which the direction of the velocity is momentarily 
constant is the twisted cubic 


γίσ- Vop)(6+ Voo+ Vaip+oVap)=0 or Via+ Voa(p— a)} b(p—a)=0. 
(a) The equation of the twisted cubic may also be written in the form 
pV ow ={( —tw)S(o—tw)+V. wo Vow —oSo} . (δ᾽ —tr+ Var) 
or (p—a) Vaw*=tWa+?(wS0a+ bSwa)— Θθωθωᾶ, 
where ¢ is a variable scalar. 
(For the twisted cubic we have ¢p+¢+ Voo= t(¢+Vwp). Compare Ex. 4.] 
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Arr. 106, If the quaternion on which the rotation depends i ‘ani 

of two variable parameters, « and v, we shall write PUNE 5.8 Panawen 
2Vdgg=w'du+wdy, dq= 2 du+ hau, saseecssesenseseee(Ie) 

and it must be observed that w'du+,dv is not a perfect differential. To 


determine the relation connecting w' and w,, sur ) 
| : οὐ w,, suppose @ to be a constant 
vector and p=q@q". Then p is a function of u me vy, and 


Op πὰ Ὁ Ὁ Ὁ 
5,7 ὕω qagq"', ab =Vogiq~, δον; ΞΖ; sonne 
Calculating the second differentials, 


sasesssae 7} 


oe + Ow’ 
τας, =V a σα Ἐὐωνω σι -ὐ ~ gg '+VaVu'qaq" =f ? 
or, rearranging and observing that Vw'VoA—Ve,Vo'A=V. Vo'w,.A, we 
have, because @ is an arbitrary vector, pe 
Cw" 


oo 14. Valu, =0. eT ee 2s A 


But again, by the last article and in the notation there explained, 


θω’ ,. ϑίω) Sw | 
5 = Vow'+ ιν ’ re Volu, +2, pevseeannesensanial EV) 
and accordingly we may replace (111.) by this new expression 

Me) SO) _ Yuta, =0. ν πρ cents uathoneseenesetey 


The results of this article have been employed in Art - Ξ 
with the theory of surfaces. ployed in Art, θέ in connection 


Art. 107. In many investigations relating to rotati or- 
mulae of the type * 4 = ing to rotations for 


PRP Pada ΡΥ νυν κεκκοενενκος νοι (1.) 
present themselves, and it may not be superfluous to make a few 
remarks about their reduction. It frequently happens that 
a, 8 and y form a mutually rectangular unit system, and in this 
case if d=aa+b8+cy we have 

p= Py .aa+yBia*B-vy? . bB+y7Bla*BYy~*. cy, ...(IL) 
when we apply the general relation 
a*B=Ba~* if SaB=0, Ta=1. ...........++(IIL) 
In order to reduce the coefficient of b8 for instance, it is 
generally best to start from the central term, a in this case, 
and to replace it by cos 7#+<asin πῶ, and similarly for successive 
reductions. ‘hus we avoid introducing the sines and cosines of 
the halves of the angles of rotation. 
It is worth while noticing that 


da*.a-*= 5 de.a+}da(al-**+a-1) ἘΠ tied (1V.) 


*It may be advisable to refer again to Chap. IV. and its examples. 


174 FINITE DISPLACEMENTS. [cHar. XIL. 


is expressible in terms of the whole angle using the relation 
Sa*-1.a-*=3(1+K)a*™*.a~*. 
The general relation connecting two quaternions p and g and 


two scalars # and ¥, U 
(Fqp"*)" = ρίαν» 5, 5 πολ ee et oe ed 
will often be found useful. 


Ex, 1. A planet rotates about its axis y in the period 2m and a 
satellite denctbes a circular orbit round the planet in the period 2x! ; show 
that the motion relative to the planet is represented by 
p= yoy") ’ yey . (y ΟΥ̓ "- ὧδε =(, 
the vectors in this expression being all fixed relatively to the planet ; and 
reduce the equation to | 
p=y~™omed-y™. 


(a) By taking the epoch when the satellite is in the plane of the equator, 
the equation may be simplified to 


p=ry-™By"B.y™B-“y™, SBy=0 


where r is the radius of the orbit and where πὰ is the angle between the - 


plane of the orbit and the equator. 
(δ) The equation may also be written 
p=ra(cos rxt sin mt — cos ra sin wnt cos Tmt) 
+r (cos wnt cos wmt + cos πὰ sin wnt sin πε) 
+ry sin πὰ βίη wnt 
where a= By. 
(c) The condition for a stationary point may be written in the form 
mV y Bry" By-™B-? + nBry"ay-™B-* =0, 
or πα ἐπι yy“ B-*y Poy" B=0, 
and this is equivalent to 
n=mcosTa, cosTni=0. 


Ex. 2. Unit vectors a, 6 and Ὶ are directed respectively to the point of 
upper culmination on the celestial equator, to the east point and to the 
north celestial pole, while 7, j and & are directed to the south point, the east 
point and the zenith, Show that the vector directed to a star may be 


expressed in the forms ν᾿ 
: oy αβγ τ] ΟΝ 


where πὸ is the hour-angle west, zy the declination, rw the azimuth west, 
and πὸ the altitude. 


(a) If wb is the latitude of the place of observation, show that 
k= 6a?’ ; 
and obtain the quaternion equation 


7% = Braap 


and hence deduce the formulae of transformation from one set of coordinates 


to the other. 
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Ex. 3, Assuming the effect of refraction to be A times the tangent of 
the τέρα distance, prove that the vector to the apparent place of a star is 
o+3 where 


τε Vie .o Vi yky*B-a.a 
τς KE KB, Sooke προς - ΒΎ. 
(a) Substituting for ¢ in terms of a and βὶ (Ex. 3 (a)), verify the successive 
steps of the transformation 
βυγ γι "β΄ αΞε — βυγβ 35 γ᾽» -- — B¥y=B" cos rb + B+" sin πὸ 
= —sin πὖ βίη zy -- cos πὸ cos ry cos 72 + B(sin wb cos zy — cos πὖ sin πῇ cos πε) 
— y cos πὸ sin wz. 


(Ὁ) Show that the expression for @ reduces to the form 


= cos πὸ sin 72 +-y'(sin wh cos zy — cos πὸ sin zy cos 72) 
sin wb sin my + cos wb cos ry cos 72 ᾿ 
where β΄ and y' are unit vectors tangential respectively to the parallel of 
declination and to the circle of declination. πρώ as 


(c) If q is the parallactic angle and ¢ the zenith distance, show that 
oy τς χοἰ πε UVyc. tant 


Ex. 4. An equatorial telescope in imperfect adjustment is directed to a 
star, and the circle readings are observed to be (y+y')z and (z+<')r where 
y and ξ΄ are small ; if for zero circle readings the direction of the telescope 
is a+a’, that of the declination axis 8+’ and that of the polar axis y+’ 
where a’, β΄ and γ' are small vectors perpendicular respectively to a, 8 
and y, show that 

o=(y ty err(B+ By er(atra(B+ By (y+yy* ; 


and neglecting small terms of the second order obtain the relation 
Υ βυίπεγ + (y+ y)y }β "« ἘῸ ity B+(BY + B)B ha=a'. 


From this and two similar equations corresponding to the results of 
setting the telescope on two other known stars, deduce the errors in the 
adjustment which are represented by the small vectors a’, β΄ and γ', 


Ex. 5. The unit of length is taken equal to the focal length of a photo- 
raphic telescope in perfect adjustment so that were it not for refraction 
he image of a star would remain fixed on the photographic plate. Assuming 

the effect of refraction to be A times the tangent of the zenith distance, 
show that the image describes on the plate a curve represented by 


-VyKy"o .o 
en's Poe ee 
x Sy*kyo 
where zz is the hour angle reckoned towards the west, and where c, y and « 
are three (coplanar) unit vectors fixed relatively to the plate and directed 
respectively to the star, to the north celestial pole and, when the telescope 
is on the star in the meridian, to the zenith. _ 

(a) Prove that this curve fepresents a conic, or a portion of a conic, and 
that it is the intersection of the plane and cone 

SGc=0, SyU(¢K-B)=Syx, 


and consider the arrangement of the curves for various values of K and for 
stars of different declinations. 


AE EE 6060... 
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| ‘tions of stars are determined by taking transitS with a 
Pes : Soni e ghoek a fixed axis. Show that the hour-angle πὸ at the 
time of transit and the declination zy are connected with the reading ru a 
a circle fixed to the telescope at right angles to the fixed axis by the 
quaternion equation ἄρσεν 
γ βου =7 Bre "β΄ Ὑ ΒΟΥ Boe BYy 
where }, δ΄, c and ¢’ are constants of the instrument, a, 8 and y having the 
same signification as in Ex. 2. 
(a) If 6 is a umit vector along the axis round which the telescope turns 
the equation may be written in the form 
yf β»γξεα Sed +a Ved? δε; 
| | f mation male le (πα) 
d for an almucantar whose line of collimation makes a constant ang 
with the vertical and is in the meridian when w=0, the equation 18 
B= B” cos πα Ba? sin wa 
where πὸ is the latitude of the place. 
| _ Tf Ue is the unit vector towards the centre of a planet ; Ur+r 
πω towards a marking on the planet in latitude 7; Ὑ the unit vector 
along the planet’s axis of rotation; ἃ the unit vector from the planets 
centre towards the point on its equator on the meridian through the 
marking ; if P is the time of rotation of the planet on its axis and s the 
angular semi-diameter at the time of observation, show that 
ysinl+y"? acosl=rs—Uo(1 +rig-2yhs 
where ¢ is the time of observation measured from some selected epoch. 
(a) Denoting the vector on the right by », show that 7 terminates on a 
fixed circle and verify that 
y cosee ἴτε -- V (nonstate) Sm273) 
where 7, ἢ. and 73 are the values of the vector ἢ at three times of 
observation. . 
(c) Show how to deduce the time of rotation. 

_ A polar axis having a fixed direction y carries a declination axis 
initially para fel to 8 on which is mounted a telescope initially parallel to a. 
The vectors being all of unit length and the instrument being completely 
out of adjustment so that no conditions of ον are even ——. 
mately satisfied, show that when the direction of the telescope 1s chan ged 
to a’ by a rotation round the declination axis followed by a rotation round 
the polar axis, a! --γ᾽βναβ "γ΄", x 
while if the rotation is first made round the polar axis and then round the 
declination axis, a’ =(y By “yay ΚΥ ΒΥ Ὁ. 
and prove the equivalence of these two eugene in ΨΥ 

(a) If αὶ and νυ are the tangents of half the angles of rotation roune © 
ane keke and the fleclination - axis respectively, show that the vector 


equation 
a-a +uVy(ata)+eVB(at a) +urf(a—a’)SBy+V.VyBlatea);=0 
serves to determine both w and νυ. i 
(b) Deduce from this the scalar quadratic equation in % : 
$B(a—a’)-2uSyBa' —wSy(a- a’)SyB -wSyVyB(at+a)=0. 


CHAPTER XIII. 
STRAIN. 


ART. 108. Homogeneous strain converts vectors in an 
unstrained body into vectors (¢=@p) in the manner tine in 
the chapter on the linear vector function (Arts. 63, 64), but the 
transformation is of less generality. The order of rotation from 
pu to 68 to dy must agree with that from a to 8 to y in the 
case of a physical strain, for otherwise a positive volume would 
be converted into a negative volume (Art. 24). In other words 
the third invariant of the function ᾧ must be positive, or the 
condition m>0 ; (1.) 
must be satisfied. This requires one latent root of @ to be real 
and positive, and when the roots are all real this is obviously the 
case. When two of the roots are imaginary, 9.-Ἐ --Ἰσ΄ and 
f—/ —l1g", the third invariant is (ἘΠ) where g is the 
remaining latent root; so that here again one root is positive. 
[t follows from this that in every comogeneous strain one 
direction at least remains unchanged, for we have 

Uda=Ua if φαξεσα, FeO. a lisecessccackan (π.) 
If the three latent roots are positive, three lines remain 
unrotated. In the case of a pure strain three mutually 
rectangular directions remain unchanged, and the function ᾧ 18 
self-conjugate with positive latent roots. The decomposition of 
a linear function into a self-conjugate function preceded or 
followed by a rotation has been considered in Art. 70 ; and by 
selecting the square root ( oo’) of the function ὠφ' which has all 
its latent roots positive we decompose, without ambiguity, an 
arbitrary strain into a rotation followed by a pure strain, 
«ἰὸς ae l'p=r is converted into an ellipsoid—the strain 
τς Te te=r or Sod’ oe +72=0: γνννννννν, (111) 


ΕΝ “The results of Art. 70 show that the surface is ellipsoidal, 
«ἢ, ΔΙ 
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and the axes of this surface are parallel to the axes of ¢~*p~* or 
of its inverse φφ' (not ¢’@). And the ellipsoid 
Top=7 or Spd’ dp t71?=0 wceeeeee paraoeed (Iv.) 


is ¢ ed into the sphere To=7. The réle of the functions 
a ad ge τιν quite Gkaeas to that of the functions of 
Art. 101, p. 161, denoted by the same symbols. 
Art. 109. A shear is represented by the function 
dp=p—BSap where SaS=0, ........ seecesise (1) 
| int in the body is displaced parallel to a fixed direction 
(UB) Saokek a sens proportional to its distance from a plane 
(Sap=0) parallel to the fixed direction (U8). In all cases the 
displacement of a point—the extremity of the vector p—is pp— p. 
A shear accompanied by a uniform dilatation is represented by 


pp=Jp—PBSap, SaB=0, ....-.s.ereveeee oth) 


the ratio of the changed volume to the original being that of οὗ | 


to unity. 


The function ¢p=gqpq~'— qBq-'Sap, SaB=0, ...... ἀν νΖ(ΠΠ.} Ὁ 


ts a dilatation and a shear followed by a rotation, and 
ΤΣ ἐπωμίδα involves eight constants—three in Uq, one in ἢ, 
three in al'6 and one in UB (because Sa8=0)—just one less 
than in the general function. ἘᾺΝ fhe 
Omitting the condition Sa8=0 in (10), the function involves 
nine constants, and the function 
pp=97pq '—GBQ~ Sap ....ἀὁἁἀὐννννννν essenene νὼ 
is capable of representing the most general strain which may be 
oreteast by shifting inh fixed direction (UB) lanes parallel to 
a fixed plane (Sap=0) by an amount (—g~*BSap) proportional 
to the perpendicular distance from the Παρὰ plane ; by altering 
all lines vn the ratio g to wnity, and by superposvng a rotation. 
To prove this we identify 
φφρ-στταββ)ῳ-- BSa)p τιν 
-- ὅρ -- αϑίοβ -- 1 β5ι)ρ-- (0 -- ὁ β'αὐϑαρ ..6ενενενενν (v.) 
ith Hamilton’s cyclic form (Art. 77) for the general se 
siaisapake ellipeotda function so that the third invariant of ᾧ may 
be positive or that πο FPO ss otal cracccdereoseneasses (v1) 
in other words we suppose ¢ to be a given function, and it 1s 
sr τσὶ to Aled ee Β, g and q. Η a*, b®, οὐ are the latent 
roots of the general self-conjugate function 
fp pp =U ptASUp+Msrp, eececceescseceees (vi) 
Srw=e2+E—2%, 9Τλμεεα --οῦ 
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(compare Art. 77 (11.) and Ex. 2), we have on comparison with (v.) 
. g=b, ατξε -αλ, bB=n+ ἀρ υ ΡΝΕΥ ΝΕ (VIII) 
whence substituting from (vu) in bT8 =T(u+4AT?*), we find 
the quadratic in Ta, 
TAIT BY — 2(a? +0?) TAT 82+ (a2@—e2)F=0, «200000. 1X.) 
whose roots are T\°T8?=(a+c)2. These give 
bB=n—3r-"(ate), 
and it follows from (v1.) that we must select the negative sign, 
Thus we have definitely by (vim.) 
g=b, a=—d, bDB=u—JrA-Ma—e)®: 0.0... ἀν ννςς (x.) 
and the rotation may be determined as in Art. 70. A second 
solution is obtained by interchanging ἃ and yu. 


Ex. 1. Prove that the necessary and sufficient conditions that the 
function ᾧ should represent a uniform dilatation and a dilatation accompan y- 
ing a shear, are respectively 

$-g=0, (p-g=0. 

[These are excellent examples of the degradation of the symbolic cubic, 

Art. 66, p. 95.] 


Ex. 2. If the function ¢ represents a uniform dilatation and two super- 
posed shears, 


mms =m’, 
[Assuming }p=g(1—f'Sa’)(1 - fSa)p, SaB=Sa’/?’=0, it is necessary to 


prove that g is a root of , and that it is equal to the cube root of m. It 
may be shown that the converse is also true. 


_ Ex. 3, The strain produced by two successive pure strains is generally 
impure. 


(Two functions are commutative in order of operation only if they are 


. coaxial (Art. 66, Ex. 2, p. 95).] 


ArT. 110. Lines in the unstrained body whose lengths are 
altered in a given ratio g are parallel to edges of the quadric cone 
TpUp=g, or SUp(¢’6—g2)Up=0 .............-(L) 
—one of a concyclic system; and by (vm) this equation may be 
replaced by 
2SAUpSuUp=b?—g, or sin uw sinv=(b?— "γ(α --οὗντῖ, .. (πα. 
where u and ν are the angles a line makes with the cyclic planes 
of the function ¢’¢. The ratio g for any direction is the 
reciprocal of the parallel radius of the quadric (compare Art. 
108 (Iv.)), SG MAT ἘΣ ἈΝ ΉΤῚ ΕΠ τος (II1.) 


180 STRAIN. [CHAP. XII. 


If the inelination of the veetor 6 to a remains unchanged, the 
condition 


SU. cB=SU. φαφβ, or SaB. Τφαφβ-: ϑαφφβ. Taf «..(1V.) 


is satisfied, and the locus of the vectors 8 is the quartic cone 


SaB*’Sadg'haS8¢'oB =Sad' PB" . a®B, (Ὁ 
which has a and Va¢'¢a for double edges. Substituting a+tur 
for § in this equation, we get for the edges in the plane SAp=0, 
which passes through a, 

B=VX(¢'pata(SrA~WAWA)!), ....0eseeeseeeee( VL) 
after discarding the factor ἐξ, These edges are real for all 
directions of the vector A, and it easily appears that the upper 
sign corresponds to SU.a8=+5SU . dad, while the lower sign 
corresponds to SU.a8=—SU.da¢S on comparing the signs 
of SaB and S8¢'¢a. The lower sign corresponds to the case in 
which the angle between ga and 8 is the supplement of that 
between α and 8. The vector Va¢'da alone remains at right 
angles to a, and (Art. 75 (iv.)) this vector is parallel to the 
second ae axis of the section of (11.} of which a is a 
principal axis. 

If an sao rotation is superposed on the strain, the cone (1v.) is the 
re of ΡΟΣ . ich together with : can be apemyy, lines—or axes of 
3 )χ ". é latent root corresponding to any edge (9) is (compare (1.) 
Ge To determine the FOatiCn which moar be superposed on = 
strain so as to leave unrotated two vectors a and αὶ satisfying the condition 
(1v.) we may utilize Ex. 6, Chapter ΤΠ]. p. 26, and find the rotation which 
converts Uda and U¢f into + Ua and + Uf, having as in (vt.) due regard 
to the indeterminate sign. It is possible to ep a rotation on a strain 
so that all the lines in a plane may be unrotated. It is only necessary to 
reduce the function ᾧ to the form given in Art. 109 (1v.), and we have 

FE RD OD LEGS ..ννονοννενν ceienencescenceney (vit.) 
and the lines in the plane Sap=0 (or SAp=0, compare Art. 109 (x.))—a 
cyclic plane of '¢—are ἀπευίο δ, a χ a 


Art. 111. The displacement at the extremity of the vector p 

produced by the strain is 

d=o—p=($—1)p=p(Sp-'op—1)+ pV pgp, .....0Ὁ 
which we have resolved along and at right angles to the vector p. 
When unity is a latent root of the function ¢, the displacement 
is parallel to a fixed plane—that of the axes of ᾧ complementary 
to the unstrained and unrotated axis corresponding to the root 
unity. (See Art. 66 (x.), p. 94.) 

In general, provided the greatest and least roots of ¢’¢ are 
greater and less than unity, it is possible by the last article 
to superpose a rotation on the strain so that the resulting dis- 
placement may be everywhere parallel to a fixed plane. 
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The quantity Oma G— A) pp vise sccivvesetaccdincee e AAD) 


is called the elongation, and it is numerically equal to the 
reciprocal of the square of the radius of the elongation quadric 


Se(go—1)p=—1, (φ05Ξ ἐ(φ-Ἐ ΦΎ), ---eeeeeeee (π1.) 
which is parallel to the vector p. This quadric may be an 
ellipsoid or a hyperboloid according to the relative magnitudes of 
the roots of ¢, and unity. 

The component of the displacement perpendicular to p may be 
written in the form | 


Vup=V¢pp™'. p=Vept+Va pp-'. PD cave vensnei (1V.) 


where ¢ is the spin-vector of ¢, and (Art. 75 (1v.)) the vector 
Vd pp~* is parallel to the second principal axis of the section of 
(11) of which p is a principal axis. The magnitude of this 
vector (‘T'V p δ —1)p) is numerically equal to the area of the 
triangle form by lines drawn along Up and along the central 
perpendicular on the corresponding tangent plane of the elonga- 
tion quadric—the lengths of these lines being the reciprocals of 
those of the central radius and the central perpendicular. 


_ Art. 112. When the strain is not homogeneous, if the point P 
is strained to Q, the relation between the vectors p(=OP) and 
σί = OQ) ceases to be linear, but we always have the correspond- 
ing differentials linearly related, or 


Gg=ddp 1 waG(p); viccscocsevcevsavens (1.) 


0 being any function of p, and ¢dp being a linear function of dp 
involving the vector p in its constitution. So long then as we 
confine our attention to the limits of vanishing and corresponding 
regions at Q and P, so that the vector p does not vary, the 
treatment of this general case is precisely the same as in the 
case of homogeneous strain. 

In terms of the operator V, 


do = —SdpV «a, «.+.-sesseees Torr eee, (II. ) 
so that if « is any veetor which is not subject to the operation of V, 
gpa=—SaV.c, and ¢d’a=—VSae, ..........:. (Π1.) 


as we may verily in many ways* by the results of Arts. 56 
and 57; and in the same way it is not hard to see that we 
ay write 

(d—d¢ )a=V.VVa.a, VV¥o=De, ........ccc0e0e (1V.) 


* For example ga= + 2SaVur, a : SAuy ; φα- Σ μναῖς : ὅλμν, 
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where ε is the spin-vector of a. Thus for a pure strain at all 
points, we must have 
VV¥o2=0, OF σεῦ ..........ὁἐκόνο, sohuses (ν.) 


(Art. 56) where P is a scalar function of p. (See p. 74.) 


ArT. 113. For small strains it is convenient to change the 


notation and to consider the displacement of a point produced . 


by the strain rather than the relation between the vectors to the 
strained and unstrained positions of the point. We write there- 
fore for a homogeneous small strain 
c=pt pp, πεξένεξενετειν τοῖν ον ROT OHO 
replacing the function ¢ of earlier articles by 1+¢, the 
function ¢ being now small, or T¢p being small in comparison 
with Tp. Apart from its smallness, however, the new function 
is of a more general character than the old. We may for 
example have the order of rotation from ga to 48 to @y different 
from that from a to 6 to y without violating the physical reality 
of the strain. In fact the ratio of volumes is now 
Finn, Slat φα)(β:-Ἐ $B Nyt $y) _SaBy+28paBy 1 4 mye can) 
SaBy SaBy 3 
and m” is small in comparison with unity. 
Small strains are superposable (cf. Art. 104 (Vv1.), p. 169), or 

(1+ ,)(1+ $s)p=(1+ 9+ 2)p=U +p) A+ φι)ρ, ---CUL) 

because we agree to neglect the terms of the second order ¢,¢,p 


saat 8 : sf tig 
A small strain is resolvable into a pure strain and a small 


rotation by the relation 

ρἘφρτερ φιρ- Vep=1t+ Vel +g)p=U +h )A+Vedp (Iv.) 
where ¢ is the self-conjugate part of ᾧ and where ε is its spin- 
vector. 


We may write 
p+ Vep=(1+he)p(1+ he) =pthep— dpe. verses (V.) 
The strain quadric now becomes 


o—WSeg~otr=O0 ........ SikeatLESESS (VL) 


and for a neighbouring point 
de=dp+¢dp=dp—Sdpv . Op. ... «ον νννενενον (VIL) 
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Confining the attention to points in the neighbourhood of the 
extremity of p, equation (VII) is of the same form as (1.), and 
the results of the present article apply if we regard the function 
¢ already employed as having the meaning assigned to the same 
symbol in (vitl.), and if we suppose that the vectors p throughout 
the article are small and equivalent to the vectors dp of (vII1.). 
(See Art. 124, p. 211.) 


Ex. 1. Interpret Hamilton’s focal and cyclic transformations of a self- 
conjugate function, 
pp=aaVap+bPSBp=gp+rASpp+ μϑλρ, 
where ᾧρ represents the displacement due to a small pure strain. 
[The terms may be taken separately. aaVap representsa shrinkage or an 


expansion to or from one line (a); 6858p represents an elongation parallel 
to another. See Minchin, Treatise on Staties, Art. 379. | ΕἾ 


CHAPTER XIV. 
DYNAMICS OF A PARTICLE. 


Art. 114, The rate of change of the momentum of a particle 
is equal to the applied force, or 


d 
-- ιν civcccccnshessteceteracees I. 


where m is the mass; ῥ the velocity, mp the momentum and ἢ 

the applied force. 
The moment of momentum of the particle about any point A is 
V(p—a)Mp=MV (paps «.ννννννννννννννον (11.) 


and if A is a fixed point the rate of change of moment of 
momentum is equal to the moment of the applied force, for 


d iv | : 
qe (p—a)p=MV(p—a)p=V(p-aE, ««νὐνλένννν (111.) 
since Vép=0. If the point A is in motion with velocity a, the 
rate of change of moment of momentum is 
mV (p—a)p—mVap=V(p—a)E—MVGp, «.......: (1V.) 


and in this case it depends on the velocity of the point A and on 
that of the particle P, unless indeed the motion of A is constantly 
parallel to that of P. 


Since ὡς . Δ Τὴ Ξε at mSpp= —Spé= — Ξ | ΕΟ, τοις γκφοι (ν. 
the energy equation is 
smTp?+ [Sap =const ELS, sexecuesisvncesexs (V1.) 


and for a conservative system of forces (Art. 56 (VIt.), p. 74), 


|Sélp=P, ἜΣ (τ 
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Ex. 1. If the applied force is parallel to a fixed plane SAp=0, deduce 
the integral SAp=at+b; and if it is parallel to a fixed line (j), show that 
Vyp=at+B where a, b, a and β are constants of integration. 

Ex. 2. If the force is directed to a fixed centre —the origin of vectors p— 
show that 

mV pp= (=a constant vector. 

Ex. 3. lf 7’ is the Spe ie and V the normal component of the force 
and + the velocity in any orbit, prove that if C is the curvature of the orbit, 
δ: Δ, ὅ-- 7. 

[Letting accents denote deriveds of p with respect to the are, we have 
p=p'v, j=p'v'+p% since ve=s. Also Tp"=C and =p'T+Up"N. See 
Art. 117.] 

Art. 115. The equation of motion of a particle of unit mass 
attracted to any number of fixed centres with forces varying as 
the distance is | 

p πὰ La, (a, | p) = Loa, ἘΞ pry, παν ere eer eee (1.) 


the attraction to any centre being proportional to the distance 
T(a,—p) and acting along U(a,—p) towards the centre. The 
scalars (4, Ὁ, ete., define the ratio of the magnitude of the 
attraction of the centres to the distance, and they are positive 
for attractive and negative for repulsive forces. 


If a is the vector to the mean centre of the centres for the 
multiples a, @,... αν, and if wis the sum of the multiples, the 


equation takes the form 
pHa(a—p), (ἀ τε ζω), da=Taa,); «..{νννννννονον (TL) 
and the particle moves as if attracted to the mean centre. 
The more general equation 
PHRIOP A Op sO, oes cinisccsnnnssadcnseaes (111) 
where 6 and ¢ are scalar constants, is that of the motion of a 
particle acted on by a force (—cp) due to a centré at the origin 
attracting or repelling (¢>0 or <0) proportionally to the 
distance, and also acted on by a foree (—2b,) proportional to the 
velocity and accelerating or retarding according as b<0 or >0. 
To integrate this equation, we assume 
p=yie' + ye + ete. oVeesseenwes bebeesue -(1V.) 
where y, Ys ete., are constant vectors and 11), 7%, ete., constant 
scalars, and we express that the result of substituting for p in 
(i11.) is identically satisfied for all values of ἡ, Equating to zero 
the coefficients of e”", etc., after substitution, we find 
y(n 2b + C)SO0 2... ksiecescccveres (v.) 


where y and Ἢ stand for any one of the vectors y, and the 
corresponding scalar 7,. These conditions require all but two 
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of the vectors to vanish. The remaining two y, and y, are 
indeterminate, and the corresponding values of πὶ are the roots of 
the coefficient of y in (V.) and are 

n= —b+p, n2=—b—p, if pP=b—e; | 

n= —b+r/—-19q, ng= -οῦ τοῖν —1q, if @=c—b*; ...(VL) 
and the corresponding solution of the equation is 

ρτΞε "(γι + ye") or p=e~"(d, cos gt+ ὃς sin gt), ...(VIL) 
the vectors γι and y, (or 6, and δ.) being arbitrary constants of 
integration, 


In the more general case, to solve the equation 


BA hy Ppt hep=O, ......ccecceseeeceeceeceeceesenes {ν111.} 


where ¢, and are two constant linear vector functions, and which 
represents a damped motion of a particle such as might be supposed to take 
place in a crystalline medium, an assumption of the form (Iv.) gives 


ny + ayy + Poy =O, «..ννννως siscinerevommeuauvipe ΕΣ (1X.) 


so that the function ¢,+2¢,+" has a zero root and y is the corresponding 
axis, The third invariant of the function must vanish if it has a zero root, 
and the appropriate values of the scalars # are the roots of the equation 


S (do + nd, +2*) A( hot neh Ἐπ 1 (het Ry + 27) V HO, ceeeeeeeeee (x.) 


where A, μ and ν are any vectors. Solving this equation we determine six 
linear functions with zero latent roots, and the corresponding axes (y,, ys, etc.), 
being determined, the solution is 

p=2,*y,e", oeebe PTeTTL iT y 1 ΠΡ ἘΠ᾿ ὙΥΥΤΊΝΕΝ Ate 
the arbitrary constants being the tensors of the vectors y. 


Ex. 1. Show how to determine the constants of integration. 

[We may have given the initial position and the initial velocity—six 
constants. For example the solution of (11.) is p=a+y, cos Ni at+y, sin Vat, 
and if p=8 and p=y when t=0, we have y,=—B-«, yWa=y.] 


Art. 116. For a foree directed to a fixed centre, the origin of 


vectors Ps p= E, Ugé= +Up, ἘΞ ΕΝ ΠΕ ΡΤ ΤΥ Ρ (1.) 
and (Art. 114 (11.)) we deduce at once the integral of moment 
of momentum ee ΤΡ (11.) 


where the constant 8 is double the vector area swept out by the 
radius vector in unit time. Conversely if the vector moment of 
momentum with respect to any fixed point is constant, that point 
is a centre to which the force acting on the particle is directed, 
for 8=0=Vpji or fi\\€\|p. The orbit of the particle lies in the 
plane SEOs ps vuscsancintionersnessomeneas (I11.) 
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In general the vector 8 admits of transformations such as the 
following (compare Art. 85 (I1.), p. 132): 


: ἵ dUp 1 | me 
B=Tp?. Vea Ty ; τὰ . a “Ῥ' wo=T p* . Us  W, nash bWa) 
where ὦ is the angular velocity of the radius vector, and where w 
(for a plane orbit) is the angle the radius vector makes with some 
prime vector or more generally where w is the scalar angular 
velocity. We may also write 


BUp dU U Ὁ | 
Toe = a or T2783 a, > ae eeeecenereorens (V.) 
so that for a central force 
jp=-mP Gt E= —MUpTp-. .........00000 (V1.) 


In particular when the law of force is that of the inverse 
square, the scalar m is constant, and (VL) integrates at once 
and gives | 

p=—mB"Up+y where SBy=0 by (IL), .......(VIL) 


y being a vector constant of integration. This shows that the 
hodograph of the motion is a cirele whose centre is the extremity 
of the vector y and whose radius is mTB-+. 

Moreover, substituting for , in (11), we find the equation of 


the orbit, | ; 
=—mB-'Tp+ ὙΡΥῚ sisekavinetessoass (VIT.) 
which is equivalent to the two equations 


mT p=TB?—SByp, of | here 6 5 oy 

and which represents a conic referred to a focus as origin. If w 

is the angle the radius makes with the vector y8 we may 
replace (1Χ.} by 

Tp(l+ecosw)=p where e=m-'TyB, p=m-"TB?, ...(x.) 


and ¢ is the excentricity and p the semi-latus-rectum. 
Taking the tensor of (VIL), utilizing (1x.) and observing that 
by (x.) Ty? =me*p-}, we obtain the energy equation 
2m Ὧι 
CP ie ost n eee sede nedoannatnnds ΧΙ. 
ἄμ Fae (58) 
where «=p(1—e*)~' is the mean distance. 
on when we resolve the velocity along and perpendicular 
Pp; 
p=p"'Sppt+p"Vpp=Upr+p"8 if r=Tp; .....(Xm) 
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whence on substitution in (X1.) we find 


2.» 1 
2 -ΞΞ ΠΕΡ. τ΄ .«-͵΄-  "-“- . 
a τ 5), fos walenw awebeanrata (XIIL) 


which gives on integration the radius vector in terms of the 
time. 


Ex. 1. Deduce the usual # and @ equations for a central orbit by 
29 
expressing p in the form γί τὴ, 


"Ὁ 
[Here p=(*+rOb ki, B=Pbk=hk, θ πε ον, t+=r'O=—hu’ where accents 
denote differentiation with respect to θ᾽ and where ἡ τε, Thus 


| 30 28 
p= -- ἀ{' —ubbkei, p= —le (el +uyk i] 


Ex. 2. If a, 8 and y are three unit vectors, a along the radius vector, 
y perpendicular to the plane of the instantaneous orbit and B=ya; if ὃ is 
the rate of description of angles by the radius vector in the orbit and if ὦ 
is the rate at which the plane of the orbit turns round the radius vector, 
prove that the equation of motion is 


a(7*— re") + Βί ΞΡ δ. 12) + γγάδε ξ, 
[Here “=v oy, Lov. fim at so that a=S¢, ὅ----βὰ and 


β-- γὰ -- αὖ. Compare Art. 86, By the instantaneous orbit is meant the orbit 
which a planet would describe round the sun if the disturbing forces were 
suddenly removed. The equation exhibits the effect of the components of 
the force along and perpendicular to the radius vector and perpendicular to 
the plane of the orbit. | 


Ex. 3. Express the equation of motion in a perturbed orbit in terms of 
the reciprocal of the radius vector (w), the rate of description of areas (/) 
and the rate (α at which the orbit turns round the radius vector per unit 
description of angle in the orbit ; and show that it is 

a hs ee iar sh. ΔῈ 
(w +t)a+>-a— h B-ua'y= -ἫςπΣ 


ἐπ have to express everything in terms of A=TVpp=r*é, of τὸ and of a 
and their differentials with respect to the angle ὁ, Writing thus 


p=aw! we have ῥεελμβ, : ~ (au!) = hu? (Bu-! — au’u-*), .ete.] 
he 


Ex. 4, Express the equation of motion of a particle in the form 


τες 
{3 μ3 


where w is the reciprocal of the projection of the radius vector on a fixed 
plane, a is a unit vector along this projection, y is the unit normal to the 
plane, 8 τὸ br H is the rate of description of the projection of areas, s is the 
tangent of the angle between the radius vector and the projection, and 
the independent variable is the angle in the fixed plane. 

Here p=(a+ey)ju', αἰα Ξε, y'=0, β'τπΞ τα, Hu*=é if ¢ is the angle in 
the ‘tig 6 ue cation to! which the above is equivalent have’ esti 
much used in the lunar theory. | 


» BS i ee on , 
a(t" +2) + au 4g — Buse— y Cus" — su”) -- γ ue -- αὐ )τ — 
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Ex. 5. Prove that the vector curvatures of an orbit and its hodograph 


are 
dUdp_,é1 dUdp .é 1 
--.- - τ ἢ =V-; . πε 
ὄρ ἂρ, ΕΠ TP 
and that for a central orbit they reduce to 


dUdp_ BTé dUdp_ 8B 
dp  TpTp” dp ΤΡ 
where B= V pp. 
_ (a) Hence the law of. nature is the only law for which the hodograph is a 
circle for all initial conditions, 


Art. 117. The equation of motion of a particle constrained 
to move along a curve or on a surface is 


ἐς το ΜΕΝ ΠΡ ΕΕῚ ΤῊ she wttesr ease (1.) 
where ν is the reaction arising from the constraint. If there is no 
friction, the reaction is at right angles to the direction of motion 
or the vector y lies in the normal plane of the constraining curve 
or is the normal to the constraining surface. The condition 

oe ἀροῦν REEL ee 
which is then satisfied, allows us to retain the equations (v.) 
and (v1) of Art. 114. 

In terms of the deriveds with respect to the are s of the orbit 


which we now denote by ρ΄, p”, ete., we have (compare Art. 85, 
Ex. 1, p. 133), 


p=pr, p=p vl + pe, Ὁ) ΞΞ ἃ, ὕτευυ, τὰν δὲν cave (Π1.) 
or in the notation of Art. 86, p. 134, 
P=av, βεβοιυδ αὖ ...rceccrrcceess ite) 


where v is the velocity ; and the equation of motion is 
pv + pv=E-+»y. eeececevcrnsereececerecesse( Ve) 


In the ease of a constraining curve, the motion must be deter- 
mined from the energy equation which is alone available for 
this purpose. For a surface we have, on elimination of the 
unknown tensor of y, | 

WK Be Pp ΟΠ π τ (VI.) 


and in this equation ν is proportional to a known function of p 
—the result of operating by V on the scalar equation of the 
constraining surface. (Art. 54, p. 69.) 

If on the other hand we fe the reaction arising from the 
curve or surface, we have by (11) 


= μ΄ IV p'y pv -- ρ΄ γρξεξ — 2p" | Sep = ρ΄ V og, 5... (VIL) 


the energy equation being employed in the last transformation. 
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; For a rough constraint, the equation of motion may be written in the 
‘orm 
p=p'e+p've’ =E+v-np'Ty, Sp'v=0, .«........ yaosenst VEL? 
where ἢ is the coefficient of friction. 
Resolving along and at right angles to p’ this equation gives 


ve’ +Sp'E=-—nTv, v=p"v*- ΣΙ ssstssscteccartvass (1X.) 
whence on elimination of Tv, 
pv? — pV p'§= —Uv. nvr +8 p'§) ΞΟ. 06 ννννννννννον ARs) 


or again in terms of the vectors and ji, we have 


NV pp — E)= U (pv) . Βῤ(ἢ -- ξ)ν «ὐνννννννν μνννμενννννν, [ππ} 
because Sp(f—§)=nT (pv) and UVp(j—§=U(pv). Equation (x.) or (xt) 
may be employed for a constraining surface. In the case of a curve we 
must take the tensor of each side to eliminate the unknown Uv. We may 
remark that it follows from (1x.) that if the curve is a geodesic on the 
constraining surface V . vp’-'Vp'€=0 or 

SFOs csniseisctisecescévences γα κα κυ όννν (χα) 


because (Art. 90) for a geodesic p” || v. In other words, when the direction 
of the applied force is coplanar with the normal to the surface and the 
tangent to the orbit, the curve is a geodesic on the surface, and in particular 
this is the case when there is no applied force. 
lf the constraining curve or surface is in motion so that, Art. 104, 
p. 168, the vector p to the asl from a fixed point is connected with 
the vector a to the particle from a point moving with the constraint by the 
equation 
PETE QD, secccessecceseess ἐδωυτεὶ ψεανενα σοι (x111.) 


in which 7 and g are supposed to be given functions of ¢, the equation of 
motion takes the form (compare Art. 105, p. 171) 


F+q(O+2Vis+ Vit ViViGT) GTI SEAM, ννννννννννννν(χιν.) 


and for a smooth constraint, 
Βρῖσῳ ἵν τεῦ, Βὰ ὦ ἃ α ἃ αὶ ἃ ἃ αὶ ἃ ἃ αὶ αὶ ἃ 88 αὶ αὶ δευ κ κυυυ νων ον ene 


g@q~ being the velocity with which the particle moves along the curve or 
surtace of the constraint. 


Ex. 1. A particle moves under gravity on a surface of revolution having 
its axis vertical. 

If & is the unit vector directed vertically downwards, the equation of 
motion is V(s-—gk)v=0. Since the surface is of revolution, the vectors ν, 
k and p are coplanar, or Spkv=0, so that Vkp|| Vév || Vvp. Operating on 
the equation of motion by Sé or Sp we find the integrable relation Stpp=0, 
so that Skpp=—A where / is the constant rate of description of area by 
the projection of p on the horizontal plane. We have also Syp=0 and 
Skp=—2 if we write Stp=—<. From these three equations pSVipViv 
= —/Viv—iVvVikp; and if the equation of the surface is given in the form 
Tp=/(2)=) (Pe 3 we may put v=Up—Af'(z) and Vip=Vékvf(z). Hence 
ΕΙΣ =f?—#v2[Tp?; and by Art. 114 (ν1.} on expressing everything in 
terms of z we obtain the equation 


δ, —20ff +P) =AEtg)P-#)-l. 
If the surface is spherical f(z) is constant and equal to the radius of the 
sphere, so that 7” is zero. 
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Again if w is the angle the plane of p and / makes with some initial plane, 
h=wTVip*?=w(f?—=) 


= dw , 
a qe (Pt -#)=h, 


from which w can be found in terms of ς b evi ἴοι 
Ε v the previous equation. 
δὲ If, on the other hand, the equation of the surface is τοῦτοι in the form 
ἈΞ Tp), it may be more convenient to obtain an equation in 7(=Tp) 
= ; y using erie) instead of Sij+-z¢=0; and if the equation is of 
e form Stp=f(LVkp)=f(p) we may use SVipVip+pp=0.] 
Ex. 2. A particle slides under gravity within a fi Ι hi 
reweivis coed neared oe ae gravity within a fine smooth tube which 
[The origin being taken on the axis, the vector to the particle is p=gtq7! 


(compare p. 168), and if # is the angl ‘3 a 
οὐ ΘῊΡ Macs nolan cota aa angle through which the tube has been 


P=QUBtrravi@)q, pHq(B+WVie+akVia+ ἐν τὴ ; 
while the equation of motion is j=gh+yv where Sygtq"'=0. Beea 
axis of g is parallel to 4, we find on siiatenten of the festtion ν, πὸ 
SO (ὁ εὐβεν τ +i Vie) =gSk ; 


and in this equation ἡ and i are given functions of ¢ wh i 
rae ua 4 | hen the law of rotati 
mich n, ‘nas pect areas ecg of a parameter variable with the εἶμ 
6 form of the tube is known. If the veloci ion | ‘form 
idea scianiion τρέφει απ: velocity of rotation is uniform, 


4(a? + 07Vi*) =gSko +40. 
If for example the curve is a helix with its axi i 
or examp } xis vertical so that 
=a(i -_ μ-} τὺ + ey ee t= —(a°+6*)i*, and Vio?= ~ a’, ar 
he equation is #*(a°+b*)+7%a®=29lu—C; and if tl ‘ve i rtica 
circle, G=a(icosu+ksinv) we ΜΕΝ ᾿ ἀνὰ νυ 
wa? +770? cos* u=2ga sin u—C.] 
Ex. 3. <A particle under gravity traverses wit i i 
ses with uniform velocity 
smooth curve which rotates uniformly round a vertical axis. Prove chat 
the curve lies on a agency of revolution. | | 
(The equation of the surface on which the curve must lie is 


WT V {πα + 2gSka =const.] 
Ex. 4. Two particles of masses m and m’, connected by an inextensi 
string which remains stretched throughout the motion, ἡ Rersth acy 


the extremities of the vectors a and a’ with the velociti 
: Ἵ ocities αὶ a Me 
that the vector to the particle m during the motion is p where wi LB 


p(m +m’) =m (a+ Bt)+ m'(a’ + B't) 
+m'T(a—a’). (U(a—a’) cos at+U(B- B')sin nt), 
the scalar x being defined by 
nT (a—a')=T(B—- Pf’). 


Ex. 5. Ifa particle can be made by suitable initial conditi 
Β ἔ | 
a given curve under the action of a force &, show that eee ee 


f bey - 2p" [Sédp ce pV pé = 0, 
p and p" being the first and second deriveds with respect to the are and a 
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suitable constant being included in the integral which is taken along the 
curve. 

(2) Hence deduce M. Bonnet’s theorem. 

[We have m(p"v*+ p'vv)=€ which gives muy’ = -- Sép’ and mv*= -- 2(Sédp, 
etc. Conversely if the condition is satisfied it follows that a particle will for 
suitable initial conditions describe the curve. If &,, &, etc., are forces under 
which, acting separately, a particle can describe the curve, and if for greater 


clearness we replace JSE..dp by C+ [8E,dp (the new integral being taken ~ 
o 


from any selected point on the curve), we have 
D{2p"(C,,+ [5ξ.ἀρ)-- ΣρΎρ ξ,} = 2p"(SCn+ |S ΟΣξ,. dp—p'V pZEx) ; 
ὃ 

or a particle will describe the curve freely under the action of the resultant 
of the forces provided its mass m and the velocity v satisfy που πα σὴν, ἢ 
initially. ] 

Ex. 6. Show that the condition of the last example is equivalent to the 
conditions sis oe 

Sp'p"é=0, ae £+25p'€=0, 


which assert that the force must be in the osculating plane of the curve, and 
that the rate of change (as we pass along the curve) of the product of the 
radius of curvature into the normal component of the force is equal to double 
the tangential component. 


Ant. 118. Tait has applied the calculus of variations in the 
following manner in the determination of the curves of quickest 
descent, or the brachistochrones, for a conservative system of 
forces. (Quaternions, Arts. 518 and 523.) 


If the integral A =|Q.Tap={@. Ed cassesnteauneenecetar ...«(. 


is taken along a curve, Q being a given scalar function of p, the 
variation of the integral corresponding to a variation of the 
curve is 


tA =|8Q.Tap+ [ὁ. δταρ-- --[5ϑρν. 9. Τὰρ -[οϑυὰρ -édp. 

The symbols d and ὃ are commutative in order of operation, 
so that on integrating by parts 

[as Udp. ddp=|QSUdp..dép=[QSUap. δρ]-- [Sépq(QUap) 


where the term in square brackets corresponds to the variation 
of the limits of the integral, Thus 


8A = —[QSUdp. ép]-+|Sép{d(QUdp)—VQ. Tap}. ....(1L) 
lf the integral is stationary, the variation vanishes and the 


term under the sign of integration in (U.) must be zero for all 
vectors dp. And since dp may have any direction when the 
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curve is not restricted in any manner except at the limits, we 
must have , 


d(QUdp)—VQ.Tdp=0, or © (Qp')-VQ=0 eves 1} 


If on the other hand the eurve is constrained to lie on a 
surface so that Sydjo=0 where ν is normal to the surface, the 


condition is 
Wo( 5 (Qo)—VQ) =O. ssseccccsssesersee (v.) 


_ For the brachistochrone the integral A is the time of deserip- 
tion of the curve or | 


A =t=|o-. ds, Q=Tp"=(28-2P)* ...........(v.) 


by Art. 114 (v1), so that VQ=VP. O@=VP.Ts-*% The first 
equation (I1.) now becomes 
d(Tp-!. Udp)—VP.Tp-?.dt=0 or d.p?+VP.Ts-*dt=0, 
or finally Be Ee OO cadre ieesktecssoe ones {01} 
‘Tait remarks “Tt is very instructive to compare this equation 
with that of the free path (s+VP=0); noting how the force 
— VP is, as it were, reflected on the tangent of the path.” 


Ex. Determine the brachistochrone when gravity is the only force. 
_ [Here VP=—x, a constant vector, and the equation dp-— KTp"dt=0 
μον that ie a = κ (ἢ bhp a = a a vector which may without 
loss of generality be supp to be perpendicular to κι Substitution gi 
d7—(Ta*+Tx*/*)d¢=0, and the solution of this is Sie 
f=T.«atan Tax(t-—%)=T. «a tan n(t— zt) 
where x=T. ax. Thus 
p= —Ta(Ua+ Ux tan a(t—%t)) 
and p=Ta-'. cos?n(¢ —t)(Ua+ Ux tan v(t —4,)), 
and on integration 
p=B—jn" Ta“ [Ual 2n(t—t)+sin 2n(t— éo)} — Ux cos 2n(t—%)] 
which represents a cycloid. (Tait’s Quaternions, Art. 524.)] 


7.0. Ν 


CHAPTER XV. 
DYNAMICS. 


Art. 119. Let m,, mg, etc., be the masses of particles of any 
dynamical system which are situated at the extremities of the 
vectors p,, ps, etc., drawn from a fixed origin. By Newton's 
second law the equation of motion of the particle m, is 

My fy = ἃ + Epo t Lig Tete, «00. ννννονννενννε νει (1.) 
where ὦ is the force external to the system which acts on m, 
and where €,, is the force due to the interaction of m, on Ὧν}, ete. 
By Newton's third law action and reaction are equal and 
opposite, or 
Brot, =0, δ ἘΝ αι =9, ...0-2ceecreeees (11.) 
these being the conditions that €, and ὥς, should equilibrate. 
Hence by adding equations such as (1.) for all the particles, and 
by adding the results of operating on these equations by Vp,, 
ps, ete., we obtain the equations 
απ; DM VePe ly pbs tcc: (Π1.)} 
which are independent of the interactions of the particles. 

Attending to (11) the rate of change of kinetic energy of the 

system of particles is evidently 


d ὙΠ" ᾿ . +7. 
di ὃ $=m,T = — mM, 5p,p; = —256,€, —25 (4, — fio) Exe ' AEV:) 


and because (Π.} implies &, |! p,— 6: we see that this is inde- 
pendent of the interactions provided the relative velocity of 
every pair of particles is at right angles to the line joining 
them—or in other words, provided the distance between every 
pair of particles remains unchanged. 

Writing 

M= Xm, Mp=Xmp,, E=XE, 1=ZVp,E,, O=Zm,Vp,f,,(V-) 
so that M is the total mass of the system, p the vector to the 
centre of mass, £ the resultant external force, » the resultant 
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moment of the external forces with respect to the origin as base 
point and @ the resultant moment of momentum with respect to 
the origin, the equations (111.) become 
MOB SE Bite sins sccnnesynvecavaxcasenel (VI.) 

When the external forces are zero, ὃ and » vanish and the 
integrals of (VI.) are 

Mp=at+ 8, PSMA bc wececctedesncuseans VIL.) 
where a, B and y are constant vectors; and when the internal 
forces are given functions of the distances between the particles, 
we have also in this case the integral of energy 
y=, Tp,’ = Xf. T(p, — pz) where ὅν. Ξε U(p,—p,)f’. T(p, — po). (VIL) 


Art. 120. With reference to a point moving in any arbitrary 
manner, the extremity of the vector ε, the moment of momentum is 


0. = 2m, V (p,—€)(p, -—€-)=O—MV (pet εὐ --- Cb) 5.22000. (I.) 
and (V1.), Art. 119, may be replaced by 
Mp=€, 6.=. —MV(p—e)é,.... ἐν ἘΣ (II.) 


where 9.=— ee is the resultant moment of the forces about the 
extremity of «. In particular when e¢ terminates at the centre of 
mass, the equations are 

ΘΕ (GW iassrvsccnnardececvendi .( TIT.) 


Where 6, and y refer to the centre of mass. These equations are 
of the same form as those of the last article. We may note that 
in general | 
Oy =O — MV p6=0,— MV papier o..c0eeceeeveceeeTV,) 
where p,=p—e. 
Ex. 1. Find the locus of points fixed in space about which at any instant 
τς page of momentum is a minimum. 
| the extremity of ε terminates at a fixed point 6.=@— MV. d 
locus of ay for which T@ has a given value is the right minal oieder 
(6-MVep)=Th. Writing 6=M(pp+ Vep) we have 
T62=M*p*T pp? + PTV (€ — ) p*. 
The locus is the line /Vep=VOp. p-'. Compare Art. 99, p. 156.] 
ἘΣ, 2. A point moves in such a manner that the moment of momentum 
with respect to it is constant. Determine the particulars of the motion. 
lf θὲ is constant, the relation (1v.) MVppe= —0+6.+MV pp gives, on 
differentiating twice and utilizing the equations of motion (Art. 119 (v1.)), 
HV peie=—+V p&, MV (pejic + peje) = — i) + V PE + V pb 
because θὲ is constant. Forming the vectors of the products of right and of 
ἐπε pe —e ᾿ς ee first has second of ise three relations; wad 
forming the scalar of the pi t of 1 | | } 
three relations, we obtain the eqeation arene Sean ae 
pe=p—e= +V(8-Ge—MV pp)(— Vp) | 
x {MS(0— θε-- MV pp)(n — Vp) — VpE- Vb) 4, 
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so that ε is expressed in terms of quantities which are known when the 
motion of the system is given. There are thus two paths corresponding to 
the a sign symmetrically placed with respect to the path of the centre 
of mass, 


Ex. 3. Refer the equations of motion to variable axes. 
[See Art. 105 and the formulae of differentiation (v1.) and (x1.), p. 170.] 


Art. 121. In the case of a rigid body, let e be the vector to 


any point fixed in it and let be the angular velocity. Then by 
Art. 105, p. 170, herniated : 
pime=m νω(ρι “- ἐδ, sccccccsssccessceuss ....(10 


because the velocity of the point in the body at the extremity of 
p; relatively to that at the extremity of ε is due to the angular 
velocity ὦ. Equation (1.) of the last article may now be replaced 


by 9, = Tm, Vp, —€) Veo py —€) = Ge, «ον νννννννννον (I1.) 


so that @, is a linear function of w. The linear function ¢, is 
fixed relatively to the body because the vectors p,—e, etc., are 
fixed in the body, but in considering the rate of change of ¢,w 
we must take account of the change of orientation of the body as 
well as of the change of w. We have (Art. 105 (1x.)), 


᾿ φεω Ξξ ca fo) + Vod.w= dat Vag} ....ἁ(ννννννι (Π1.) 
and equations {(11.} of the last article become 
Mp=E& $+ Vodpw=y.—MV(p—ejé; ......0 (IVv.) 
and when e terminates at the centre of mass (Art. 120 (111,)), 
Mp= é, cw + γωφω = no, See ere ere Pere. (v.) 


if (Art. 120 (1v.)) φω =pw—MV(p—¢)Vo(p—e) refers to the 
centre of mass. 
If the body has a fixed point, the extremity of e, (1v.) reduces to 
Gat VORA Ae xnesseaseossonevennesess (1) 
In general the vector ¢.w is the moment of momentum of the 
body with reference to the fixed point which instantaneously 
coincides with the extremity of the vector e, and the moment of 
inertia round any line (Uw) through that point is 
ϑω ἰφεωτε DM, TV . Uw. (p,—e)®, i.eceeceseess VIL.) 
and this is numerically equal to the reciprocal of the square of 
the parallel radius of the quadric 
SOP — 1. ceccccccsssceeeseseeees (VIL) 


The function ¢, may be called the inertia function corre- 
sponding to the extremity of ε. 
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The principal axes of the body through the point are the axes 
of the self-conjugate function ¢,, and the moment of inertia 
round a reese axis iS Maximum, or minimum, or at least 
stationary in value. If the extremity of ¢ is fixed in s as 
well as in the body, so that the body moves about a fixed point, 
it appears from (VI.) that when the body is set — under 
no forces about one of these principal axes, it will rotate 
permanently round it. For we have Veoto = 0 if w is Along a 
principal axis, and ¢=0 by (v1); hence @=0 since the function 
has not in general a zero root. 

The energy equation (Art. 119 (1Vv.)) easily reduces in terms 
of é and ὦ to 


Jj (EMTE -- MSeVen(p—e)—ISoxpun} = —Seg—Sone (1X. 


where »,.=ZV(p,—e)¢,; and when e terminates at the centre of 


Mass d 
pele — ἐϑωφω)ε —Spé- Seong vera ees (X.) 
_ Ex. 1. Prove the relation (11.) by direct differentiation of the explicit 
form chew = Ym, V (p, — €) ωίρι -- ε). 
[We have Ὲ ΟὟ (ρι-- ΕΥ̓ ωίρι -- ε) 


=V . Ven(p, -- €) ωίρι — €) + V . (p, —€) Ven(p, -- €) + V .(p, -- ΤΩ ὡζρι -- ε) 
by (1). The first term on the right vanishes. The third is 
γῳίρι —€)5a(p,—¢) or V.wV(p,—€) Vew(p, —©).] 
Ex. 2. If 7 is a principal moment of inertia at the extremity of the 
vector ¢, or in other words a latent root of ¢,, show that 
15-ϑι I? +(n™ +2’) Il —(n'n' —n)=0, 
where 2”, π΄ and πὶ are three positive scalars, namely, 
n" = —Zm,(p,—€)* 5 n= — VmynigV (p, —€)(p.— ©)” 
n= Tym in, 3(p, — €)(py— €)(py—€)*. 


[See Llements, Art. 417, and observe that 6.0 =n"w + Sm,(p, —OS8w(p, —©). 
Compare Art. 65, Ex. 1, p. 92.] ' ated die 


Ex. 3. The function 45 corresponding to the extremity of the vector ΤΣ 
drawn from the centre of mass is 
haw = hwo +M VV wo, 
where ᾧ corresponds to the centre of mass; the principal axes at the 
extremity of @ are the normals to the three confocals, 
Βα ΔΜ) π|ῷ — εὖ w= —-1, 
which pass through that point ; and the locus of points at which one of the 
moments of inertia is equal to / is the quartic surface 
Sa (Mh) + Tas? —- MY)" = - 1. 
[if pir 206 sy ΒΟΥ δα, we have (+ MTa*-/J)a+MoSaa=0, 
ete, and w= Ἵ{Π}} - Τα, Compare Art. 101 (xx.) and (xx), p. 162.] 
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Ex. 4. A body under no applied forces moves about a fixed point. 
The equation of motion birt Vudu =0, furnishes the integrals 

pw=6, Swpo= —/? 
where θ᾽ and ἡ are constants of integration. Interpret this result, 

(a) The — Ξωφω = — ἀξ may be regarded as representing an ellipsoid 
fixed in the body which rolls upon a plane fixed in space, and represented b 
the equation ϑωθ Ξε -- ἀξ, the point of contact being the extremity of the. 
vector w, 

(δὴ) The equation Sedu —/*hdw*=0 represents a cone fixed in the body, 
which is the y locus of the instantaneous axis of rotation ; and because 
the rate of change of w is the same with respect to the body as with respect 
to lines of reference fixed in space (Art. 105 (x.)) it follows that this cone 
rolls on the space locus of the instantaneous axis. 

(c) The extremity of the vector w describes in the body part of the curve 
of intersection of two quadrics fixed in the body (the polhode) βωφω Ξε -- ἀξ 
and Sad*e=6, and the locus of the same point in space is a plane curve 
(the herpolhode). 

(αν The vector @, though fixed in space, describes in the body the cone 
φἰϑθφ 8 —/2 =0 where g=T@ is the constant tensor of 6, and the extremity 
of @ traces out Οὗ the sphero-conic in which this cone cuts the reciprocal 
quadric Sé¢-" d= — ΛΞ, 

(e) The reciprocal quadric, fixed in the body, passes through a fixed point 
in space, and the central perpendicular on the tangent plane at this point 
varies inversely as the angular velocity. 

(7) The relations 

Saw (i+ Vaw)=0, ῴφώ(ωῳ -- Vaw)=0, 
in which ὦ is the rate of change of ὦ with respect to the body, may be 
obtained by differentiating the equation of motion. Hence 

dw . (Swwis + Vow") = -- ὟΝ ὠ(ὼ + Vow) 
and chy (Sota + Vow") = Αἰ ων ὡ(ὼ + Ven) ; 
and the vectors ὦ, ὦ and satisfy a condition 

5 ω(ῶ — Vow) Vio(i + Vaw)=0, 

which is independent of the constants of the body. The corresponding 
relation SVe(p2Z0 —2V wn.) Vo,0n20=0 
connects ὦ and its first and second deriveds pw and p/w with respect to 
fixed axes. 

(g) Knowing ὦ αὖ any instant and its first and second deriveds with 
reference either to axes fixed in the body or in space, the function is 
determinate to a factor. — 


Ex. 5. The angular velocity of a body moving under no forces about a 
fixed point is expressible in terms of elliptic functions by the relation 


o=(b,+x)%a where é=,/(43-Ir—J) and da+Vada=0, 


a being a constant imaginary vector, @, being a linear function coaxial with ᾧ 
and having for its latent cubic 403 -- 70. -- εἴ - 0, 
[Compare Art. 84, p. 124. Here the assumed expression for ὦ gives 


(gd, +r) 4a + V (a, «οαὐβαφίφ, + “δα --ῦ 
ὦ $2(h,+ wy he +(d, +2) *Vadal m,(«)=0, 
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where m,(x) is the third invariant of ¢,+*. We may obviously take the 
first invariant of , to be zero without loss of generality, so that the latent 
cubic of the specified type, and the differential equation for « is reduced to 
Weierstrass’s standard form. 

The function @, is of the form 5 bay ed, Saad where y and Ψ are the 
auxiliary functions for ᾧ, and when the first invariant is taken to be zero, 
3a+2bm"+em'=0. The scalars ὁ and ὁ are arbitrary constants of mg. A 
tion. Assuming a=wi+vj+wk where 7, j, & are the axes of ᾧ, we see that 
Au=(B-—C)ew, Bu=(C— A)wu, Cu=(A— B)uv, A, Band C being the latent 
roots of ¢@—the principal moments of inertia. Thus 


n Be ; CA | AB 
a=ia/ (C—Ay(A-B)? Na —B)(B-C) thay C\(O— AY 
and the latent roots of , are }b(B+C—24A)—4c(CA+AB—- 2B), ete. 
Moreover since by definition of a, we have Sada=0, Sad?a=0 and also 
a*=-+1 as may be easily shown, we find Swdjw=—Sad(d, +.c)a=—cA BC and 
(pw)? =Sad(h,+07)a=—bABC, or in the notation of the last example, 
cABC=—/# and bABC=¢q*.] 


Ex. 6. Resolve the vector of angular momentum ow, along and at right 
no to w, and investigate the relation of the components to the quadric 
Saoa= —1. 

[Compare Art. 111, p. 181.] 


Ex. 7. The motion of a freely moving body is known, and it is required 
to determine as far as possible its dynamical constants. 

[The mass cannot be determined, but if we know the particulars of the 
motion of three points, the extremities of ¢,, εὦ and ἐν we can find ὦ from the 
two equations €, — é= Vw(€, — €), €, -- é,= Veaole, — €;). 

In the next place, to find p, the vector to the centre of mass, we have 

ἐγξεῤ τ Vole, —p), and =p+ Vile, —p)+ VoVu(«, —p), 
and because j=0 the second of these relations gives p on solution of a linear 
equation. Τὸ find the function ᾧ corresponding to the centre of mass, we 
differentiate ὦ twice and use the results of Ex. 4, (ἢ) and (q).] 


Ex. 8. Given four particles whose united mass is that of a given rigid 
body, it is required to connect the particles by a light frame-work, so that 
the dynamical constants of the system may be identical with those of the 
body. 

(if pA4=—Lm,p,Sp,A where A is an arbitrary vector, and where the 
vectors p,, θύοι, are drawn from the centre of mass of the body to terminate 
at the particles of mass m,, etc., the problem is solved when we reduce the 
function ᾧ to the form 


bri = ~aaSai—bBSBA—eySyA—déSoA where aa+bB+cy+dds=0, 
a, b,c and d being the masses of the four particles and a, B, y and ὃ being 
their vectors of position. Now for some scalar «, we have 
va=SByd, αὖ τ -- Βαγδ, we=SaBd, rd= —SaBy ; 
and we also have (Art. 65, Ex. 1, p. 92) 
WA=—ZabVaPBSaBrA, m= Σανοβα β γδ, 

The second of these serves to determine », for it reduces to m=vaabcd™a. 
Substituting a for Δ in the first, we find ya=.«bedV (8 -- δ)ίγ -- ὃ); and when 
we operate with Sa, 56 and Sy on this and similar expressions we have 
SaWa= —2*hed(b+e+d), ete., SayB=ete.=«*abed. It easily appears that 
the six relations in a, 6 and y imply the remaining six involving ὃ when 
Saa=0. 
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Assuming first any vector a which satisfies the condition 
Sava= —«hed(b+e+d) 
—that is any vector which terminates on a certain quadric—we have next the 
two relations Say;B=<a*abed, SB P= —.2*acd(a+e+d) which require the 
vector § to terminate on a conic. Selectin there remain the three 
equations Savy =SPyry ="abed, SyWy = —abd(a+b+d) which determine 


[CHAP. XV. 


y as the vector to a point of intersection of a line anda quadric. Finally, | 


we have 6= —d-“aa+b8+cy).] 
Art. 122. When an impulse acts on a system of particles, the 
velocity of the particle m, is changed from ῥ᾽, to p, where 
My (p, — Py,9) =A, HA +Aggt ete., oe ee ee (1.) 
where ), is the external impulse acting on m, and where )j4o, Aya, 
ete., are the impulsive actions of the particles m,, mg, ete., on 77). 
These impulsive interactions satisfy conditions analogous to (IL) 
of Art. 119, and we obtain the equations 
2iy (6, — py,o) = Ty, LM, Vp, (6, — f,0) = ZV pAy ...... (11.) 
which are ing 29 of the interactions. The work done on 
the particle m, by the impulse is (Thomson and Tait, Art. 308) 
— 45 (6, + 6,0) AFA + Aig + δὅο.),.ὐννννννννς sos (TER) 
and the total work done on the whole system is 


W = —$28(6, + 61,091 — $25(61 — ῤς Ἔ py,0— Boo) Are .««ἀνὸ 
For a rigid body it is frequently convenient to define the motion 
by the velocity (¢) of the point of the body coinciding with 
the origin and the angular velocity (w). Thus ῥιξξσ -- γριω, 
and if A=TAy, M=LVPA, Po=TVp,Vwp,, -..-..00000- (v.) 
so that ἃ is the resultant force and y» the resultant moment of 
the impulse with respect to the origin while ¢ is the inertia 
function corresponding to the origin, the equations (11.} become 
M(a—o,—Vp(w—a))=r, MV ρ(σ -- σι)- φίω --ὠρ) =; (VL) 
and because ),, is parallel to the line joining two particles and 
therefore perpendicular to ῥ᾽; -- ῥς and to ῥὲ,υ τ ῥ.,.0» the expression 
for the work done is independent of },,, ete., and reduces to 
W= —4S (a+ a )A—4$S (w+ ρ}μ,....(ννννννννον (VII) 
because we have 
ΣΒ(σ-Ἐ συ -- Vp,(+a))A, =S(o +0) DA, +S(o+ wy XV p,A,. 
When the origin is taken at the centre of mass, (vI.) becomes 


M(ao—o,)=r, φρίω -- wy) = fy «.ὐννννννννννον (VUL) 
where ¢, refers to the centre of mass, and thus we have at once 
T=TytM DA, w=ayt hy us cccccesescevere (1X.) 
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or, in the language of the theory of screws, when a free body 
having an instantaneous twist velocity (σὺ, ων) is acted on by 
an impulsive wrench (μ, A), the instantaneous twist velocity 
immediately after the impulse is (¢,+M- A, w)+¢,7'u), the 
centre of mass being the base-point. (See p. 171.) 

ae the origin is taken at an arbitrary point, we may replace 
(V1.) by 

M(e—o ,—Vp(w—w))=A,_ $y (w—@) =u— Vopr, ....-.(X.) 

where (¢, ὦ), (a ων) and (u, A) are referred to the origin as 
base-point and where , corresponds to the centre of mass. This 
is easily shown in various ways. 

The form of the expression (Υ11.} is independent of the choice 
of base-point. In particular when the base-point is at the centre 
of mass, we find from (vu), (VL) and (1Χ.), 


W= —4}(Mo?+Sagw)+ §( Mo," + ϑωγῴρων) 
= —}$(M-)? +S  ᾽μ)-- Ξ(σολ-Έ ωρμ). .... «ον, (XI) 
Ex. 1. Prove that the solution of (v1.) is 


(ω — m9) (m+ MSphxp + M*Sppp . p*) 
= (+ MypSp+ UV dpV p+ M*p'Sp)(u—Vpa); Mo —o9)=A+ MV ρίω -- οὐ), 
where m is the third invariant of ¢ and where y and ¥ are the auxiliary 
functions, 

[Compare Ex. 5, Chap. VIIL., p. 102.) 

Ex. 2, A rigid body is ite) in any manner and an impulsive force is 
applied to a given point of the body so as to cause that po to move 
instantaneously with a given velocity. Determine all particulars. 

[The centre of mass being taken as base-point, and « being the vector to 
the point in question and ἃ being the velocity of the point, the equations 

M(a-—o τελ, 6(w-m)=Vad, σ΄ -- αωτεὰ 
serve to determine the unknowns o, and A. We have on elimination of 
σ' and A, dw -- VaVaw=Go,+ VV a(a—o,); and by Ex. 5, Chap. VIIL, the 
solution may be written 
(ω -- wy) (m — MSabya+ M*a*Sada) = MV a(a— ἃ.) -- “ΓΝ φαῦ αὖ α(ὰ — a), 
where ἄρξεσυ -- Vaw, is the initial velocity of the point. Hence in terms of 
w —o, a8 given by this equation 
σ᾽ -- συξεὰ -- ἀρ ἘΝ α(ὼ -- ωο and A=M-\(ae—-«o,).] 

Ex. 3. A rigid body is moving in any manner. Suddenly a line in the 

body is constrained to move in a definite manner. 


[If a and β are the vectors from the centre of mass to two points on the 
line, we may suppose the impulsive wrench to consist of forces A and A’ 
applied at the extremities of a and 8. Hence 

M(a-a))=A+X, b(@—m)=V(GA+ BX), c=4+ Vaw=8+V Po, 
where ἃ and [5 are the velocities of the extremities of a and 8. From the 


first and second equation we deduce S(8—«)d(w—,)+ MSa8(c—o,)=0, 
which asserts that the moment of momentum about the line is unchanged. 
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We also have w=(a— (§+.)(a— 8)", where 2 is a scalar to be determined 
by substituting for ὦ and o in the equation just found. Solving the linear 
equation for # we find ὦ, and hence o and A and λ΄. 


Ex. 4. A rigid body is moving in any manner. Τὸ is required with the 
least possible expenditure of energy to cause a given point to move in a 
given manner. 


[Writing equation (x1.) in the form 

W= —3(M(a+ Vaw)? +Sepo) + 4(M (ag+ Vay)? + Βω,φωρ), 

we express that this function of ὦ isa minimum. We find 
dw — MaVawo= VV aa, 
and as in Ex, 2, this gives 
o(m— MSadbya+ M*a*Sada)= ΨΥ αὐ -- MV φαῦν αὖ αὐ, 

and substituting in c=a+Vaw, in φίω -- ωρ)ϑεμ and in “[(σ --ση ξελ, we 
determine the impulsive wrench and the instantaneous twist velocity.] 


Ex. 5. If pand »' are the pitches of the screws of an impulsive wrench 
and of the instantaneous twist velocity produced by the wrench on a free 
quien rigid body ; if also @ and {π΄ are the vector perpendiculars from 
the centres of mass on the axes of these screws, MoM +0')o= A, 
p=(p+o)A=du. 

(a) Hence in terms of A and ὦ, 

» Ξ Siro, T'=MVAw!; p=Sdwrc, D=VdorA"; 
MT 0/(p?*+Ta?)=TA, TA/(p?+ To") = Too ; 
TeV o= Mp? + To"). (5 +To”). 

(6) The shortest vector from the axis of the impulsive screw to that of 
the instantaneous screw is ΠῚ (Saa'~! — 1). 

(e) Show that 

$o.0=M(p+a)(p'+o); A=M(p +o) o(p+a)d; 
and express the moment of inertia about the line through the centre of mass 
parallel to the instantaneous axis in terms of p, p', τῷ and 7’. 

(d@) The cosine of the angle between the axes of the two screws is 
p(p?+Toy ἢ ; and if the axes are parallel, that of the instantaneous screw 
passes through the centre of mass or else the instantaneous motion is a 


translation. In the former case the pitch and vector perpendicular on the 
axis of the impulsive screw satisfy the condition 


BSpPAAT=pV PAA, 
Ex. 6. Determine the dynamical constants of a free body by observing 


the effects produced by impulsive wrenches in starting the body from a | 


given position. 

__ [Tf p is the vector from a fixed origin to the unknown centre of mass, 
if an impulsive wrench is (4, A) and the corresponding twist velocity is (o, ὦ) 
for the fixed origin as base-point, the equations are (compare (x.)) 

3 M(o-—Vpw)=A, do="n—Vpa, 

ΠΕΡ with others with accented letters σ΄, w’, μ΄, λ΄, σ΄, w", μ΄, Δ΄ for 
other impulsive wrenches and the corresponding twist velocities. From 
these equations WV, p and ¢ (corresponding to the centre of mass) are to be 
determined. The mass follows at once from the first equation, and we have 


M=SAw(Sow)' =SX'0' (So’o') 1 =SX"0" (Se w" 1. 


τ το ee -~——~“ lll Le SS — re —— -- 
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The vector p is given by 
V(e—M"A)(o’ -- MON )=VV pwV po'= — pS(o — A)’. 

And the function ¢ can be found from three couple equations. Some rather 
elegant identities connecting the wrenches and the twist velocities may be 
deduced from this beautiful problem of Sir Robert Ball's. } 

Ex. 7. An impulsive wrench of given pitch and intensity is gees to 
a free quiescent rigid body. The axis of the screw of the wrench passes 
through a fixed point; find the direction of the axis so that (a) the kinetic 


the condition that TA is given, we have (p— Vy)¢"'(p+Vy)A=gA where 
g isa scalar—a latent root of the self-conjugate function on th 


4(g+ M-TH. 
The least latent root answers to minimum kinetic energy. For a maximum 
or minimum angular velocity deal similarly with the equation 
(p-Vy)b"(pt Vy)rA=go.] 


Ex. 8. An impulsive wrench (μ, ἃ) is applied to a free rigid body 
moving with the instantaneous twist-velocity (7, ὦ). The change in the 
kinetic energy is 7.- ΒίωμΈ σλ), 
where 7' is the kinetic energy that would have been generated were the 
body at rest. 

(4) With the same meaning for 7) show that the wrench 

(μ, A). Βίωμ-Ἐσλ). 7 
on the arbitrary screw (y, A) leaves the kinetic energy of the body 
unchanged. 

(b) The centre of mass being base-point, any wrench on the screw 
(dw, Mor), acting on the body when moving with the twist-velocity (o, w), 
leaves the screw of the instantaneous twist-velocity unchanged. 


Ex. 9. Two bodies collide, Assuming that the impulsive interaction up 
to a certain stage of the impact is equivalent to a single force (A) at the 
point of contact, the equations of motion are 
M,(o)'— 0) =A, hy (@ —)= Vad; Af (oy -- 7) = — A, hy (wy — 2) = — Vag, 
where (σ᾽. ὦ) and (σι, ὦν} are the twist-velocities of the body “ἢ just 
before the commencement of the impact and at the particular a, of 
the impact under consideration, the centre of mass of Jf, being base- 
point ; where q, is the inertia-function of J/, corresponding to its centre of 
mass, and where a, is the vector from the same origin to the point of 
contact ; Oy, ὧν. Ty, @, , and a, being in like manner related to the body 
Vf, and to its centre of mass. 

(α) The relative velocity of the points of the bodies in contact is 
Ty + Vay — oy — Vingag=o, + Vaya, -- oy — Vega, + (J+ My) A 

+V ody 'VajA.a,+V. dg Vaya. ay ; 
or briefiy, it is 7=T+PA, 


SS a eae 


σὰν τὸ ti eee Bi 
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where Φ is a certain self-conjugate function determined by the circumstances 
of ve us wi and where 7 is the initial relative velocity of the points in 
contac 


mt ©) ae rfectly sport apes Mages where ν is the normal to the 
lies at the point of contact, and the value of \ co ding 
of the “first period” of Neoank κα ee Tn oe eae 
A= —vSvr(Svbv)- ; 
and the twist-velocity of the body Jf, immediately after the impact is 
(o—(1+e)M,WSvr(Svby), ὦ, —(1 +e), VavSvr(Svby)-), 
where e¢ is the coefficient of restitution. 
(c) The total loss of kinetic energy is 
—(1—¢)Srv*. (Svby)-. 

(¢) For perfectly rough bodies, Vr'v=0. The value of ἃ corresponding 
to the end of the first period of impact is \= —>'z, and the Swink velocity 
immediately after the impact is Ξ 

(σ᾽ τῶ (1 + 9) M, ἰῷ ιν, ὑ — (1 + e)b, Va, P+), 

(e) For perfectly rough bodies, the loss of kinetic energy is 

—(1—e)Srb-'s, 


Art. 123. When a rigid body is not perfectly free but 
constrained in any manner an impulsive wreneh will’ in general 
be partially neutralized by the reaction of the constraints. 
Referred to the centre of mass as base-point, we have for a 
quiescent body, 

Ἠστλ-ιλ, POR Em Big υνυκοινυκενοννοον ενως (1) 


where (μ, X) is the impulsive wrench and (μ, A,) the wreneh on 
the constraints, or where (—u, —X,) is the reaction of the 
constraints. In order to determine the instantaneous motion 
produced by the impulsive wrench (μ, A), it is necessary to know 
the evoked wrench (u,, X,). We consider the case in which the 
constraints are smooth, or so that no evoked wrench can generate 
any motion. In this case the work done by the wer IB A,) 
must be zero, or we must have (Art. 122 (v11.)) a 


MNO, sv cscevarccvasvierésnsas cece: (1.) 
where (nu, \,) 1s any wrench arising from the constraints and 
where (σ, ὦ) is any possible twist velocity of the body. The 
screws of (u, ,) and of (¢,w) are said to be reeyprocal when 
this condition is satisfied; and for smooth constraints, every 
possible twist velocity is reciprocal to every possible wrench 
arising from the constraints. 

A body with one degree of freedom can move only one way 
from a given position, by a twist about some definite screw 
(σι, ὦ). A body with two degrees of freedom can move in a 
singly infinite variety of ways from a given position; if (7, ων) 


and (σφ, @,) are two serews about which the body can begin to 
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twist, it can begin to twist about every screw of the two-system 
(σι Ἔ σα, €\w,+20,), Where «, and «, are scalars, as easily 
appears from the composition of small displacements (¢,dé,, w,dt,) 
and (ots, odt,). Similarly a body with n degrees of freedom 
can begin to twist about any serew of the n-system (2a,¢,, 27,0), 
where (σι, @,)-.. (Ga, @n) are ἢ independent screws about which 
the body can begin to twist; and being given 7 independent 
screws about which the body can begin to twist, all possible 
initial motions belong to a given system of twists. Every 
wrench reciprocal to n independent screws of the freedom is a 
wrench arising from the constraints, for every such wrench is 
reciprocal to every possible twist on account of the linear 
character of the condition of reciprocity (11.), and no such 
wrench can generate any motion in the body. By expressing 
that a wrench (x, A,) is reciprocal to ἢν screws of the freedom, 
the number of its arbitrary constants is reduced from 6 to ὕ -- ἢ 
since 7 conditions (1.) must be satisfied; and thus the screws of 
the constraint compose a system of order (6—7). This system 
can be determined when the system of the freedom is known, 
and conversely. 

in knowing the system of screws of the freedom we can 
determine what Sir Robert Ball calls the screws of the reduced 
wrenches. A reduced wrench causes no reaction on the con- 
straints; it produces the same initial motion as if the body were 
perfectly free. In equations (1.) the wrench (u—y,, A—A,) is a 
reduced wrench, or (gw, Mo) is the reduced wrench correspondin, 
to the twist velocity (¢, ὦ). The system of screws of the reduce 
wrenches is (@Xa,,, J/Xa,o,) when that of the freedom is 
(XYa,o,, 2,w,). 

Suppose now that we select ἢ independent screws of the 
n-system of the reduced wrenches and 6—% serews of the 
(§—%)-system of the constraints, and that (Art. 102) we resolve 
an impulsive wrench (u, A) into its components on these six 
screws, we shall have (compare (XVI.), p. 166), 

μπμ ye, AMA’ HbAy wcsecacedecenceccsses (111. ) 
where (μ΄, λ΄) is the component of (4, A) belonging to the system 
of the reduced wrenches and where {(μ,, A,) 1s the component 
belonging to the system of the wrenches of the constraint. 
The instantaneous twist velocity is then given by the relations 
δα ΒΕ OE ks ......κενκουκευκωξε (τν.) 
Ex. 1. Prove that 
μεεφλ, p=— pr 
represent respectively a three-system of screws (u, A) and the reciprocal 


three-system {μ΄, A’), @ being a given linear vector function and A and λ' 
being arbitrary vectors. 
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(Compare Art. 102 (1v.), and observe that if (μ΄, A’) is reciprocal to every 
screw of the system (jz, A), we must have S(#A‘’+p'A)=0 or ϑλί(φ'λ' + p')=0 
for all vectors λ.] 


Ex. 2. Determine triads of co-reciprocal screws of a three-system. 

[If the screws (j,, Aj), (fo, Ay) and (yg, Ag) of the system p=d are 
mutually reciprocal, SA($-+4) y=, SAAS b)Ag=0, SAg(b+')A,=0 ; 
or A», Ay and A, are parallel to mutually conjugate radii of the quadric 
Sp(o+¢)p=const. Thus 


AMPEG, Ag ll (PEPYS, Ag || (H+ GM, 


where ἡ 7 and / are three mutually perpendicular unit vectors, | 


Ex. 3. Determine sextets of co-reciprocal screws. 
(Take any triad of co-reciprocal screws of a three-system w=A, and any 
triad of co-reciprocal screws of the reciprocal system p= —¢'A.] 


Ex. 4, Resolve a wrench (or twist) into its components on six co- 
reciprocal screws, 

[Tf (yy, Az)... (pty, λὸ are the six co-reciprocals, we can find a linear 
function ᾧ so that ὥς, ), (Ha, Ag) and (μι; belong to the system μ' Ξε ᾧλ΄; 
and then (jt,, Ay), (pts. ds) and (ne Ay) will belong to the system μ'- -- φ' λ΄, 
We assume for the given wrench (y, A) that με ῴλ' -- A" and A=A'+A"; 
whence we have generally Teg λα Ὑ {μ- Φ'λ) and A"=-(6+¢')-(u- φλ) 
and it only remains to resolve \’ along A,, A, and ἃ, and A” along λῳ ἃ; an 
A, in order to obtain the required relations με x,y, \= SrA 


Ex. 5. Find the (» —6)-system reciprocal to a given #-system. 

[This has been effected in Ex. 1 for 2=3. Let n=4, and for any three 
screws of the system construct the function ¢. Resolve any fourth screw 
(μων, Ay) a8 in the last example, so that μ,.- φλ' -- φ'λ' and A,,=A' +A", and 
take two vectors A; and A, which with A” compose a mutually conjugate 
triad with respect to Sp(¢+¢')p=const. Then 

(—a5'Ay—xgh'Xg, 2A5 +2 Ag) 
is the two-system reciprocal to the four-system. ‘To determine the four- 
system reciprocal to a given two-system, take any function ¢ satisfying 
[y= bay, po=PAy, Where {μ.ν, A,;) and ῥὰ Az) are two screws of the two-system, 
and determine the vector A, conjugate to A, and A, with respect to the 
quadric Sp(¢+¢')p=const. The required four-system is 
(eypAg— PA’, agAgt+X’), 
where λ' and αἰ are arbitrary. Similarly we may proceed in other cases.] 
Ex. 6. Show that 

ϑίμλ' + pe) =(ptpyBAN ἘΞ — An, 
where p and p’ are the pitches of the screws (mu, A) and (y’, A’), and where 
y and 7’ are the vectors to points on their axes. Interpret this result, 
and show that 

- Βίμλ' + p'A)=(p+p’)cos τ +d sin wu, 
where w is the angle and where d is the shortest distance between the axes. 

. A body twisting along the screw (o, w,) is suddenly constrained 

to twist along another screw (a, ,). Determine the motion. 


[If (wo, Τὼ) is the twist velocity just before the change and (yoo, you) 
that just after, we have 


M (y(72—V pw.) ~2(0,-Vpo,))=), γφω;--αφωχτεμ--Υ͂ρλ, 
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where (», A) is the wrench arising from the constraint which produces the 
change of motion. This wrench is reciprocal to (τσ, ὦ}, so that 
Substituting we easily find y to be given in terms of x by the relation 


YM (oy — V pore)’ + Seyheo,) = (σι — ὕρω, )ίσς -- V pes) +S8ea,h0,). ] 


Ex. 8. A body oscillates under the action of a conservative system of 
forces, and at a certain part of its swing the motion is suddenly changed from 
a twist about one given screw (¢,, ,) to a twist about another (o., ὦν). 
Show that the twist velocities just before the sudden changes of motion at 
the beginning and end of a complete oscillation are in the ratio 


(Mo? +8e,ho,)( Mo? + Sabo.) : (Soyo + Se, he)’, 


the base-point being coincident with the position of the centre of mass at 
the instant of the change of motion. 
[This is the general case of a self-closing gate. By the last example 
y(Mor2+ Supe.) = (So ry+ 80,40) 
and y(M ὅσ γσα-" ϑωγῴω,) τε (Mo? + Sea,do,), 


where : αὐ is the ratio of the twist velocities just before the change from 
the screw (7, @,) to the screw (cy, @,) and just after the change from (4, ὦν) 
back to (o,, ὦ). The system of forces being conservative, the magnitude of 
the twist velocity throughout the partial oscillation during the continuous 
part of the ee Palit. solely on the position of the body, and is the same 
just after the sudden change from (os, ὦν} to (σ᾽, @,) as just before the next 
sudden change from (c,, @,) to (oy, @,). ΤῸ show that « is greater than α΄ or 
that (Mo.?+So,¢u,)( Mo + Sw.hor.) — (l/So,0,+S80,¢o,) is positive, turns 
on the fact that a* +36? — 28a BSy6 is positive when a, §, y and ὃ are real 
vectors, ‘The value of this expression lies between the limits (Taf + Tyé)*.] 


Ex. 9. An impulsive wrench reciprocal to the instantaneous twist 
velocity of a free body at the moment of its application increases the kinetic 
energy. 

(The change of kinetic energy (Art. 122 (x1.) is —48ph—y — 44-2, and 
this is equal to the kinetic energy which the wrench would generate were 
the body at rest.) 

Ex. 10. Determine the dynamical constants and the constraints of a 
rigid body by observing the effects of impulsive wrenches applied to the 
body when placed in a given position. 

[Let (44, Ay), (4a, Aq) and (o,, 2) represent an impulsive wrench, the 
corresponding opposing wrench arising from the constraints and the twist 
velocity produced. We know (συν ,) by observation—that is, a screw of the 
freedom. A second impulsive wrench (He A.) being applied, we find a 
second screw of the freedom (og, ὦ.), provided we have not o,=t7,, #=tw,. In 
this second case, however, we have a screw of the constraint, for the impulsive 
wrench (jg—¢p,, Ag—tA,) generates no motion. Administering a third 
wrench we obtain similarly either a new screw of the freedom or a new screw 
of the constraint ; and from the results of applying six independent wrenches, 
the screw systems of the freedom and of the constraint become completely 
known. ese systems being known, we can by (111.) resolve an impulsive 
wrench (μ᾽ Ay) into the reduced wrench (j,', A,') and the evoked wrench 

a» Aq); and we have as many sets of equations M(c,— Vpw,)=Ay’, 

=p, — VpA, as degrees of freedom. For one degree of freedom, the 
rst equation gives the mass J/=Sw,A,':S,0,; and a line locus 
Vo, (pSo,A,' με. αὶ Vo; Ay’) = 0 
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for the centre of mass. Eliminating p between this and the second equation, 


the result is 
V. γω,λ (με, -- ony Seay Ay’ = Ay’ SV en, Ay Voy Ay’; 
or separately, 
SA,'hw, =SA,'m4' and Swe, =8 (@ys,'+0,A,') — Ay? Se,0,(8e@,A,')7. 

The body has therefore a given moment of inertia (Sw,~'#w,) round ὦν and 
a given product of inertia (—SU,UA,’) with respect to Uw, and UA,’; but 
it is otherwise indeterminate. 

For two degrees of freedom, the two force equations completely determine 
p, und the couple equations give completely mw, and dw, There remains 
only one unknown constant, the moment of inertia (SVw,0.~'hVa,,.) with 
respect to the line perpendicular to ὦ, and ὦ 

e dynamical constants are completely eterminate in the case of three 

degrees of freedom. Compare generally Art. 122, Ex. 6. 


Ex. 11. Two three-systems of screws can be in one way correlated, so 
that each screw of one system, regarded as an impulsive screw, corresponds 
to a screw of the other system regarded as an instantaneous screw. (Ball, 
Treatise, Art. 318.) 

[This has been spa 1 4 proved in the last example. We have to show 
that if c=, and B= be are two three-systems of screws, it is possible to 
design and place a rigid body so that I/(¢—Vpow)=A and ¢w=p—-VpA 
become identities when o and » are replaced in terms of A and ὦ and when 
a one-to-one relation is established between A and ὦ. Substituting for p 
and o, we have J/(@,- Vp)w=A and dw=(d.— Vp) A, so that 

φω-- M (dy —Vp)($,— Vp) A=M(y' + Vp) (bs + Vp), 


remembering that ¢ is self-conjugate, and this holds for all vectors A. Hence 


(dah, -- φγ φ.}λ--χιρὰ -᾿Ττχέρλεεο, 
where x, and yx, are Hamilton’s auxiliary functions for if and @. And 
because A is perfectly arbitrary, we have (y,+ Xo')p=2es, if εν is the spin- 
vector of do,. Thus the vector to the centre of mass is 2(y)+ χα) ἴεων and 
hence “1 ἰῷ is expressed in terms of ᾧ, and of ᾧ.. The two three-systems 
are connected by the relation M/(¢, —2V (yx, + Xo')"'€,)@=A, so that to each 
screw of one system corresponds a definite screw of the other. | 


Ex. 12. Screws (p, A) and (σ, ) are connected by the relations 
prA=bot+ho, p= dot dg, 
where «,, cb, and ᾧ, are four given linear vector functions. Find the 
conditions that (μ΄, A’) should be reciprocal to (a, ὦ) whenever {μ, A) is 
reciprocal to (σ΄, «’). 

(The general relations of this example establish a gairait ae τ between 
screws (yu, A) and (σ, ὦ) ; and when the conditions of mutual reciprocity are 
satisfied, the homography is said to be οὐ δες (Ball). 

The conditions are simply 

S(\o' + po’) =S8(A'o Ἐμὼ) | 

or ϑσζφ,σ- hw) + Βωζῴ,ω + hyo) =Sa (Gyo + hyo’) + Βω(ῴ,ω + G0"), 
where ὦ, w’, ¢ and σ΄ are arbitrary vectors. Putting ὦ and ' both zero, it 
appears that ¢, must be self-conjugate. In like manner 4, is self-conjugate, 
and the condition reduces to Se'(d.— ᾧ, γὼ =Se(d.— ,')w', which requires ᾧ 
to be the conjugate of ᾧ.. Thus the general chiastic homography is defined 
by relations of the form 

L=hio+dw, p=ho+dyo, 
where «, and ᾧ; are self-conjugate. | 
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Ex. 13. The screws of impulsive wrenches applied to a free rigid body 
at rest ina τὴ τηροῦν (or the screws of the reduced wrenches applied to 
a constrained body) are in chiastic homography with the screws of the 
corresponding instantaneous twist velocities. 

[Here A=M(o—Vpw), p=d0+MVp(o—V and the conditions are 
5... This may be seen still more simply Naps Hse the base-point at the 
centre of mass. ] 


Ex. 14. The united screws of a chiastic homography are co-reciprocal. 

[For a united screw p=20, \=., and for a second united serew p!=.'¢’, 
N=2'w', and hence αϑίσω' +o) Ξε ϑίμω +0/A)=S(p'o+0X')=2'S(c'o+ew’), 
so that the screws are reciprocal or else x=2’. In the latter case every screw 
of the system (σ +o’, w+tw’) is easily seen to be a united screw of the 
homography. |The theory is quite analogous to that of the axes of a self- 
conjugate function, ‘The united screws in the general homography are to be 
determined by solution of the equations co=q,0+6,0, zc =h,0+¢,0. On 
elimination of o, we have 


p30 = (Py — α)φ, hy—2)o. 
Compare Art. 115 (x.), p. 186.] 


Ex. 15. There are x real principal screws for every position of a rigid 
body having freedom of the zth order, so that the body will begin to move 
from rest along one of these screws when a wrench is administered on that 
Screw, 

[For the centre of mass as base-point, if (u, A) is on a principal screw, we 
have p=2c, A=xq and also -μπῴω and A—A,=AMo. Nee if (σι, ; 
(or, wy), etc., are screws of the freedom we deduce from these expressions as 
n conditions 

#3(7,0 +o) =Sedu, + MSoo,, etc. ; 

because the evoked wrench is reciprocal to every screw of the freedom. 
Also w= t,o, and = t,o,, and on substitution for ὦ and σ' and on elimi- 
nation of the scalars ¢, a determinant of the ath order in ἃ; is obtained. 
Putting x equal to one of the roots of this equation, the scalars ¢ can be 
a from 20h of the a. 

ust_as in the case of self conjugate functions, if a root x is imaginary 
(τ + — 12”), the corresponding principal screw is imaginary 

(σ΄ ἘΝ --Ἰσ΄, +N 1X"); 
and there is a conjugate principal screw (σ΄ -- νΞ 1σ΄, \’-./—1X”). By the 
last example these screws are reciprocal, and we find that oe 
Sw ho + Me™ + Se" ho” 4- Mo 

must vanish. This cannot be because the energy of a body moving with a 
real twist-velocity (σ΄, w') or (σ΄, ὦ} is essentially positive. ] 

Ex. 16. A body which is imperfectly free moves under no applied forces. 
Find the conditions that the instantaneous screw should be permanent. 

[When the instantaneous screw is momentarily stationary it is said to be 
permanent (Sir Robert Ball). For the centre of mass as base-point, the 
equations of motion are 

M(o+Voc)=—£€, φὼ -Ἐ )])ωφω-- --η, 
where (η, ξ)) is the evoked wrench. The condition of reciprocity gives 
Saba 4 WSerc =0; and for a permanent screw τεῳ, ¢=2c, and we must 
have «=0 because Swdo+ Mo? is essentially negative. By means of the 
equations of constraint we can eliminate £, and ἡ, from the conditions 
HVor=-£, ωφω- --ἡ͵,] 
7.0. 0 
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Ex. 17. To find the principal and the permanent screws for freedom of 
the third order. me 

Here c=¢, ὦ where ¢, is a given linear function, and the screws of the 
canes, πὶ lo to the reciprocal three-system p,=—¢,'A,. Fora principal 
screw 


φω--ασ-- μι-αφιω τ φίλ, Mpyo=z0-d, 5 
and on elimination of A,, we see that 
(p+Mdy p,)o=2(,+9;')o, 


so that ὦ is an axis and z a root of a determinate linear vector function, 
For a permanent screw, 


Vodo=—1,= Gib, MV apo= - §,; 
and on elimination of £, we find 
γω(φ-- ἡψρω--Ο 


and w is now an axis of the new linear function ᾧ -- My,. Am 
In the special case of rotation about a fixed point the principal screws 
coincide with the permanent screws. ] 


CHAPTER XVI. 
THE OPERATOR V. 
(i) The Associated Linear Functions. 

ArT. 124. In Articles 54-57 we investigated some funda- 
mental properties of the operator V, and we propose in the 
present chapter to supplement and develop the results already 
obtained and to illustrate the application of the operator to 
physical investigations.* Compare pp. 69-77. 

n the first place we shall consider the invariants and the 
auxiliary functions for the linear function 

i pa=—SaV.c, Pa=—VSaa, .......cs.ceeee00(L) 


* Hamilton’s writings on the operator V consist, so far as I am aware, and I 
have searched through his manuscripts in the library of Trinity College, of a 
communication to the Royal Irish my (July 20, 1846) which is published 
in the Proceedings, Vol. iii., p. 291, and practical y reprinted in the Phil. Mag. 
of the following year, and of Art, 620 of the Lectures on Quaternions. In the 

ures he writes : “ The bare inspection of these forms may suffice to convince 
any person who is acquainted, even — (and I do not pretend to be well 
acquainted), with the modern researches in analytical physics, respecting 
attraction, heat, electricity, magnetism, etc., that the equations of the present 
article must yet become (as above hinted) extensively useful in the mathematical 
study of nature, when the calculus of quaternions shall come to attract a more 
general attention than that which it has hitherto received, and shall be wielded, 
as an asp eye Re grey by abler coogi’ than mine.” at Aanoree the 
operator by the symbol 4. In the Hlements the operator occurs in a disguised 
form in Art. 418 (v.), V being replaced by —Da where a is the vector operand. 
In the first note to Art. 422 of the same volume and in a letter to Dr. Salmon 
(Graves’s Life, Vol. iii., p. 194), he announces his intention of concluding the 
work with a brief account of a ‘‘quaternion transformation of a celebrated equation 
in partial differential coefficients, of the first order and second degree, which 
occurs in the theory of heat, and in that of the attraction of spheroids.” Un- 
fortunately the volume was left unfinished at his death. 

The applications, predicted by Hamilton, have been made by the able hands 
of Tait, as will be seen on reference to the volumes of his collected Scientific 
Papers (Cambridge, 1900), and to the last edition of his Treatise on Quaternions 
(Cambridge, 1890). _M‘Aulay has also made valuable additions to the subject in 
his Utility of Quaternions in ee (Macmillan, 1893), and the note in the 
“ppendix to the new edition of Hamilton's Hlements (Vol. ii., pp. 432-475) may 
perhaps be consulted with advantage. 

No satisfactory name has been proposed for the operator. The author prefers 
to call it Hamilton’s delta or more generally delta. 
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which we noticed in Arts. 112 and 118 in connection with the 
theory of heterogeneous strain. See p. 181. 

When the points of a field receive a small continuous dis- 
placement so that the vector to a point changes from p to p+odé 
where dé is some small scalar and where ¢ is a continuous 
function of p, the vector p+a to a neighbouring point changes 
into p+ta+(o+¢a)dt. The vector line-element a at the ex- 
tremity of p accordingly changes into a+¢a.dt. The vector 
area-element Va8 becomes V (a+ φα. dt)(8+ 8. dt), or, neglecting 
the square of dé, this is (Art. 65 ov) Ρ. 91) 


VaB+ V(agB +¢a8).dé or Va8+ ,'Vaf. dt. 
The volume-element —SaGy changes into 


—SaBy— 2S¢aPy .dt= —SaBy(1+m'dt) 


when we neglect the square of dt. If « denotes the velocity of 
the points in the field, varying from point to point, and if d¢ is 
the element of time; if dp, dy and dv are respectively a vector 
line-element, a vector area-element and a volume-clement, at the 
extremity of the vector p, the rates at which these elements 
change are 

D..dp=¢dp, D,.dv= ‘dv, D,.dv=m’"dv; .........(1L) 
and these relations clearly indicate the meanings to be attached 
in this case to ¢ x and m”. The scalar m” is called the 
divergence and SVo is the convergence. 

Again the small strain at the extremity of p due to the dis- 
placement odé may be resolved into a pure strain, which converts 
a into a+4(¢+¢’)a.di, and a rotation represented in magnitude 
and direction by edé where ¢ is the spin-vector of ¢; for we have, 
if do=3(p+¢), 

a+¢a.dt=(1+ Ve.dt)\(a+ goa. dt) = (1+ f,dt)(a+ Vea. dé) 
when we neglect dé. Hence the spin-vector ¢ represents in 
magnitude and direction the angular velocity of the element at 
p when ¢ denotes the velocity of its points in the field. 

It remains to exhibit ¢, m” and y in terms of ¢. We have for 
any three vectors 


VBy . gat Vya.¢8+VaB. py 
= —(VBySaV + VyaS8V + VaBSyV).o | 
s— VoSaBy =(m" — 2e) SaBy : 
and the first quaternion invariant (Art. 67, Ex. 7, p. 97) is 
m”"—2e=—Vo, and m”=—SVe, e= τ Ύνσ. ...... (11) 


Further, xa=VVVac, xa=-V.VaV.c, rere sf . 
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because, for example, ya=(m"—¢)a=—SVo.a+SaV.c. It is 
evident that χ' aa @ have the same Ἔ μοθβενλρ τὸ The vector 
2e or VVo has been called by Clerk Maxwell the curl of the 
vector oc. . 

The function y,’ and the invariants m’ and m are related to 
the transformation which converts vectors p into vectors « where 
¢ is a given but arbitrary function of p. As in Art. 63, if de, 
dy.(=Vded'c), and dv,(= -- βϑᾶσα σά" σ), are the elements into 
which the elements dp, dy and dv at the extremity of p trans- 
form, we have demi , dyz=yr'dy, dv,=mdv. To calculate ψ' 
in terms of σ᾽ it is necessary to use ics gi marks to associate 
the corresponding operator and operand, and we find (p. 90) 

WVaB=V¢'ad B=VVSac. V’SBo' = VVV'SacSBo". 

Now we may also put 

WVaB=VV'VSac'SBo = — VVV'Sae'SBe, 
so that on addition, 

WVaB=1VVV'(SacSBo’ —Sac’SBo)= -- VVVSVoe'VaB; 
or for an arbitrary vector y, 

Wy= - LVVV'Sao'y, V'y= —iSyVV’ VE. .-«....«(γ.} 
and in these expressions the accents are to be removed after the 
performance of the indicated operations.* 

Just as in (111) we find the quaternion invariant of y’, 

γὴν —2Whe= —EVVV Va’, .......ἀὈὐνονννεεν. (1. 
remembering that ge is the spin-vector of w’ (Art. 68, p. 98). 
Thus m’=—48SVVV Veo, ge=iV.VVV Vac’, .......{ VIL) 
and this expression for de should be verified by operating with 
¢ on the value already obtained for Ἢ. yarn Lp 

It is also a useful exercise to verify that the third invariant is 

MeaLSVV'V" Ἥσσ᾽ σ΄, --.ccsccscccessccrees (VII1.) 
but a more familiar form of this invariant is 


Cu Ow ou 
ne en ay 32 | errr δν ὡς 
οὐ ὃν ὉΡ; 
On Oy 22 
ow ow Ow 


* The device employed here is quite analogous to a transfqrmation in Aron- 
hold’s symbolic notation. 
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= is obtained by putting p=a+jy+he, c=iu+juo+kw 

pipjpk Ss dy Be" cn evencesrseesdaah al 

Ex. 1. Show that in terms of i, j and &, | 
Wee ee Oo Or 

pom - Στ βαί, Ya=— BS Fa; ma BO mz (Oe ov lpg 


Oy Oz Oz Oy 
Ex. 2. In term f a ἘΓ. ; 5: . 
sponding differenti on πὰ ἽΝ arbitrary differentials of p and of the corre- 


$a Sid pp ver Serre mo eee 

γεν ρα Sdpd’pd’p ' 
m! += Σσ. Va'pa"p om’ ode = ὃ 

(i) apni hin νον ὦ oo 

@ =, write ἢ ᾿ : 

the relations between them ‘ana ΠΡ ΝΙΝ ΐ nding functions for φ, and find 


Ex. 3, Prove that 


Ou Ou Ow Ox ὃς Or | 
eS Ou ὃν Ow [ἢ 
1. Ov Ov Oy Oy 
δε Ὧν δ; δ. δ, δὲ 

σ Ow Oz ὃς 7 
ὃ By Or || Se Oe Be 


Ex. 4. Ifo, a vector function of p. satisf 
» & vector f isfies a scalar 10 = 
τον = of p, the third invariant no the function Page seat Adan fe 
Tit ὅς a ooage σ iriegae an identical relation. eee i 
el ΠΗ 8 bie civerential of σ᾽ corresponding to an arbitrary di i 
of p, we have df(c)=0 or (say Sudo=0. ence the three differcuia 


of σ᾽ corresponding to three arbitrary differentials of p are coplanar and — 


Sdod’cd’c=0. Conversely, if m is identical] i 
kc tes Mig IY, ἦ ntically zero, three differentials of o 
as — ry Boe era trary differentials of p are linearly connected, or 


tence o can receive only two independent — 


variations, or a relation of the form f(7)=0 must be satished by σ΄] 


Ex. δ, If σ satisfies two scalar relations Λ(σ)--Ὁ and f(o)=0, the 
: th 


function Y must vanish, and conversely. 


Ex. 6. If /(c)=0, and if we write dfr=Spde, we shall have φμ-ῦ 
ope, ΤῈ σ ἴα ἃ function of p and if do=ddp, prove by comparing εἰν 
perators d= —SdpV= -SdeVo, that oe 
Shave’ sii seas V=06'V<e, 
| σ on a | i | 
a function of p. (Tait’s ΡΝ Σὺ Δ ROBY Ope ae 
Ex. 8, If φὰρ is the differential of a vector function of ps 
where a i bitra Solin 
Ὁ ἃ 15 an arbitrary constant vector; and if it j a scalar 
multiplier to render dp the differential ote sad badly rey ae 


| Sp'aVg'a=0. 
[Note that ¢’a=—VSac if édp=de.] 
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Ex. 5. If ὦ and C, are the principal curvatures of a surface u=const., 
show that = (4. ¢,=-SVUVu, C,C)=-3SVVVVUVuVw. 

[See my note, Elements, Vol. ii., p. 251. If 7, and το are tangents to the 
two lines of curvature, 
and (Ex. 4), since TUVu=1, the third invariant of the function — SdpV . UVu 
is zero, and Οὐ, (ἱ and zero are therefore its latent roots. | 


(ii) Integration Theorems. 


Art. 125. It has been shown in Arts. 55 and 56 that the 
form in which the operator V naturally presents itself leads to 
the two results (pp. 72 and 73). 


Jav.q=Vaq. de, [ap .g=V(dy. δ). geese) 


the first integral being taken over a small closed surface of 
which dy is an element of outwardly directed area while dv is 
the included volume; and the second integral being taken along 
a small plane closed curve of directed area dy, where rotation 
round dy in the direction of the circuiting is positive. In both 
relations ῳ is a quaternion function of the variable vector p. 

In order to extend these results to integration over finite 
regions, we shall first suppose that the quaternion q satisfies 
certain conditions:—(A) that it is free from discontinuity, (B) 
that it is single-valued, (c) that it does not become infinite at 
any point of the region. Further we suppose (D) that the region 
included in the surface over which we propose to integrate is 
simply connected, so that any closed cireuit drawn in that region 
be made evanescent by continuous variation without cutting 
through the surface. 

On these suppositions, we divide the region within a closed 
surface into infinitesimal parallelepipeds, and we apply the 
theorem of Art. 55 to each. Adding together the integrals 


\dy.q over the faces of these parallelepipeds, the sum obtained is 


equal to the sum of the corresponding elements Vq . dv; but over 
an interface corresponding to two parallelepipeds the directed 
elements are opposite, so that if one parallelepiped contributes 
an element dy.g, the other contributes an equal and opposite 


element —dy.q; consequently the sum of the integrals ων .q is 
the integral over the bounding surface. Moreover the sum of 
the elements Κα. ἂυ is the integral \¥o .dv throughout the 


volume, and we have fav. ἜΣ SAAD, νὸψον ουε ον ἐν εϑευτουτο ΕΠ.) 
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where the first integral is taken over t] id c 
thro γρὸχφέ το ere : ver the surface and the second 
/nder the same conditions we can fill up any conti 
closed curve by a net-work of parallelograns clases ioe om pei 
surface terminated by the curve, and if these are all circuited in 
the same direction the elements contributed by the common sides 


cancel, and : | 
Ja φαίνων. Vygis ad 


where dp is a direeted element of the curve and dy a directe 
element of the surface. Hence it follows πρδκομο ai) Joss : 
value independent of any particular surface through the curve 
that over any closed surface 


| V(dy.V). gO. ........ ed A Sama ava 


(A) Suppose a surface to exist over which ¢ is disconti and imagine 
- region of the volume integral to be divided john oe 
surface of discontinuity. Applying (11.) to each of these regions and adding, 


we find 

* PU qde=fdv.g+ [dvje(q,—qo)yseeeeseeceeeecceecsseessee(¥.) 
an element of the surface of discontinuity furnishing the parts 

dvyo.q, and dia). or dvo(9, -- Go). 


; nt ian ] if we thread some circuit 
which q is indeterminate ; and if q is indeterminate anywhere within ‘the 


region, we may enclose it in a tube and so isolate i | ion. ἢ 
region hs becomes multiply-connected a te it from the region. The 
Ὁ) 4t q becomes infinite at any point, we exclude that point b | 
rg Ror ig with it and we take account of the partics lnicoent ory 
ον sphere, the vectors representing the elements of directed area being 
wn outwards from the ἧς aa that is, towards the centre of the sphere 
wage 8s — of the a being ultimately reduced to zero. ro 
| ng the origm at the point, the element of directed r th 
surface of the sphere is ἄν: δ᾽ nr, if ri iu aD en cheneat 
Waki coe oe tended ale dQ if r is the radius and dQ an element 


fav. g=—fd2. Up.r2.¢. areas eupe chiens I. 
Ifover the surfaceofthesphere == | = Ἢ 
φ τα τ ὶ σι +7. got+r-, σα οἷς, sesvaveesavacessas( VEE 


the surface integral vanishes unless g, exists and it ) νὰ Sneak 
opindeterminats if gq te ext, “OF paramount importance isthe cae in 

ins the term “l,e¢=—OUp.Tp-?.¢c. tn thi : et 
negative power of ¢ occurs, the tategmal Senothes “eo nmenians 


fdv.g= —faa. aaa : ΡΣ ΡΝ, {γπ|.} 
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and we must replace (11.) by 
[νᾳ. ἀυ-- [ἀν. Y - ATE, vovecsrveresrsccceereveneveessese( Ie} 
the origin being excluded from the volume a, θυϑὰ 
In general when g,, etc., are zero, by a well-known theorem in spherical 
harmonics (Art. 127) we need only consider the terms in g, which are linear 
in Up and which we may take to be SaUp+@Up. Writing Up=li+mj+nk 
where /, m and x are the direction cosines of Up, and remembering that 
fdQ.P=47, fdQ.tm=0, etc., 
we have 
fdQ. Up(SaUp+ Up) =$7Si(Sai + fi) = — $r(a+-m" -- 26), ......(Χ 
where m” is the first invariant and where eis the spin vector of ¢. Accordingly 
we must in this case replace (11.) by 
[νῷ .dv= fav. FA Arr (a+ mM” — Qe), .......ὁὁἐνννννννννννν (ΧΙ) 


where the integral on the right is taken over the boundary and where the 
remaining terms are contributed by the surface of the evanescent sphere. 

(0) If the region is multiply-connected we render it simply connected by 
drawing ee guage when we fall back on case (a) if ἴα, appens to be 
many-valued. A diaphragm corresponds to a surface of discontinuity, and 
9, —J2 in (¥.) becomes xp where p is the cyclic increment of g and where πὶ is 
an integer. 

Considering now the similar cases of exception for the circuit integral, we 
shall suppose 

(a’ that ἃ surface of discontinuity cuts the given circuit in two points 
Aand B, Let the surface containing the mesh-work be drawn through an 
arbitrary curve acs on the surface of discontinuity. On adding the results 
of integration for the two circuits consisting of the part on one side of the 
surface of discontinuity and the curve acn, and of the part on the other side 
of the surface and the curve pea, we have exactly as in (v.) 

Jap. 9+ [Opye- (91-92) =JVAIV «. g. oreeessseeseeeseeseee(XII) 
It follows from (rv.) that we get exactly the same result had any other 
curve ADB been taken on the surface of discontinuity. 

(n') If ¢ is not single-valued over the continuous net, its value is definite 
if a definite value is chosen at some one po of the net, or else g is inde- 
terminate at some point of the net. Such a point may be surrounded by a 
small closed curve joined by a barrier to the circuit. The barrier must be 
treated as a line of discontinuity and the value of the integral round the 
closed curve must be taken account of. 

(c’) When ῳ becomes infinite at a point on the surface of the mesh-work, 
let the point be surrounded by a small circle of radius τ Then the relation 
becomes, when we exclude the point from the surface integral, 


[VdvV.g=fdp.g—frdUp.(qo+ qr +qur* +ete.), «ὐνννννς (xu) 
the second line integral being taken round the cirelet This integral 
vanishes unless there are negative powers of r, The part depending on q, is 

fdUp.q,=JdUp.(SaUp+¢Up) 


*The interior of a hollow curtain ring becomes simply connected when a 
diaphragm is drawn across one normal section, 

+ The two line in ls are taken in the same sense of rotation round the axis 
of the small circle. It we choose the minus sign may be placed on the right of 
the sign of integration, and then we shall have the surface integral equal to the 
sum of two line integrals taken in opposite directions. | 
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suppose where ¢ is a linear vector function, the terms not linear in Ὁ 
leading to a vanishing in l round the circle. Putting Up=i apes 
where τ and 7 are in the plane of the small circle, the integral easily reduces 
to ee ie 7), and to r(Vak— y’k+2Sek) winks x’ and ¢ have 
the same signification as in the chapter on linear vector functions. 


Ex.1. If /(V) is any linear function of the operator V with constant 


coefficients, 
J 7(@v).g=J f(V).q.dv, J f(p).qg=[ f(VavV).q, 
and Jg- FA) =f g-H(V). ἄν, fq. fAp)=f g-f(VarV). 


| [No step in the proof of the simpler case need be modified. In th 
second set of relations the operator : laced in front of the operand. See 
Art. 57, Ex. 11, and M‘Aulay’s Utility of Quaternions in. Physics. 


ἘΣ, 2. In general if f(a) is a linear function of an arbitrary vector a 
while the variable vector p is involved in the constitution of the function 
show that ’ 
J/(av)=[ fV).de, J fap)=[ /(VaV), 
where /(V) means that V operates in situ i t i "| 
in the structure of the aan Ψ i i ac. 
a | Vpdp | 

| Ex. 3. Prove that | “tt =~ |Savv VT p=, 
where no infinites occur. 

[See Tait’s Quaternions, Art. 504. Here the line i tegral is |V -1 
which transforms into Ὁ ve My ae 

JV.VdvV. Vp or [dvV*Tp7~{ Se. 0 Tp] 
Ex. 4, Prove that ; 
J qdo=} | p.Vq.dv—} { pdvg. 


[This is an example of an extensive class of transformations dependi 
the invariantal properties of V. Transforming the sortase Ng τὰ 


have J pdvg=f p(V)gdv, where V operates both on p and on g- But 
pV=Vp=-—3. See Art. 132, p 235.) 


(iii) Jnverse Operations. 


Art. 126. We shall now establish general solutions for.the 
equations 

Vp=q, and V°r=4, .........2000. (tkuvienusyed (1.) 

where q is a given quaternion function of p; or we shall assiot 

definite interpretations to the functions fi ἜΣ 


αν" ΒΗ AW. avcnsneschcevuewenyens (π.) 


for all points of an arbitrarily selected regi ‘thi : 
infinities do not occur. y region within which 
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We shall first prove the transformation* 
[νι . Vp. ἄυ =|a ὦν. Vp— ἴσων» .dv 


= [Vu ΤῸ »-Ἶἶνω--Τρτὴν pdv—4ep (πιὸ 


in the case in which p does not become infinite within the region, 
while w tends to the value Tp~' at the origin which we suppose 
to be taken within the field of integration, and where 47p in the 
third member is 47 times the value of p at the origin. The 
suffixes are intended to indicate that the affected symbols are 
free from the operation of V. pe ee | 

Surrounding the origin by a small sphere and supposing (V) 
to operate in situ on wu and on p we have 


[vu ‘ Vp - dv=|(v)u . Vp. dv—|Vu.Vp dv 


-ἰῳ 6. Vp —|Vu,¥p dv 


for the region between the small sphere and the boundary, the 
surface integral over the sphere vanishing by the last Article 
(compare (VIL)). But these μία ἥν may be extended through- 
out the entire region, for we shall show that the integrals taken 
through the volume of the small sphere tend to zero when the 
radius is indefinitely diminished. Within the sphere we may 
take u=Tp' and dv=Tp?. dQ. aT, 
so that [Yu. Vp.dv= —|Up.Vp.a2.ap 
which vanishes in the limit. A fortiori the integral 

[νων» dv=|Tp™ Ὁ. du 
for the small sphere vanishes. Thus the first part of (11) is 
proved. 


Again for the field exclusive of the sphere 
[¥u.Vp.do=[Vu.(V)p.do— [Vu . pyle 
=|Vu αν. »--4πρ--Ἶἶνων . pydv 
by (vui1.) of the last Article because for the surface of the sphere 
[Yu.dy.p= +{Tp-. Up.Up.T,*. dQ. p= — [adp. 


*It is manifest from the proof of these relations that they are valid when 
neither p nor u become infinite in the field of integration provided we omit the 
term in Tp-! and the term 4rp. 


‘~*~ 
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Also it is easy to see that VI p-!'V=V2Tp~ 

p 'V=V*Tp~! (or more rall 
that V.Sq.V=V*Sq), and this vanishes ἐν all iis οἱ the 
region outside the small sphere. And because u—'T'p-' does not 
become infinite at the centre of the sphere, we have ᾿ 


ve. Vp. dv= [Vu as, p—4np—|V(u—Tp-)V , Dy. dv, 


where the volume integrations are extended 
ur | 3 throughou' 
ἀμ ἐφ of the original region. Thus (11I.) is completely snablithed. 
particular when « is a scalar we may veplans (111.) by 


[Purp dv=|dy .u.Vp—|uV*p. ἂν 


=|Vu . dy -p-|V(u-Tp) . pdu—4erp. ... (UL 


Changing the origin or replaci ee 

πε» Ρ ᾿ placin b ls i 

spesing 10 thence vl in i agains, 

C 6 icular case i hj a pee rea 

important identitics, ee Seton py ee 
ν΄. dv’ dy’. Vn’ 7 

p= |p) lett" ete ae, 

4π|ῳρ —p) 4n'T(p ae V ‘tiga ον .Ῥ ἐς TV.) 
= _Vip'de' _ ΜΕΝ dy’ Ὁ p Ξ 
4π (ρ΄ -- ΟῚ) 4π Σύ ρ΄ -- p)’ 

the second being deduced from (111) b i 

V’.T(p'—p)* or by its equal —V A y, ταίρι, Va ὧν 

side the sign of icin Τίρ' -- ρ) ἢ and taking V out- 

If then p=q, we have 
a ν΄. dv’ dy’. q’ 

Vlg eh ope — Lee [Vo tat 
dnl (p —p) JdxT(p—p)t)’ “eTGapy WP (Ὁ) 
| ‘dv’ ν΄.» 

=v] of! a 
FeT(p'—p) ‘Jax TQ’ =p)° 


and 7 - δια νὰ . * as 
ties Vp iia is any function which over the boundary 
In like manner : 


v-g=[-o oY dy’. V7" 


: ee eee aw adele SE 4 ‘ 1 oF : 
παρ —p) ttl" ‘ al —p): dy a ot (VI.) 2 


where 7 is any function Which over the bou 

: | unda) ti 
pi 4 eas Age ee bhp that in these ss ee Aces 1 
ΡΣ ey e solutions of the linear function equations 
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If we operate on (vI.) by V and put p=V* we find on com- 
parison with the second form of (v.) that 


A gc sccascencessnneescesnan (vit.) 


because the last integral of (v1.) vanishes under the operation 
of V (or of —V’ under the sign of integration operating on 
V’T(p'—p)~?) provided p does not terminate on the boundary. 


Ex. 1. Find the potential which produces a given distribution of force 
in a given field. 


If é is the force and P the potential, we have to determine a scalar 
function P from the equation &=—VP. By (v.) this function is 


_ _o-1g_ _ SVE. dv’ _ ‘Sdv’é' P’SdvV'.. Τύρ-- ρὙ 
iS hy [πὸ =p)” στ} ἀπ | 
Ex. 2. A quaternion p which satisfies the equation V?p=0 throughout a 
given region is expressible as a surface integral over the boundary ; and a 
quaternion p which satisfies Vp=0 throughout the region is of the form 
we fate, 
an VJ 4xT(p—p’) 
Ex. 3. A scalar satisfying the equation VP=0 is constant. A veetor 
satisfying Vo=O0 is expressible in the form o=VP where P is a scalar 
function satisfying V??=0. 


Ex. 4. Construct quaternion functions of p, homogeneous and of the 
first and second orders, which shall vanish under the operation of V. 

(For the quadratic function assume p=8 +a,Spp,p where n=1, 
2 or 3. We have Vp=—2¢ p—2>4,pan, and if SVp is identically zero the 
condition S¢,c,—0 must be satisfied. In order that VVp may vanish, we 


must have p= —LVVdnpan=+2onV pan since dp is self-conjugate. Again, 
because. V2p=O0, the first invariants of the functions ᾧ must vanish. But in 
general m"Vpa=Vphat Vopa+pV pa, and in the present case 

EV pdntin + LV pupant ΣΦ, ρα, Ξε, ᾿ 


Hence by the former condition -- EV Papen is a self-conjugate function 
provided only that 2¢,¢,=9, and that the first invariants are zero. Thus 


p= — Spanhp+ TanSphup, 
where m,” τεῦ, =,a,=0, vanishes under the operation of V.] 


Fx. 5. Determine the extent of the arbitrariness in the dissection of a 
uaternion into the parts V~SVg and V-'VVqg on the supposition that 
v-8Vq is a vector. 
"The most general expressions for the parts are V-'SVg+o and 
ν νυ so. where o is a vector satisfying Vo=0. See Ex. 2.] : 


1 6. Divide a vector o into two parts σὶ and o, so that SVo,=0, 
V σᾳτεῦ. 

[Here σ =V-SVe and o,=V"'VVo. We may calculate one of these, 
say o, by the general formula, and the other is σ -- σ,] 
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Ex. 7. The general solution of the equation 


mVSVo+nV2o0=€& 
may be written in the form | 
Lor ' o=-V— [ΠΣ εἰ αὐ 
m+n n 
[The equation may be transformed into (m+n) VSVo+nVVVo=€, and 
by the last example, VSVo=(m+n)"V-8VE, VVVo=n"V-AVVE. The 


solution given above of the equation of equilibrium of an elastic solid may 


be expressed more simply in the form ¢=V~-2(n~é —mn-"(m+ n)"'V-8V6é).] 


Ex. 8. If V°p=0 at all points within a closed surface, and if V¥p,=0 at 
external points; if p,=p over the surface and if p, tends to zero at infinity, 


ες [av - Vp-p) 

Ζ [ πα =a 

[Integrating throughout external space we find if V*p,=0, see note p. 219, 
Ἢ [ dy’. V'p’. Τίρ΄ --ρ) 1 [ ν΄. T(p’—p)". dv’. p'=0, 


when p terminates at an internal point so that T(p'—p)- does not become 
infinite, The surface integrals are to be taken over the closed surface and 
over an indefinitely large surface, but it easily appears that the latter part 
of the integer vanishes since p, vanishes at infinity, Putting V*p=0 in (1Vv.), 
remembering that p,=p over the closed surface, and subtracting, we have 
the required result, 

Ex. 9, If Sop is a homogeneous function of p of order n satisfying 
V27,p=0, show that νὰ 

' πᾶν’ 

when Tp<a, the integration being extended over the sphere whose centre is 
the origin and whose radius is a. 

[The function corresponding to the p, of the last example is 

Jup (aT pr ΗΕ, 


(See Art. 57, Ex. 12.) Here V(p'—p/)=(2n+1)a7Up’ fp’ over the 
sphere and dy’ ΟΡ ταν, P/)=( ) ρ΄ 


(iv) Spherical Harmonics, 


Art. 127. If 7,(V) is any rational and integral function of V, 
homogeneous and of order n, the function ἢ, .Tp-' is a solid 
harmonic of order —(n+1), for it is a homogeneous function of 
which vanishes under the operation of V2, the scalar operator v2 
being commutative in order of operation with f,V. Further 
Tp*"**.f,V.Tp-! is a solid harmonic of order a. (Art. 57, 
Ex. 12, p. 76.) 

Because we may suppose Κ᾽ to be expanded in the form 

FaV =ZaSa,VSa,V ...SanV,...00c.ccrececceseee. (1.) 


it follows from Art. 54, Ex. 2, p. 70, that 
ΤΡ f,V.Tp-=(-)*. 1.3.5.....(2n— L)(fap- Τρ". fr-2p), (I) 
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where /;,-2p is a determinate function of p, homogeneous and of 
order 7—2. Hence we may expand any homogeneous function 
of p of positive order 7 in a series of solid harmonies, of orders n, 
n—2, n—4, etc., . 
60 gl τος fa RO 
| inP=(=ys1.8.....Qn—1) 
, Tp ον ip" 7 
) +2 p" -(—e-ET.8.....(Qn—6) 
where f,-2p, Jn-sp, ete., are functions defined by equations such 
as (II.). 
Any integral of the form P=|pdv.T(p—0)” in which ὦ is 
the current vector and in which p is independent of p may be 
expressed in the form | 


+ete., .....(ITL.) 


provided Tp is not less than the greatest of the tensors Tw. 
For (Art. ὅθ (X1.), p. 79), 


= Ὁ pdv νυ ὧν ἃ Ἄ τ ee oe ees . 
Ρ- ΕΞ,» =|pdv-0 ὧν, iV Tp’ (V.) 


and we may speak of P as the potential at p due to a distribution 
of density p although it is not necessary to suppose that p is a 
scalar. 
If Q=|qdv’. T(w’ — ρ) is the potential of a second distribution 
of density q, the mutual potential is 
= Ῥηάνὰν =| =| δον sacvanw msc VE 
W=\n πε α Pyqdv -- 1». (VI) 
If the second distribution lies outside a sphere of radius ἃ 
having its centre at the origin and including the first distribution, 
we have by (V.), τ 
] » ν | 
W=|fVu.q ;.qdv =| (rv. ἀπο να 


aw ip=O 


ἀν Ξε [(--). eT {{Π|.} 
=|A-¥). Jere] _=A-V- % (vit) 
ided we reduce the temporary vector p to zero after the 
ee of the opersiines τον ἐνῇ, and the suffix 0 serves 
to remind us of this reduction. “a e 
If Q=gn(p) is a solid harmonic of positive order ἢ, and if we 
suppose the corresponding distribution to be a surface distribu- 
tion on the sphere, we may replace 


ηᾶυ' by (4π)-1.(2.-Ε 1). τὶ]. gu(w’). Tar’, 
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or by (4π-.}. (22 +1). a"*1.g,(Ue) . dQ, 
utilizing Ex. 9, Art. 126, and dropping the accents as being no 
longer necessary. In this case (ViI.) becomes 

bor. f(—V). gol p)p = (20+ Lar" | P.g,(Ue) dQ. ......(VUIL) 


thi ression it is only n 1 
of Seder ie in f(—V), for g,(p) vanishes under the operation of 
terms of higher order, and the results of operation of terms of 
lower order vanish when p is reduced to zero. “ 

if P is a solid harmonic of order —n—1, the form of the 
function fV is given by (Π1.), and 


es bee pee fare ay eee = . Ἐπ fil if eee fie 
P=Tp-™ βρτ ΞΕ ean) Abie gilt 


and aecordingly (Υ11.} becomes . 
ἀπ, —V). Jnp 
=(-YP.1.8.....(2M=12n+1). | fu(Ue).gu(Uw) 40: ...() 
while if the order of the harmonic P is —(m+1) where m is not 
equal to n, we have 
| Fm(Ue) « gn(Ue) «dQ ΞΞ 0......0νννοννοννκον .««(Σ 1) 
Again if | 
P=T(p—a)“1=e*" . Tp! = =Ta"Tp-*-14,(Up),....-.(XIL) 
we find on substitution in (VII), 


4rg,(Ua)=(2n-+1) | A,(Uw)g,(Uw). dQ, 
0- [An(Wa)ga(Ue) do 


because = f(—V).gu(p) =e" . gp) = gulp +). ᾿ 
Hence we can er oe any function g(Up) in a series of 
spherical harmonics, the harmonic of order 7 being 
σι Ua) = Cnt Dl 4,(Uo)g(U ω). MERZ. ..... 00. {(ΧΙν.) 


Ex. 1. A scalar solid harmonic of order —(x+1) may be expressed in the 
form Sa,V .Sa.V.....Sa.V. Tp, : 


oy +++ αν ave real vectors, Ae ἊΜ 
ΩΣ the wlaee common to the cones /,p=0, p?=0. These group into 


conjugate pairs B+/—1f' and B—/—1f’, and each conjugate pair lies in 


a real plane Sap=0 where peptide Ὁ: Having determined the vectors 
(14, Gg, «.. dn We have a relation of the form 


Frp=p* ἢ ρει. SapSagp ... Banp, 


to take account of terms - 


——————— lll 
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where ¢ is a scalar and where ,_,p is a homogeneous function of p of order 
n—-2. If F,V is the generating = agp (see (1x.)) of the harmonic we have, 
on putting V for p in the above relation, 


FAV . Tp =¢.. Sa, VSazV ... Sa,V . Tp! because V*Tp-'=0, 
and the scalar ¢ can be found by comparing a coefficient. } 


Ex. 2. If φ is a quaternion associated with each element of mass of 


a body, 
Jgdm=/(V). qo, [rgdm=Ve 700). % 
where 7 is the vector from a point in the body to the element dm, where q, 
is the value of g at the origin of vectors τ, and where Vr operates on _/(V) as 
if it were a function of a vector V. 
(a) The first terms of the function /(V) are 
I(V)=M— τον +3{SVPV -4(4 4+ B+ C)V4-etc., 


where .V is the mass of the body, τὸ the vector to the centre of the mass, ᾧ 
the inertia function for the origin of vectors + and A, B, Οἱ the principal 
moments of inertia for the same point. 

[We have 


Jqdm=fe~S*¥am. qo= \(1-SrV +-48rV?—ete.)dm . gy ; 
and because SrV2=7°V24-V7V%, [VrVVrdm=60 
and [Pda= -4(A+B+C), 
the expansion is justified. Again the differential of fa corresponding to da is 
dfa= —SdaVa.fa= —[Sdare~5*am,] 
Ex. 3. A heavy body is placed in a field in which the gravitational 
potential is P. The potential energy of the body (WW), the resultant force 


and the resultant couple (A and y) acting on the body and referred to its 
centre of mass, are 


W=MP+48VOV .P, X=MVP+3SVOV. VP, n= VOVV. P. 


(v) Various expressions for V. 


ArT. 128. We shall now examine in greater detail than in 
Art. 57 the various analytical expressions for the operator V 
and for V*. | 

In terms of three arbitrary differentials we may write 

V MAGE ΠΕ (Β) 
where (Art. 54 (ντ.), p. 70) a 
__Ydpd"p ,,__ Vad"pdp na Ndadp 
Sdpd’pd"p’ “ ~ Sdpd’pd’p’ ρα ~ Sdpd’pd’p’ =) 
The operator V* is now 
V? = 272+ ΣΟ" ἀ" ++ N’N'd"A) + EVA. d, ....... ..( IIL.) 
and in the third sum V operates on the vectors X alone and not 
on the operand of V2. 
J.Q. P 
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Remembering that V? is a scalar operator, this breaks up into 
the two parts 

V2= Σλ᾿α" + DSn'n" (d'd” +d"d’‘)+ TSVA .d;.........(LV.) 

O=TVND’. (d’'d” —d"d’)+EVVA . ἀ. .....ἀἀενννννενεενν (V.) 

It is only when the differentials are independent that the 


order in which the differentiations are performed is indifferent, 


and it is only in this case that we can generally suppress the 
terms involving d’d” —d’d’ and similar expressions in (V.). 

When independent differentials are employed, we use the 
expression (Art. 57. (I1.), p. 74), 


σις Fe ge a ὃ. (νὴ 
Spipeps Ὅν. Spypops OV Spypeps OW 
or as it may be briefly written 


β 3 3 ὃ 
V= Mat Mya Ysa nnd theese δὰ ὁ ενοκὸν (VII) 
where the vectors νην νυ and νς satisfy the relations 
Si,p,+1=0, ete., Sropg=0, Srgp=0, etc.; ...... (VIL) 
or again we may put 
ἐ ὃ Ὁ <2 
V=Vu.- +Vu.5+Vw.z ΠΡΟΣ. «ΤῊΝ (1X.) 


as we see by comparing the results of operation of the forms 
(vu.) and (1X.) on wu, vand w., Thus 
"πῶ, Ξε VU, VeHVW orveceeesescecseseens (X.) 

and VV», =0, VV»,=0, VV»,=0. ουσοκουνοονονούδοὺ (XI.) 

The vectors 1, νυ and νς are the normals at the extremity of p 
to the three surfaces u=const., v=const. and w=const. whie 
pass through that point. he 

The appropriate expressions for V* are now 


. οι Ὁ" Ὁ 
Ve= an Sait 2LSvovrg . ΠΥ ΤᾺΣ Σϑνν, . ou 5 φνυνοφύς .«( X11.) 


or V8=E(Vu)?. 54. 280. =< ἐσθ Ὁ ...(XIL) 


Again introducing the operand q for the sake of greater 


clearness, we may write 
{2 +2.(Vpsps +9)-+-(Veurs- 9} 
_ taut pops: Dt a(V psp - 4) +a,(V pape 4 


PiP2Ps 
because the terms which involve the second deriveds of p, such as 


vq (ιν) 
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Vpishs-9+V pepe. 4, cancel in pairs. Operating with thi 
of ϑ΄ on (VEN we linve P perating with this form 


oe O/ Vpsp.? 2 a/v V ὃ 
γε" {Σ ὃ VeaPs Ὅλ ἐς © (Vpops- Vesps 2)} | 
P1P2Ps3 ro eine Ὁ +25( Spi pops =) (XV.) 
ΤΡ at aR ~~ contains six terms, and to this the sign 
may be prefixed. Or in terms of th stors ν it easil 
that this reduces to of the vectors ν it easily appears 


γε. {22 ae Bi 2 (gue . 2)} 

Fn veMs 25 ( = )+Ex, ἔξ δ) - (evr) 
μΑσονοδόυ the leaped u=const., v=const. and w=const., are 

equipotential surlaces with the corresponding potentials, u, v 

and w, the operator V? is a homogeneous pundentic in the 


ἘΜ ᾿ ὦ Ἢ : 
differentiating symbols Su’ dv’ dur his property follows 


directly from (x11). The converse is also true. 
_ When the surfaces are mutually rectangular, the operator V2 
is independent of the products of differentiating symbols. In 
this case we find from ἀν: the most convenient expression for 
V* to be 1 ὃ 3 


| on ks as ee Gee 
ar] Cate 9 Meee 


Ex. 1. Determine expressions for V2 where 
(1) p=u{(¢cos w+ sin w) sinv+é cos v} ; 
(2) p=u(icos v+j sin v) + hie ; 
(3) p=J(b+)(b+e)(b-+w)}.¢ asin Art, 84. 


Ex. 2, If a scalar function P of lar functi 
satisfy V2P=0, show that of a scalar function w of p can be found to 


7 ig OP OP _ Vu 
(Vu). 5,2 + Vu. - τοῦ and Vu τ. 


[See (x1u1.) for the first condition. Th : ἜΘΕΜΕΝ 2 7‘: 
is a function of w.] e second expresses that Vu . (Vu) 


Ex. 3. Given that a family of surfaces «=const, i eout 7 
system, show that the potential corresponding towis Το 


vu a = 
P= [du ig leva ᾿ νὰ 
[See the last example.] 


Ex. 4, A family of concentric, similar and coaxial quadri 
eae doa Show that ως τῳ of the pociprooals of rg ὑθεευξι, 
oO: r principal axes is zero, or 6 e quadrics are spher ir 
also the corresponding potentials. 5 ΡΘΕ ae 
{Here u=3Sphp, Vu=—dp, V2u=m". The condition of Ex. 2 becomes 
Veopd%p .m”=0.] 
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Ex. 5. Find the condition that the family of surfaces /(p,u)=0 should 
form an equipotential system, and determine the potential when the 
condition is satisfied. 

_ [Imagine τὸ to be expressed as a function of p by solution of the equation 
Fie, w)=0. On this understanding we may treat f(p,u)=0 as an identity 
and equate to zero the results of operating on it by V and V*. We find 


γένω. Lao, φέρε ϑϑν + vu ΘΓ ἐσ)». Sh=0, 
where V operates on f as if f were a function of p alone, and where 
consequently V and ai are commutative in order of operation on ἢ 
Utilizing the results of Ex. 2 to eliminate Vu and eliminating Vu we find 


ὃ. ὋΡ ὃ. ΛΓ 1 ). ΨΎ Ὁ 
δι οεδι Ba" 8 (Sa eR) TAF ὃν 
The condition to be satisfied is that the right-hand member—a function of 


p and u—should reduce to a function of w alone by aid of the equation 
f(p,u)=0. If F(p, Ὁ reduces to a function of wu alone by aid of the equation 


F(p, u)=0, we must have VF+Vu. τὰ || Vu || VF or simply VV/VF=0. 
Thus the condition required is 


CO ee, is a: a 
νυνί ston (Si cere) ἐπ ou 19} 
Ex. 6. Show that the family of confocals Sp(p+)"p+1=0 is an 


equipotential system, and determine the potential. 
| Here wehave Vf=—2(+u)"p and Tn —(p+u) p= —-HVIY; 


also Vif= -23i(p+u) = 22(a2 +4). 
These give 
2 tog oF = ἊΣ εἰ = — Flog (atu) ευλθ 
du 
ane ite πατοδ τάττων. 


Ex. 7. The condition that the family of surfaces /(p, v)=0 should 
compose a system of characteristic surfaces in an optical medium of constant 


density is vor {copy ( af) me eis 


amilton’s characteristic functions satisfy the relation TVQ=n, where x 
is the index of refraction of the medium. If the family of surfaces satisfies 
the condition we must have Ὁ a function of τι, so that VQ=Q’Vu= —Qf “VA, 
where the accents denote differentiation with respect to uv. Hence when 2 
is constant, ΤΌ. 7“ must reduce to a function of wu, or VV/V(TV/. 7’) =0.] 


(vi) Kinematics of a deformable system. 
Art. 129. If q is any function of p and ¢, its total differential 


may be written in the form 
dg = Gdt—Sdpv .: ....s.csesessereeeenenes (L.) 
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and in particular when we replace dp by dt we shall write 
Dq=qdt—SoV .q.dt and Dgq=q—SeV.4¢. ......... (1.) 


When σ' denotes a velocity, Dg is the rate of change of the 
quantity ¢ eee as associated with the moving point. On 
the other hand ᾧ is the rate in change of g at a fixed point, and 
—SdpV .q is the change in the-value q from the extremity of p 
to that of p+dp at a given instant. 

If dp, ἂν and dv are elements of directed line, directed area 
and volume respectively, at the extremity of p in a medium 
moving with the velocity ¢, we have by Art. 124 (π.), p. 212, 


D,(qdv) =(Dig+ mq) . dv, ] 
D,(Sadv)=S(Do+ yo). ἂν τε όταν, fF ......... (IIL) 
D(Sadp)=S(D,a+ ¢@) . dp=SGdp, J 


where* (Art. 124 (1.) and (11.}} 
ao=Do+xo=D,0—VVVoo,, } 
g=Dot+¢'a=Do-VS8eo,, oseesceseveee( IV.) 
because for example we have SaD,dv=Soy‘dv=Syadp. 

In terms of the spin-vector e= 1VVo, the divergence 
m”=—SVo and the self-conjugate part ¢, of ¢ we may also 
write 

o=Do-Vent+(m’—¢)o, o=Do—Veo+¢0; ...{V.) 
or explicitly in terms of ¢ we have 
a=a—VVVom—aSVa, G=a—VSem—-VoVVo. ....(VL) 
To prove these results observe that 
B=a—Sa,V .ac—a,SVot+S8a,V .o 
=0—5Se(V).5+5a0(V).c¢—o,8Va 
and that . 

B=s—SaV .o—VSae=a—Sa,V .5+VSa0,—VSen, 
where (V) operates an situ both on o and τῷ and where σὺ and τὺ 
are free from the operation of V. 

In addition we may write 

(Dit m’)q=G—So(V) 6g .ccccececesceeeeees (VIL) 
because this expression is g—So,V .q—SVe. qp. 

We may connect this with previous results by observing that 

(Di +m")Suo=S(Go+a0)=S(Gw+ae) .......(VIL) 
is a consequence of (Iv.) where ὦ is any vector function of p and ¢, 

Also SVes =(D,+ m")SVG. ...0ccedcccsecooednes (1x.) 

* See H. A. Lorentz, Encyklopddie der math. Wiss”, V», p. 75. 
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We may also observe that if o=VVa, we have by (v1) 
VVa=VVa—VVVeVVa=0—VVVow, SVo=0; 


since ¢ and ρ are independent, so that the order of operation by 
V and of partial differentiation with respect to ¢ is indifferent. 


Hence VV 1 ee σειν. cciicscsacscseecesiacs (x.) 
From these relations we derive various forms for equations of 


continuity ; and the voluminal, the areal and the linear equations 
of continuity are respectively 


(Dim )g=0, πὸ, B=. ........c0cce0(XE) 


The first asserts that gdv does not change for the element of 
volume; the second requires Smdy to remain constant for all 
vector areas dy, and Smdp remains unchanged if ὦ τεῦ. 

Instead of supposing the quantities g, a and o to be functions 
of p and ¢, we may take them to be functions of ¢, wu, v and εὖ 
where uw, v and w are three parameters which individualize the 


moving point. 

This is . ’s method, and Euler’s method is that in 
which everything is expressed in terms of p and ἡ, The total 
differential of g we shall. now write in the form, 


Dg=Stat+ Laut Lav Law; yee ee 


and following the moving point we have 


= 

Dgq= Ap CITT ttetietesaeeeeeeesen ens ( XIII.) 
since wu, v and w remain unchanged. In particular 
ὃ σὰ 
r= Bd Dic = ΞΙ . 
The vectors ὦ and τῷ now become 
p= Ὁ vey Pe 5 ὃ τῳ ὃρ 

τ Ξε at γνν at Do ΤΠ ΞΞ Ot —VS At ἴῃ» eeeees (XIV ) 


as appears on reference to (Iv.). The appropriate form for V in 

these relations is that given in Art. 128 (vI.) or (xtv.). The 

element of volume is now —Sp,p.p,dudvdw, and the voluminal 

equation of continuity is simply (compare (III.)) 

YS pyPopg=CONM. .......ceeseeeeseeeeeee(KVs) 

Ex.1. If ὁ is the density of a continuous distribution of matter moving 
with the velocity ¢, Euler’s equation of continuity is 
é=SV(cr) or De=eSVo; 
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d Lagrange’s equation is 
grang “4 -- CSP Pops = ('= const. 


fe) : 

(a) Hence D, log c= ἘΠῚ log Sp,p2p3=SV = τε ϑῦσ. 
Ex. 2. Show that 

g=¢-08Ve, ὑτεὸ --σϑ-- σὺν σ -- θισ -- V.o°. 
Ex. 3. Show that p= -v oP. 
Ex, 4. In general 
Vao'+VOe'=0", VE0'+VOG'=m'o"+o" where τε σ'. 
[These relations follow most easily from (rv.).] 


Art. 130. The integral | 
F= — |Sadp ἘΠ ον ἐδ ῳω 


taken from one point to another en a curve depends generally 
on the nature of the curve; but if VVa=0, so that ξεν}, the 
value of the integral is simply the difference of the values of P 
at the extremities of the curve. This integral may be called the 
jlow of the vector τῷ along the curve. 

The time rate of change of Κ᾽ as the curve moves with the 
medium with velocity σ᾽ is 


D, = - |Sadp, ss belts aah | al) 


and if this integral is independent of the nature of the curve, 
w=VQ, o-VeVVa=V(Sen+Q), Dao=V(Sea,+Q) (11) 
are different forms of the condition to be satisfied, Q being a 
scalar function of p and ¢. Other forms of the condition are 
VVa=0, VVa—VVVoVVa=0, VVDa=VVVSoq'; (IV.) 
or again (Art, 129 (X.)) 
@=0, where w= VVG. ......sscceercecsees (v.) 
As regards the third of (Iv.), note that VV’*Scm,)=0. 
In general we have (Art. 129 (V1.)) 
D,F= -{s ΤΗΝ (v1) 
and 
DF= ~ [Sedpat—|SVVody—[Sor] δὲ, whers dre Vodpat (Ca) 
and where [Soa] denotes the difference of the values of Sem at 
the extremities of the curve. The expression for DF’ shows the 


meaning of the various terms, dy being an element of the area 
swept out by an element of the curve in the time dé. 
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In the case of a closed curve, the circulation of the vector a 
in the curve and its rate of change are expressed by 


C= —|Sadp, D.C= —|Sidp: Byes (vit, 


or when @ does not become infinite at any point of a surface 


drawn over the circuit, we may transform the circulation into a | 


surface integral so that 
is — [Sod Doe = [Sex go VG, ones -se KEK.) 


The circulation is therefore the flua of the vector w( = VV) 
through the cireuit, and the rate of change of the circulation is 
the flux of the derived vector ὦ (=VVz) or the circulation of ὦ. 


For any small plane circuit, the circulation —SVVadp is the © 


projection of VVa on the normal to the cireuit into the area of 
the circuit. Thus VVa determines the aspect of the unit circuit 
in which the circulation is a maximum, and it likewise gives the 
magnitude of the circulation TVVo in that principal cireuit. 
In like manner ὦ determines the aspect of the cireuit in which 
the rate of change of circulation is a maximum as well as the 
value of that maximum. 

The vector D,VVa determines the rate of change of the 
circulation from one principal cireuit to another following the 
motion of the medium. A principal cireuit does not generally 
remain a principal circuit. We note that by (Iv.) and by 
Art. 129 (1v.) 

ὧ = VVDo— VV'VS00" = DWVVa— V στ τ"; sense (X.) 
and in general we have 
(DV —VD,) -q= V'So’V . Gyeesewesenes sues (XL) 
because D,V.qg=Vq—SeV.Vg, VDq=Vg—(V)SeV. ῃ. 
If a tubular surface, drawn through any circuit, is composed 
of curves satisfying the differential equation 
γναδρταθ:.,,........ὕ... ΕΛ ΕΒ ΣΤΕ (Χπ.) 
or, what is equivalent, if 
BS WEEE iso's vica'sins'Bicesdeacveveens (X11) 
over the tubular surface, the circulation in any evanescible * 
cireuit traced on this surface is zero. In particular if ABC 


and A’BC’ are two circuits embracing the tube, the circuit — 


ABCAA'B'C'A’A is evanescible and also the cireuit AA’A. From 
this it follows that the circulation in ABCA is equal to that in 
A’BC'A’, being opposite to that in A’C’B’A’. Hence the circulation 


* An evanescible circuit may be reduced to zero by continuous variation. 
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is the same in all cireuits drawn on the tube so as to embrace it 
once, 
The jlu« of the vector a through a given surface bounded by 


a given curve is Gm — |Sodv, εἰρϑεεν σε αν τον τ τι (χιν) 


and the condition that this should depend only on the bounding 
curve 1s that the divergence of τῷ should vanish, or 
Εν arrays ve hee adh hod ras kind (XV.) 
us we see by transforming the integral over a closed surface into 
a volume integral. | 
The rate of change of the flux is 


D,G= — [sear eee bied asesvantad ENE) 


and the condition that this rate of change should depend only on 
the bounding curve is 
SVa=0 or SVG—S(V)o. ὅν ΞΟ, or (Di +m")SVa=0. (XVIL) 
In any case in which SVa=0, if a tube is constructed of the 
lines Vdp=0 through a circuit, the fluxes across all sections of 
the tube are the same, and the value of the flux is the strength 
of the tube. For a small tube we have, if Tdy is the area of a 
cross section and if dx is the strength, 
TdyTo=dn, where SVa=0. ....... «ὐν (ΣΎ Π) 
Ex.1. If VVD«=0, the circulation of the vectors o in any circuit 
moving with the medium remains pa 7 
[See (111.) and (1v.). We have Do=V(4o2+@Q).] 
Ex. 2. Show that in Lagrange’s method 


ὌΝ 
(DV -VD)q= at’ Ὑ' 


Arr. 131. In Art. 126 we showed that any vector o can be 
expressed in the form (see (IV.), p. 220) 
eV. (ΑΝ τα} .......0.ὁἐ νον νιν νον εν εν ζοι (1.) 
where p is a certain quaternion. We shall examine how this 
quaternion is related to the flow and the flux of the vector a. 
n terms of p, 


— | Sadp= - |SVVVp. ΠΟΥ 5 2 (11.) 
because —S.VSp.de=dSp. Hence for a closed circuit, the 
circulation depends merely on Vp. If the circulation in every 


circuit vanishes, the quaternion p reduces to a scalar, as we have 
already observed. The circulation in general is expressible as 


C= -|s. VVVp.do= —(S.V2°Vp.do. .....s...0s(IIL) 
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We have also 
DF= -|s (VV p—VSeVVp—oV°Vp)dp+[DSp]; ....νὉ 


and ὦ and ὦ are 


&=Vp—VSeVp—VeV°Vp, 6=Vp—VVVoVp—ocVSp. (v.) 


The flux is . 
G= -|Sodr= - |Swv. Βρ--ἰβυράρ,.........ἁ, ὕ(ν) 
since [Savvp = [Sapvp. 


The flux through any closed surface depends merely on Sp. 
Comparing (11) and (vI.) we see that Vp and Sp play a comple- 
mentary role in these two relations. Various forms may be 
found for D,@ on which we cannot delay. 
Replacing p by τ in the second form of the identity 
(Art. 126 (Iv.)), we obtain the expression 
να αν { dra’ 
aL υ{ ὦ’ | 
| JanT(p'—p) Jaa T—p) vit) 
δι artic throughout a git region, and this exhibits the nature 
of the quaternion p of the present article. If there is no 
circulation at the boundary, so that we may put o=VQ (where 
Q is a scalar function) in the surface integral, we have on 
replacing p by VQ in the identity already referred to 
V2Q'dv’ dr’ V’'Q’ 
V =V “πο ees oa. spe ee ee oe 
Naat —p) STG) 
also ἢ ρας p= in the first form of the same identity and 
introducing a new scalar function R, 
V?Q'dv" Sdy'VQ’ αν’ 
R=Q- ΡΣ τ — [pe ον ve 
4aT(p'—p)  J4xT(p—p) Jap’ —py “5 
Substituting for the surface integral from (vm) in (VIL) and 
attending to the definition of R in (1x.), we find 
ἰῇ (Δ. να΄. dv’ γνω . ἀν 
o=VP+Va+VR. if Ῥα  1Ξ τ; -τ-ΞΞΞ, ητε͵.---πς ---. 
᾿ ἀπο py "Jax p'—py © 
Moreover # is given by (1X.) as a scalar surface integral depend- 
ing on the values of Sdya and of Q over the boundary, and 
V*#=0 throughout the region. In this notation (Π.) and (V1.) 
me 


P= —|SVndp+[P+ ΕἸ a | SdV(P+R)— [Snip (xz) 


_ If 4=0, the distribution of the vectors τσ is irrotational: if P 
is zero there is no divergence and the distribution is solenoidal: 


ele le ee ΝΝ 
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if P and » both vanish, the distribution is irrotational and 
solenoidal. 

If, as in Art. 130 (xvim.), dz is the strength of a tube of vectors 
VVa of cross-section Tdw, and if dp is along the tube, we have 
VVa.dv=VVa.TdeTdp=dpdn because dp || de || VVa. 

If the tubes form closed rings and if dy is the directed element of 
a surface bounded by a ring, we find (compare (X.)) 
~{ 4 fanvar p= Vf, ἀρὰ 
=| τ lo" “aIGap at —p 
νὼ»... dnd dad Od 
ndy’ ν΄ OQdn 
n=  -ϑ gory, at ὁ) ty ae 
where Q is the solid angle subtended at the extremity of p by 
the closed ring of strength da, 
because Sdy'VT(p’—p)~'=Sdv'U(p'—p). T(p’— p)-* = —dQ. 
(See Chap. VIL, Ex. 22, p. 86.) ; 
Hence at any point outside the vortex rings, 7.e. αὖ a point at 
which p’ does not equal p, we have 


Vy = ἐν [oan, a= V (p + ἐ |aan + R). TTT .(XTIL) 


This well-known transformation is due to the fact that under 
the supposed conditions a certain quaternion is reduced to zero 
by the operation of V. 


ἘΞ ΞΕ ὁ εἰ 


Art. 182. By means of the transformations 
ps(V)a=pSVa—a, pV(V)a=pVVa—2a, 
pSp(V)a=pSpVat+Vpa, pVpV(V)a=pVpVVa—3V pa, ...(1) 
which may be verified without difficulty, we obtain the trans- 
formations, 
|= dv=[pSVo . du—(pSdver 


=1|VVo . dv—3| pVdver ; 
Ϊν,ο .dv=—|pSpVo. dv+ |pSpdve 
=i[pVpVVo — 3 | pV νά. ΠΡ ΤῸ 


Another transformation, likewise depending on the invariantal 
properties of V, is 


| Sea .dv= [Spedve -- [ϑρωντ' +Spw'V’a)dv; ...(11.) 
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and by introducing p and V into any relation it is generall 
possible to find a transformation mat αν to these. t 2 


Ex. 1. The momentum and the moment of momentum witl 
the origin of vectors p of tion ontinu <2 siete ot Games «| 
tay Ses 2 Mi go πὰ ion οὗ a continuous medium of density ὁ, 
A= Jeody= [pSV (cr) dv — fepSdve=4 JpVV (cor). dv—4 fepVdve, : 
p= [eVpedv= - [pSpV (εσ)ὰᾶν + [ορβρᾶνσ =4{pVpVV (co) dv - }lepV pVdve : 
and the kinetic energy of the portion may be represented by 
T= [}eTo%dv= —}cSpodvo + Je(SpoSVo+SpoVVar)dv +4 [SprVerdy. 
(2) For an incompressible substance of uniform density, if 2e=VVe, 
A=elody= .- e[pSdve= cl pede - δορὰ ve, 
p= ef Vpodv= -- 2e| pSpedv + e| pSpdve= gel pV pedy -- je[pVpVadve, 
T=}0\Totde= —ho[Sprdve +2c[Spredn. 
Ex. 2. In the notation of Art. 131, the kinetic energy may be expressed 
T= --  [ε(ϑησᾶν +(P+ R)Sodv)+4{2(P + R)dv—4[8nV (co). ἂν; 
and for an incompressible substance of uniform density, 
P= —he|(Snrdv + RScdv) -- ο[θηεᾶν, 
and the volume integral is 


by 


= ἜΝ δεε νυ 
ef Syedy = —e / / oT p—py 


(vii) Lquations of motion of a deformable system. 


ArT. 133. For any system of particles the ὁ Nosy 
Arts. 119 and 120, i a particles the equations (compare 


M.Die=d, Dil Vert dM=p .....cccereceeeee, (1) 


are independent of the mutual reactions of the particles com- 
posing the system, J being the total mass, ¢ the Brive of 'the 
eer ap ΤῊΝ - εν vector from the centre of mass to the 
particle am, ἃ the resultant foree and uw the re oupl 
ἐὺς to the centre of mass. es rs 
Suppose the system of particles to compose a definit ‘ti 
of a distribution of matter, and let saab oarticls dm te ool 
on by a force gdm and a couple 7dm due to external causes, 
In addition the portion of matter is subject to the interaction 
between it and the rest of the matter. The forees of the 
interaction on the portion may be supposed to be the resultant 
of a number of forces dy acting at each point of the boundary 
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of the portion, and #dy is a linear function of the tensor of dy— 
the vector element of the surface. Moreover if ¢ is the density, 
we have dm=cdv, where dv is an element of the volume. The 
equation (1.) therefore may be replaced by 


Dio. fedv=[egdv+ [eas Bis {πε γα υεῦν ον ΕΓ {τ ἤν 


and D,. [Vrs .cdv= fet +Vré)dv+ [ντῴων. ΠΡ fo: 


and the volume integrals are taken throughout the selected 
portion while the surface integrals are taken over its boundary. 
When we take the portion of matter to be small, the volume 
integrals in (IL) are ultimately of the third order of small 
uantities and the surface integral is of the second order. 
Provided therefore D,o is not excessively large for very small 
portions and provided dy is a continuous function of the 
vector-element of surface dy, the surface in 1 must vanish 
independently of the volume integrals when the dimensions of 
the portion are greatly reduced; and if the portion is taken to be 
a tetrahedron whose vector faces are proportional to a, 6, y and 
6, we see that the function dy at any point must satisfy the 


condition 
P(at+ B+ y)—=PatPB+ Py .....ccceccceeeees (1v.) 


for all veetors a, 8 and y, because we have for the evanescent 
tetrahedron ba+?8+by+bd=0, where a+8+y+d=0. Thus 
Φ is a linear and vector function. We may therefore apply the 


integration theorem of Art. 125, Ex. 2, and replace |@dy in (11) 
by the volume integral jev .dv, in which V operates on Φ 
in situ. Thus we have 


Der. fodv= |(cé+4V). dv; δοὺς ἐνκωναυ ον νυ 
and when we reduce the portion, we find in the limit 
DF SEP On SPV. .....26.ὁὁὐ νον νονενο όσον (VL) 


where D,¢ is the acceleration of the centre of mass of a small 
portion of the matter. 

Applying the same principles of continuity and of dimensions 
to (111.), and taking the portion of matter to be a small parallele- 
piped whose edges are parallel to a, 8 and y, we find 

—cySaBy + VabV By + VBPVya+ VyPaBb=0; 
or simply (Art. 67, Ex. 7, p. 97) 
en+2e=0, eee err er ttt err ey (VIL) 
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where ¢ is the spin-vector of &, as we see more easily by puttin 
t, J and k for a, 8 and γ. Provided there is τῇ es PORTE 
distribution of couple, the function & is self-conjugate. 

The equation of continuity is 


€=SV (co) or —eSpiprpg=C, «.ννννννννννννν (VIL) 


according as we use Euler’s or sserngee method (Art. 129), and - 
ace 


by Art. 128 (v1) or (xrv.) we may replace (v1.) by 
Bp 


ie ea ἢ ὃ 2 
Sete (5 - PV ato. PVpnt—,. BVpyp), ...(IX.) 


Ex. 1, Find the equation of motion for a perfect fluid 
Ἵ {10 bes Pdy on th a pores * i portion of the fluid is -- ρᾶν, where » 
ressure, remember that | , | 1 | ' 
sauieicn =~ ne Vp at dv is outwardly directed. Hence the 


Ex. 2. Integrating along a stream line, show that 
$To*+ (S(E+ce7bV)dp 
is constant for an element of the matter, and find the integral i ( 
a fluid acted on by conservative eae si aii). 


Pid = - nips the ΜΕΝ acting _ 3 τέγος fluid are conservative, the 
reuls n any circuit moving with t Ϊ changed provid 
the density is a function of the Sabet Steen ee See 

[We have Ὀιστε —V(P+ feap). See Art. 130, Ex. 1. An independent 
proof is easily obtained by Lagrange’s method, which gives 


᾿ ὃ [2 Op. 
DF= -D:| Sedp= -Ξ [32 ap= - [Feap- [2a of, 
and if this vanishes for all closed circuits VV Dur =0.] 

Ex. 4, lf F=- [Sodp, show that 

᾿ς De= -|8(E +c bV)dp +3 [103]. 

ArT. 134. To determine the nature of the stress-function & 
for a viscous fluid, we assume as usual that the stress consists of 
a hydrostatic pressure and of a part linear in the rate of dis- 
tortion of the fluid, and that the stress-function is coaxial with 
the strain-function. In the notation of Art. 124, the strain- 
function is 4(¢+¢), and the general linear function coaxial 
with this function and linear in its coefficients is of the form 
n(p +P)+n'm', where ἢ and 7’ are constants and where 
m(=—SVo) is the first invariant of 4 or p or $(6+¢’). 
Consequently the stress-function is of the form | 

. Pa=—patn(P+P )atwmM' α, o.cccccccccecceses (1) 
α γύρα ᾿ς nanan! vector and p being a hydrostatic pressure. 
e hydrostatic pressure is defined more particularly (with 
changed sign) to be the mean of the principal le og oid : 
—3p=M" = —STSivi= —3p+(2n+3n’)m’, 
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Henee the coefficients x and π΄ are connected by the relation 


D4 BOs crccerccescosacse soawaopneas (11.} 
and finally in terms of V (Art. 124, p. 211), 
ΦαΞξ — pa—n(SaV .otV.Sar)+inaSVo. ........Ψ.Ψ (111.) 


If x does not vary from point to point of the fluid, the equation 
of motion becomes 


Dio =£—0-?. Vp —c“'n(V20+4VSVa); ......... (av.) 


otherwise if ἢν varies, it must undergo operation by the V which 


replaces a. 
% like manner for an isotropic elastic solid, if @ is the 


. displacement, 


Pa = —n2(SaV .6+VSa0)—WadVG, «..0ὁννννννννον (V.) 


assuming that the stress function is coaxial with the strain- 
function and linear in its constituents. The equation of motion 


becomes | 
D?Z0= €—c- V?20—c-'"(n+n')V .SVO. ....000000e (VE) 


Art. 135. The rate of change of kinetic energy of any finite 
portion of the matter is 


D, | ) 5. du=D,|}To°. dm 


iit Ϊ ti aie — |Sou(oe+ BV) de, ....() 


and in the last integral V operates on ® but not on o as indicated 
by the suffix. Because SobV =Sc,PV σῷ, ΚΝ, where V operates 
on the unsuffixed symbols, we may integrate by parts, and we find 


D, | jeTo?. du= —{esoe. d+ [Sov . ἀυ-- [ϑσφάν, (IL) 


where dy is an outwardly directed element of the boundary of 


the portion of matter. 
For comparison we give the expression for the rate of change 


of kinetic energy in any region fixed in space. It is 


τ {πιστοὶ dv = [jeTotde — [Soe ἂν 


-| JTo,°8V(ca) —Sx,VSayr}du— [Soy(c-+BV)ae, 


on making substitutions from the equations of continuity and of 
motion. 
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Now —Sa,VSe,0= +So,V.4To? and the first integral changes 
at once into a surface integral ᾿ that i | 


d 
fico. dv 


3 


= [sete . Sody—|oSog. dy +[So%,V dv—|Sodds, bh (πὴ 


transformation of the second part of the integral being as before. 
The difference between (11.) and (111) is ‘ins to the influx of 
matter through the boundary. 

The first integral-in (11.) is due to the activity of the applied 
forces ; the third is due to that of the surface stresses ; the second, 
with sign changed, gives the rate at which energy is stored in 
the medium or dissipated. 


Art. 136. In the case of a viscous fluid, the rate of storage 
and waste of energy per unit volume is (Art. 134 (111.)) 
—Sob,V =pSVo+n(SVV'Seo’ +SVo'SV'c)— $2(SVo)*. ...(L) 
By the aid of the equation of continuity (Art. 138 (νπι.}} th 
term in p may be replaced by . ΠῚ ἊΝ 
pDilog e=D,| po-'de= —D, pb-"db, ....ccseeecee-.(IL) 


where 6 is the bulkiness, the reciprocal of the density; and for a 
given mass the rate of change of the intrinsic energy is 


| PSVo .dv=— | pD.bdm Ξε - Ὁ, dm | pad, secesessf tlie 


‘The part quadratic in o is called by Lord Rayleigh the 
dissipation function, and it measures the rate at which ene1 
per unit volume is wasted by the viscosity. This depends on the 
papa με ἣν ἐν crane in terms of the elongations 
1? an —tl[ tent roots o 10r = ὦ 
βρυ σοὶ ¢;—the latent roots of the function ¢,=}(¢+¢’) of 

The invariant m’ of ¢ is (Art. 124 (vm), p. 213) 

Ἤν τε —ISVVV'Voo' =1SVaSV'o’ — LSVo'SV'c: 
also we have 
4e? = VV? =SVVaVV's' =SVo'SV'c—SVV Soo’: 
and from these two expressions we get 
SVV'Se0'+SVo'SV'o= — 4e?— 4’ - 2m? 
since m= —SVo=—SV'e’. Thus 
2F=n(SVVSoa0' +SVo'SV'c—28Vo")=42n(m"?—3m’' -- Se”). (IV.) 
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But (Art. 68, p. 98) the invariants of , are 
m” =e,+e,+¢e, and m" +e? = ¢,¢,+ 6,6. + €:C0, 
and therefore 
F = yn{(l,— 6s)? + (6g — 6} + (6. — C0)" srreeereeeeeeee(Ve) 
Hence it follows that if the dissipation function vanishes the 


distortion of any element must be a uniform dilatation or con- 
traction, for the conditions are 


Ex. For a dynamical system consisting of a solid and a fluid, the 
momentum and the moment of momentum of the system referred to the 
centre of mass of the solid are given by : 


\=Mv+ [σἄπι, μεεφω- [Υ̓ρσάπι, 
w being the angular velocity of the solid, v the velocity of its centre of mass, 
¢w the moment of momentum of the solid, p a vector from the centre of 
mass of the solid to an element dm of the fluid which is moving with 
velocity σ΄, 

(a) In general (4, A) is the resultant wrench of the system of impulses 
which would generate the motion, and if the motion of the fluid is due to 
that of the solid, ἃ and » are functions of v and w; but if the motion can be 
generated by applying the wrench to the solid, it follows from Newton’s law 
of the composition of velocities that A and μ are linear functions of v and ὦ, 
or that (p. 208, Ex. 12) 

A=pyvtpwo, p= hyv+ hyo, 
where ¢,, os, @,' and @, are four linear vector functions. 

(Ὁ) The work done in altering v and ὦ to v+dy and w+do is 

dW=—SAdv — Spdo ; 
and if the has εὐἰραρὸ system is conservative, so that dW is the differential of 
a function W of v and ὦ, the functions @, and ᾧς must be self-conjugate and 
d,' must be the conjugate of oy. 

(c) In the case of a perfect fluid, the velocity generated in this way must 
be irrotational, and assuming that oc, as well as A and μι is a linear function 
of v and w, we must have 

7=V(SvI+SwQ), 


where @ and ¢ are vector functions of the vector p. 


(ad) In the case of a solid moving in an infinite liquid of uniform density, 
or of a solid containing a cavity filled with liquid, the functions 6 and ¢ 
must satisfy 

V70=0, δέξο 


ao the liquid. And at the surface of the solid in contact with 
the liqui 

S(u+ Vwp)dv=SdrV . (Sv8+Sa), 
so that θ᾽ and ¢ must satisfy the surface conditions 


dv=SdvV.6, Vpdv=SdrV.¢ 
7.0. ῳ 


= 
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(e) In this case we may replace the expressions for ἃ and p by 


λ Ξ ν- οᾶν (Sv6+Swf), p=dw+ e[Vpdv(S v8+Swf) ; 
and by the aid of the conditions which @ and ( satisfy, it may be shown that 
JavSab={SVV’. θθαθ΄. ἂν, [VpdvSag=[SVV'. Sag’. dv, 
[VpdvSab= JSVV'. (βαθ΄. ἂν, — fdvSag—=[SVV’. OSa¢’. dr, 
80 that the conditions (Ὁ) are satisfied, Also the functions ¢,, dy and 


hy 
depend on the nature of the solid and on the density of the liquid, and they 
are invariably related to the solid, 


(f) If the solid is acted on by an applied wrench (η, ξ) referred to its 
centre of mass, the equations of motion, analogous to Euler’s equation for a 
rigid body, are 

PV + huis t+ Veo(dyv+ pw) =f, 

PV + hs + Vol ge'v + hyo) + Ὑυ(φιν- yo) =n, 
the second equation being obtained by expressing that the rate of change of 
the moment of momentum +VyA) with respect to a fixed point is equal 
to the moment of the applied forces (y+ Vy) with respect to that point. 

(g) When there are no applied forces obtain and interpret the integrals 

T(dv+ $.0)=const., Βίφ;ν yo) (o'v+ yw) =const., 
Sud) v + 28ud. + Sado =const. 
(4) When the linear momentum is constantly zero, 
($3 — φ  φ, dy) + Υω(φ, - by: "bJo=n, v= - Py Poe, 
and the angular velocity is that of a certain solid moving round a fixed point: 
under the action of the couple ἡ. 


(ὃ For a steady motion of translation under no forces Vud,v=0; and in 
general for steady motion when ὦ does not vanish 
v=—Pr(det2)o, Volds—(dy +2)b,"($y+2)]o=0, 
where ἃ’ is a scalar. From this it follows that the axis of the screws of 
steady motion are parallel to edges of a sextic cone, and in general to each 
edge of the cone corresponds a single screw 


Art, 137. In terms of the displacement 6, the equation for 
an elastic solid is (compare Art. 134 (VI.)) 

By fe Oa (1.) 
the velocity ¢ being 6 and & being a self-conjugate function 
because there is no voluminal distribution of couple. The 
displacement @ is a function of the time and the position vector, 
and when the strain is small we may neglect the term —S@V.6 
in D6. We replace, in fact, D,26 by the second derived of θ 
regarded as a function of ¢ alone, that is by @. Observe that 


now V is commutative in order of operation with the result 
of differentiating with respect to the time. 
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By Art. 135, the rate at which the forces work in storing and 
dissipating energy is the integral 


| ighout the body. By Hooke’s law, stress is a linear 
fusion of Se Tf the ΤΟΣ in multiplied by πὶ, the — 
Φ is likewise multiplied by ἢ. Suppose the ἀρ By 
gradually increased from zero so that at any stage the s sus 
n times the final amount where 7 is positive and less than uni y: 


In this case (11.) becomes W= —in|SO@,V.dv; and integrating 


between the limits 0 and 1, the total work done in producing 
the strain in this particular way is seen to be 


W= —3|808,V. dv sahensaucaguansys saves( EBB) 


| is a function of the strain and not of the 
ae ek has been produced, the function W is τ 
energy function—a quadratic function of the strain, and the ne 
done in altering the strain in any arbitrary manner Σ ᾿Ξ 
difference of the values of the energy function corresponding 

i d the initial state. 
When the energy function exists we see on comparison of 9: 
and (11π.} that in general for any two sets of strain answering 
the displacements 0, and @,, we have 


|80,0,V, .dv=|80,,V,. dv. δ te’? “3° 


is qui us te t of the linear function 
In fact the theory is quite analogous to that of the 
a the ἀπο να μο expression Bai If Se halite δ = 
function ᾧ must be self-conjugate, and Sp,¢p.= pay wa we 
vectors. Conversely, if (1v.) holds good for all pairs of strains, 
tion exists. 
α΄ Otaexin data of Hooke’s law is the function Φ 1s 
linear in the constituents of the self-conjugate function 


φυα -- ἐ(φ- φγα-Ξ —4(SaV .0—VSae). 


Ϊ i f 6, which is 
h rds, ® is a linear function of V_ and of 8, hich i 
pes oly wha θ and V are interchanged, V operating in situ 


on θ. Thus if a is an arbitrary vector free from the operation 
of V, Hooke’s law is contained in the equation 
Pa =O(a, V, O)=O(a, θ, V), -.ecceeceseeeeeeeee (ν.) 


where Θ is a linear function of a, of V and of θ. 
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Tn case the energy function exists 
50,?,V, =S6,0(V,, Vo, 4,)=S0,0(V,, 62, V2) 
=56,8,V,=S0,0(V,, V,, 0,)=S0,0(V., 0,, Vy). ...... (VI) 
But we have already shown that Φ is self-conjugate, so we may 
equate the expressions (Υ1.} to the new expressions 
SV, 2,6, =5SV,0(6,, Vs, 0.) = SV,0(6,, 4, V2) 
=SV,P,4,=SV,0(4,, V;, 0;)=SV,O(0,, θ., V,). ......(VIL) 


We may sum up the whole matter in the following statement : 
writing for four arbitrary vectors 


(a, 8, y, 3)= —SaO(8, y, δ), τωφα νυνὶ κφυν CREED 


the fact that Φ is self-conjugate allows us to interchange the 
positions of a and 8; Hooke’s law permits the dilatohanee of y 
and 6; the existence of the energy equation renders the pair 
a, 8 interchangeable with the pair y, δ, 

or any system of mutually rectangular unit vectors, 4, ), ἃ, 
we obtain from (v.) six self-conjugate vector functions (of By 


O(a, 4, ἡ), O(a, j, j), O(a, k, k), O(a, 7, Δ), O(a, ἃ, 2), O(a, 7, J), (IX.) 


with permission to interchange the positic | 

; ene | e positions of the second and 
third vectors. The thirty-six constituents of these functions are 
the thirty-six elastic constants in case the energy function does 


not exist. When the any function does exist, the number of 


constants is at once reduced to twenty-one; three of the type 
(1, %, ὁ, 4); six (4, 4, 4, J); three (i, ἡ, j, 7); three (i,j, i, 7); three 
7, a z) and three (7, i, k, 1), using the notation indicated in 
Mee: exhibit he ον ar eey of these constants we shall 
ploy a special notation for the strains. Let @=iu+jv- 

and p=ia+jy+kz; let ei ae 


ee du , dv 
=n? ete. ; ὙΠ a on ecccsevsesecesee( Ka) 


Then the stress across a directed area a arising from the strain δὴ 
is O(a, 4, @)8ii, and that arising from the strain 8 18 O(a, ἡ, J) 8. 
The symbol (ki) represents the component of the stress across 
unit area j parallel to i due to unit strain of the type s;; and 
when the energy function exists this is equal to the component 
parallel to i of the stress across unit area ὁ due to unit strain of 
the type s,. 


Ex. 1. Show that the energy function is of the form 


Si 


+ 2 (Gif) sity +E (ik) sudp. 
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Ex. 2, Determine the reduction in the number of the elastic constants 
when the substance posseses a plane of symmetry. 

(a) Tf the substance has two mutually rectangular planes of symmetry, 
the plane at right angles to both is a plane of symmetry. “: 

[Reflection with respect to a plane of symmetry leaves the elastic 
properties unchanged. If ¢ is normal to the plane, the constants whose 
symbols involve £ an odd number of times must vanish. Thirteen of the 
twenty-one constants remain. When the substance has two planes of 
symmetry, at right angles to j and to &, only symbols of the types (27), (vj) 
and (7277) remain, and hence the plane normal to 7 is also a plane of 
symmetry. } 

Ex. 3. If the elastic constants referred to i, ἡ, / remain unchanged when 
the axes of reference, 7 and 7 are turned through two right angles round &, 
the plane perpendicular to / is a plane of symmetry. 

Hin this case change of ὁ and 7 into --ἰὖ and —j must leave the symbols 
unchanged. | 

Ex. 4. Determine the conditions that the elastic constants may remain 
unchanged when ¢ and j are rotated through a finite angle v round 4. 

ΠῚ a and P are the vectors obtained by turning ὁ and j through an 
arbitrary angle w round &, the functions of w, (thka), (taé8), etc., must be 

eriodic functions of « for the period v or else reduce to constants. These 
unctions can be expressed as sums of sines and cosines of τι, 2u, 3u and 4u 
together with constant terms. Hence the only admissible values of v are 
πὶ 47 OF Fisk In every case the symbols involving & three times must 
vanish. We have already considered rotation through two right angles. For 
rotation through 47, the symbols linear in £ must also warden, and changing 
é andj into +7 and —7 respectively must leave all symbols unaltered. us 
(Lhit) =(khyj), (kkij) =0, ete., and (viz) + Gi) = 0, (it) =( di). For rotation 
through ἔπ the functions of πὶ independent of & or involving & twice must 
reduce ἐν ΟΞ ΕΙΣ = find he hat (ap) ν᾽ a oO aati) +2 ἣν 
rotation through one right angle that (é7ij)=(j7ji)=0, (diz) = (dij) + 9(})}. 
Expressing that (aaa), (hau) are Since ton Bin oe sin 3u, we get 
—(kitt) =(Ajij) = (kj), — (ij) =(kt) =(Aj7i). = For =rotation through an 
arbitrary angle the symbols linear in £ must vanish and the conditions for 
v= must hold. |} 

Ex. 5. When the energy function exists prove the existence of a 
self-conjugate function ᾧ for which the relation 
ine eh? O(a, Bb, γ)-- Θ(β, a, y=V ᾿ pVafp. γ 
is identically true. 

(2) The axes of ᾧ, when determinate, form a natural system of lines of 
reference, and where a plane of symmetry exists, it is normal to an axis. 

Che function on the left is obviously a linear function of Vaf8. Operating 
by S86 we have 
(δα βγ) -(6Bay) =(Byda) —(Pdya)= -- 5  γδφναβ -- -- ΒΜ α βφν ys, 
and as this is a symmetrical function of ὅαβ and of Vyé the self-conjugate 
character of ᾧ is established. 
For an arbitrary set of mutually rectangular axes, we have 
O07, 7’, F)—-O(7, ὅς, γεν φί. #, ete., 
whence it follows that if 7, 7 and & are the axes of @, the vectors are 
completely permutable in O(a, j, £), so that (ἐ{4) τε (4), ete. 
Wo scarily find — 9h! (τι). (FR), - BE τς μι) - ΟΥ̓ ΜΙ), m 


that if # is normal to a plane of symmetry it is an axis o 
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If δὴν) δὰν e, are the latent roots of we have in terms of the axes 

| = (shi) -- (ijk), ¢5=(kiki)— (leit), ee = (i999) - (i. 
Given the constants referred to axes τ 7, & we can on transformation to the 
axes of ¢ determine whether there are planes of symmetry or not. 


In general putting p=zh+ra, where a=7cos w-+jsinu, we have the 
expansion 


(ppp) =A (kkkk) + 42°r(bhka) + 22*r?{ (khan) +2(kaka)} + 42r3(kaaa)+r\(aaaa), 


and when 7, j and & are axes of we have also 
(Lana) = (1) cos%u +3 (11) cos*u sin w+ 3 (17) cos τι sin2u+ {{}}}} sin? ἡ 
because the letters ina symbol involvin ?, jand & are completely permutable 
for this special set of axes. Hence it follows that a plane 2=0 which is a 
plane of symmetry of the quartic (pppp) and of the quadric Spdp is a plane 
of elastic symmetry. The coefficients of the powers of cosu and sin in 
(‘hha and in is must then vanish, and by the special laws of interchange 
every coefficient of odd order in /: vanishes. 
Suppose now that the plane Sjp=0 or u=0 is a plane of symmetry. The 
coeficients of the powers of z must be functions of cos alone. Thus 
(pppp) =a + 424rb cos u+ Ge"r*(¢ cos 2u-+o') + 4zr3(d cos 3u +d’ cos 1) 
+(e cos 4u+e' cos Qu +e) 
suppose. If the plane w=z is also a plane of symmetry, this function must 
be independent of the sign when we put x=v+w, where w is arbitrary. 
Hence bsinv=csin 2y=dsin 3v=d' sinv=esin 4v—e' sin 27=0, 
and unless the quartic is a surface of revolu tion, the only admissible values 
of v are ἐπ ἀπ᾿ and jw. Hence planes of elastic symmetry must intersect at 
angles of 90°, 60° or 45° if every plane through their intersection is not a 
pe of symmetry. Of course in the second and third cases, the quadric 


pdp is of revolution. There is no difficulty in writing down the elastic 
constants for each cage, 


Suppose two roots of ᾧ to be equal so that there are indeterminate - 


axes in the plane of 7 and j, and that it is required to find a natural system 
of lines of reference. We may equate to zero the derived with res 

to w of the first of the coefficients (kkka), (khkaa)+2(kaka), (kann), (aaa) 
which does not vanish. Determining « from such an equation we take 
icosu+jsinw and jcosw—Zsin ἡ along with # as the natural axes of refer- 
ence. The case in which ¢ reduces to a constant will be considered in the 
next example. ] 


Ex. 6. When the energy function exists, 
3V*, O(p, Ps p)=XO(p, ὦ, t)+ 220 (2, 2, p)= dap, 
is a self-conjugate vector function invariantally related to the elastic 
structure, 

[The function is invariantal because V? is an invariant operator inde- 
pendent of any particular choice of 7, jand*, Τῇ ἃ plane of symmetry exists, 
it is a principal plane of this function, because if Δ is normal to a plane of 
symmetry, Sih and Βα ἐφ, both vanish, being of odd order in &. Therefore 
ἢ is an axis of dy, and ᾧ, and ¢ of the last example have a common axis. 

In terms of the axes 7, 7 and & of the last example, it is easy to see that 

- Biol = 32 (aa) +-2(e,+e,), — Sidsj = 32 (γγαα), 
where a stands for 7, 7 and & in the summation. 

The axes of this function may be used as natural axes of reference when 
the function ¢ of the last example reduces to a constant ¢. In this case for 
arbitrary axes, ὦ, 7 and & are com letely permutable in any symbol in which 
they all oceur, and (jhjh)=e+( jikk), ete. 
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Art. 188. In the notation of the last Article, the equation of 
vibrations of an elastic solid, not acted on by voluminal forces, is 


cO=O(V, V, 0), ..«ἁἀνννον π αν κοντα εἰν. ΤΕ 


where, as we have said, @ is the second partial derived, with 
respect to the time, of @, which is a function of ¢ and p. 

nsider the propagation of a plane wave. If the vector v 
represents in magnitude and direction the wave-velocity, the 
equation of a wave-front is 


for this represents a plane moving at right angles to itself with 
velocity vu. Over a wave-front, the displacement from the mean 
position is, by definition, the same at every point at any given 
time. In other words @ is a funetion of uw and of t. Hence 


an Vge. Ὁ. Ὁ, 89 
Neo tg ae Ow’ 
and generally if ΚΝ is a homogeneous function of V of order τ, 
; Ιλ 0o*@ 
Ξο [} -- ᾿. a, πρρ βου ϑν εὐ τον ἐδ ὲ “αν. {{Π, 
70.8 Θ᾽ ou" =) 
In particular (1.) becomes for plane wave motion 
ss 1 1 230 
=0(-, πε =) ἐράσν νυν υεκιωννυν αὐ ἘΠ} 


If the wave is of permanent type, θ involves ¢ only as involved 
in uw, and if in addition the vibration is harmonic and of 


frequency p, - B86 


. =a. pease eer ry re vaig tA 
In this case (Iv.) becomes | 
Ottley, We, ΘΟ ΤΌΣ  sicccescsiscivinks (VI) 


This shows that for a plane wave propagated in the direction 
Uv, the vibration @ is parallel to an axis of the linear vector 
funetion* O(Uu, Uv, a), and that the velocity is the square root 
of the quotient of the corresponding latent root by the density. 
The solid admits of three plane-polarised waves propagated in 
the same direction with different velocities. The wave-velocity 
surface is determined by the equation 


59 (=, : .a) -αἱ [6({, - βῚ - <8} {o(:, = γ) —cy} =0, (vm) 


which is equivalent to the latent eubie of the function 
Θ(ὕυ, Uv, a). 
. The function @(Uv, Uv, a) is not one of the functions O(a, i, ἢ) of the last 


Article. ‘The second and third vectors may be interchanged in these expressions, 
not the first and second. 
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When the energy function exists, the linear function 
O(Uv, Dy, a) 


is self-conjugate because we have by the Jaw of interchan 
(Art. 137 (vm1.)), S8O(Uv, Uv, a)=SaO(Uv, Uv, 8). In this poe 


the vibrations 6,, 6,, 6, for any direction of wave propagation — 


are mutually rectangular. Moreover, since the function W is 
essentially positive, the latent roots of the function © are positive 
as well as real, and there are therefore three real wave-velocities 
UvTu,, UuTv, and UvT vg in any direction. 

When a linear function has indeterminate axes, the y function 
of p—g vanishes where g is the repeated root (Art. 66). The 
condition for indeterminate directions of vibration is therefore 


Ἢ 11 
γίο(, τ «)—ca} {0(4, = 8)-8} =o, seveae( VEEL 
where a and β arbitrary vectors. 

This equation admits of a finite number of solutions (v), which 
correspond to Hamilton’s internal conical refraction. These 
eo oe ne go> nee on the wave-velocity surface. 

6 tndex-surface (MacCullagh) or the sur of wave- 
slowness (Hamilton) is the yee νυ ὕδιςς 


S{O(u, u,a)—ca}{O(u, μ, B)—¢B}{O(u, μ, y)—ey} =0 ...(1x,) 

ὃξ γε: “hall ard surface (vu), the vector « being equal 
The wave-surface, or the surface of ray- ity, 1 | 

oft tes plas fe surtace of ray-velocity, is the envelope 

Sf=1 or Sup=—1, ......... ΠΗ ἊΣ (x.) 


subject to the condition (vu.) or (1x.). That is, the wave-surface 
18. the reciprocal of the index surface with respect to the unit 
sphere ρ΄ ΕἸ ΞΟ; or it 1s the envelope of plane wave-fronts in 
unit time after passing through the origin; or it is the wave of 
al agar apes re from the origin in unit time; or the 

ectors p which satisly its equation represent in macni | 
direction the ae ἣν A ἡ πος ΣΝ 

When the energy function exists a simple and remarkable 
oie may be found for the ray-velocity p in terms of μ 
il al The wave-surface may be expressed by elimination 


O(u, μ, 0)=c0, dO(n, μ, 0)=cd@, Sup+1=0, Spdu=0.. me 
The second equation is in full 
O(du, by θγΈΘῳ, ἄμ, 0)+O(u, had) dé) =cdé ; 
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and operating on this by S@ and attending to the law of inter- 
changes (Art, 137 (Υ1Π.}}, 
25dn0(0, 0, «)+Sd0O(u, μ, 0)=cS0d0; 
and by (X1.) this reduces to 
Sdx.0(0, 6, u)=0. 

Thus every du is perpendicular to Θίθ, 0, μ) and also to p, so 
that Θίθ, 0, 4)=ap where ὁ; is a scalar. Operating by Su we 
find —#=520(6, 0, μ)Ξ ΞθΘίμ, μ, 0)=cé", and therefore 

5.) By OR vais ses ivccsrsdsacesiess (X11) 


Further, if we operate on this by Su and on the first of (XI) 
by S@ we recover the relation Spuz+1=0; so that all the 
relations connecting U@, » and p are comprised in the two 


relations | 
O(n, μ, 0)=c0, O(UG, UO, u)=cep. ........... (XIIL) 


(viii) Electro-magnetic Theory. 

ArT. 139. The fundamental circuital laws of the electro- 
magnetic field are* _ 

(I.) the circulation (—|Srdp) of the magnetic force (7) in any 
closed circuit is equal to the flux (-= | Sydv) of the electric 
current (y) through the circuit divided by the velocity of light 
(w) in free space ; | 

(IL) the cireulation, with changed sign, (+[Sedp) of the 
electric force (e) in any closed circuit is equal to the flux 
(—"{sy, ») of the magnetic current (y,) through the circuit 


divided by uw. 
These laws are symbolized by the relations 


[Sndp="[Syar, [Sedp= Sy dv sosssmeeee (1) 


and because it is implied that the fluxes of the vectors y and y, 
through the circuit are independent of any particular surface 
bounded by the circuit (Art. 130 (xv.)), 


SVy=0, SV+=0. ........0cccsceceed τ (πὸ 


*We cannot delay to explain the units employed in this article. Full explana- 
tion will be found in the article by H. A. Lorentz on Maxwell’s Hlectromagnetische 
Theorie in Bd. Vg, pp. 63-144, of the Encylklopidie der mathematischen Wissen- 
schajten. These units are but slightly modified from Heaviside’s rational units. 
Much use has been made of Lorentz’s article and of Heaviside’s work in the 
preparation of the account of the theory given in the text, 
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We proceed to define more particularly what is meant by the 
electric and magnetic current fluxes and by the electric and 
magnetic forces in these laws. ‘The electric current flux through 


the circuit consists in general of three parts, the flux (— [San 


due to the conduction current (c), the rate of change ( —D,|Seav) 


of the electric displacement (δ) through the circuit, and the flux 
(— feSuds) due to the convection current (ev) where 6 is the 


density of electrification* carried through the cireuit with 
velocity v. In like manner the magnetic current is due to the 


rate of change (— D,| Sav) of the magnetic induction (8) through 


the circuit, to a conduction current (:,) postulated by Heaviside, 
but probably non-existent, and to a convection current (¢v,) 
where 6, is the density of magnetification carried through the 
cireuit with velocity vy. On the whole the integral fluxes are 


- [5γὰν =— D,|Sédv - | Sedy - [5 udy, 
- [Syd =— θἦθβαν - [διὼν - [οϑυν. ........(1IL) 


In the rate of change of the displacement through the circuit we 
must take account of the motion of the circuit which we suppose 
to move with the velocity ¢, varying from point to point. We 
have therefore by Art. 129 (111), p. 229. 


|Sydv= [δὼ +.1+ev)dy, [Sy,do =z [5 (β-τι, +ey,)dy, ...(1V.) 


where §=é—VVVod—oSVi, B=8—VVVcB—oSVB... ...(V.) 


Converting the line integrals in (1.) into surface integrals and 
expressing that the relations hold for every possible small cireuit 
dy, we arrive at the differential equations of circuitation 


γνη-- Ὁ (ὁ Ῥω), VVe= —* (B+i,4eu). κοννεν. {ὙΠ} 


We have not yet explained the meaning of the vectors ε and ἡ. 
The total electric and magnetic forces at a point consist of 
impressed forces (¢; and ;) together with ε and y. Thus if e and 
m are the total forces, 

ΕἰΞΞΕ ει, MAHA IES vccccecccvecscseceees (vil) 


[a 


* This is not electrification of the medium. It is due to charges of electricity 
carried by moving particles, for example. | 
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and Lorentz further divides the impressed electric force into a 


‘part εἴ co-operative with ε in producing the conduction current 


and @ part e@ co-operative with e in producing the displacement. 
We shall write 
CHEFS C Me =NA ic HE Midy coseeeeeeeeeee (VIL) 
where the suffix i calls to mind that the force is impressed, 
ὁ that it relates to conduction current, d to displacement and 
b to magnetic induction (8). 
Expressing that the conduction currents are produced by the 
forces enumerated, we have 
t=P(etee), 6, =P yt tic); coseescsecseeseseeo( EX.) 
and by Ohm’s law in the case of isotropic media Φ is a scalar— 
the conductivity—and for anisotropic media Φ is a linear vector 
function. Similarly we suppose the postulated function ®, 
corresponding to the postulated magnetic conduction current γι, 
to be a linear vector function. 
In like manner, expressing that the displacement (δ) and the 
induction (8) are due to the forces mentioned, 


(= p(e+ εἰὰ), β- φ,(η-Ἐπηὼ). Japeeberea ee τ νὴ (X.) 
The phenomena of hysteresis shows that @ and ¢, are not 
always linear functions of the forces, but we shall only consider 
the important case in which they are linear functions. For 
isotropic media, ᾧ is the (scalar) dielectric constant and ¢, is the 
magnetic permeability. 
ome little care is necessary in differentiating these expres- 
sions when the medium is in motion. Owing to the motion ᾧ 
may change its value at a point fixed in space. 


Art. 140. The activity of the impressed electric and magnetic 
Te with reference to a small element of the medium of volume 
A,dv= —(Sejet+Snict, + Seiad + Snn8)dv 
= —(Sib-h+S.P - + Séq “19+ SB¢, -18)du 
+(Seb+1)+Sn(B+4))dY, ....ἁἐένννννννννννννννννννν (1) 
transformation being made by (1Χ.} and (X.) of the last article. 
Transforming again by (VL) we tind 
A,dv= —(Sieb-4 ἘΒιφ, 1 + Sdp-6+ S8¢,-18 

+eSev+e Sry, +uSVVen). dy, ..... ...{1|} 

because we have —SeVVy+SyVVe=SV Ver. 


The electric and magnetic forces evoke mechanical forces, € 
per unit volume, and the stress ιν across the directed element 
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dy. If the element moves with velocity the activity of these 
forces on the element is 


A,dv = —(So€+SoP(V))dv, ρὲ τὸ 
the last term, in which (VY) operates on Φὶ and on o in situ, 
being equal to the surface integral —|So,dy over the element. 


The total activity A deri Ate A NGM a sascoscesuasnvescasvnr: (1v.) 
is equal to the rate of transfer of energy to the element. 
The term = -- Sr — Ge Bort oc seecseeneees (V.) 


is by Joule’s law the rate of waste of energy per unit volume 
owing to the conversion of energy into heat by the resistance. 
The terms in this expression γα Joulian waste are analogous 
to the dissipation function. of a viscous fluid. The term 
eSev+eSyv, relates to the convection currents. 
The work done in increasing the electric displacement by the 
amount dd is 
—Sewdd= —S(e+e)dd= —Sq-tddé, .......... (V1.) 
where εἰ is the total electric force operative in producing the 
displacement. (Compare (vir) and (x.) of the last article. ) 
Experiments on dielectrics show that an energy function exists, 
or in other words the work done is the differential of the function 
W=— τῴ “ign — Sead = ἊΝ ἐδβεωφεια; po weesenes (VU.) 
which represents the energy stored in unit volume of the medium 
and due to the electric force. From the existence of this energy 
function we infer that ᾧ is self-conjugate. A similar result 
holds good for the magnetic induction, and the energy due to 
this cause is 
W,= —3589,"'B= —48S vB = —§Smpnw ...... (VIL) 
The energy stored in unit of volume due to electric and mag- 
netic forces is the sum of Wand W.. : 
When the medium is at rest the total activity is (11) 


Adv= (J + W+ W. —Sev— eSyu, χπν uSV Vey) ὅν; ..... (1X.) 


because in this case ὃ and 8 must be replaced by ὁ and ὁ. We 
have accounted for every term except the last. This by a pro- 


cess of exclusion represents the rate of radiation of energy from — 


the small volume. It may be expressed as a surface integral, 


—uSVVey.dv= —u|SdrVen, reer (x.) 


and this is the total owtward flux of the vector uVey, the vector 
area dy being outwardly directed as usual. This vector is the 
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Poynting vector —discovered independently by Professor τὰν dr 
and Mr. Oliver Heaviside. It represents in magnitude a 
direction the flux of radiated energy. | 

Granting that the same vector represents the energy flux 
when the medium is in motion, and there seems to be no adequate 
reason for doubt, the total activity is 


Adv =(J —eSev—eSyv,—uSVVen)dv+D Wdv+ Wdv), ...(x1.) 


the last term being the rate of change of the energy stored in 
the element dv and due to electric and magnetic causes. 
Equating this to the sum (A, + A,)dv already obtained, we have 


D. Wdv+ Wdv) 
= —(Ség-3+869,-18).dv—(Scé+So®,(V))du. .. (χπὸ 
By Art. 129 (1π.), p. 229, we find 
D.( Wdv)=(D,W— WSVo). ἂν 
= —SD,6. @-Wdv—48d. D.p-?.6.du— WSVe. dy, 
where D,¢-! is the result of operating by 1), on the function ¢~1. 
Further, by (1v.) of the same article, 
§=D6—VVVo'd=D,b — dSVo+ SEV’. σ΄, 
and therefore 
—Sée-8= —SD,0. 6-6 —2 WSVo—S6V'So'p "10. 
Hence equation {Χ11.} becomes 
ScE+Scb(V)=356. Dip! . d+ 458dp-'SVae—SdV'So'p δ 
+188. Dig,?. B+4884,8SVo—SBV'So'g,-18. ...(X1IL) 
The first term on the right may be written 
$86 .dip-!. d— §ScVSd,p~ 16), 
where V operates on ¢~! alone since we have generally 
D,=d,—SeV, 


where ἃ, refers to the rate of change at a point fixed In space. 

Consider now the term $Sé.d.¢~1.6, where ἀφ ἢ is the time 
rate of change of @-! at the extremity of the vector p 

=i +jy + kz. 

This change depends on the rate of distortion and on the angular 
velocity "οἱ the anisotropic medium. In other words, it is ἃ 
function of the operation of V on σ. Let 0=iu+ju+kw be the 
displacement at the point so that ¢=iu#+jv+hw, and let uz, etc., 
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denote the deriveds of u and w with respect to a, y and z. We 


have 
ΔῊ | Υ. be 
— P -ὶ SS f. +.— “οἰὐὐλουσπυσσων ; 
48d. dip a) Ἄ «Uy o εν Ὁ - =» ἣν Ἔ Cue. 


Uz Uy 

ΝΠ τὺ Oe πε casita 
a7 ae WVSie+ τς SiViSjo+ ete. 
=Sc0V 


suppose, where V operates on ¢ alone, and where 
ΟἿ Ὁ a | 
ou, 2 Bu. ow, ete. δ.) 
Introducing this function 6 and an analogous function for the 
corresponding magnetic term, and accenting vectors σ᾽ operated 
on by V, we replace (xul.) by 
So (E+ P,V)+So',V’ 
=Se'(0+0,)V'—5SeV . (ϑδιφ τ᾽ ὃ + SBop,-*Bo) 
+ }(Sép-6+584,-18)SV'o" 
- ΒΟΥ σ΄ φ- ὃ —SBV'Se'h, “1B, .......0064(XV.) 
Now this relation, or identity, is formally true for all velo- 
cities σ, and for all distortions and angular velocities (4 VVo); 
and by the principle of virtual velocities we equate corresponding 
terms of the relation. The symbolical statement of this principle 


is that the identity (XV.) remains true when we substitute or 


o, V’ and σ΄ any three arbitrary vectors ἃ, «and »y. Hence 
E+PV = — ἐν ϑδιφ 6) + SB oh, -1Bo), “555.5 0. (XVI) 
because p,; =p. if SAp,=5Ap, for all vectors ἃ ; and again 
Pu =(0+0)u+hu(Sdp-'6+S58¢,-18) 
— pb 'dSéu—,'PS88u, .. (ἀντ) 


since $= ᾧς if ϑνῴ μι τα ϑνῴρμ for all vectors « and ν. 
Replace μ in this expression by V operating in situ on the 
various vectors, and we find 


&,V =(0+0,)V+V. γνφ- δ. d— G-SSVS—JVS8.6-14, 
because + ¥-VV9,"18.8—4,188VB—1V8B,6-18, (xvutt) 
} VSé~p-18— p-18S8(V) = 4 VS8G-16 —S4,V . 6-38 —B6SVS 
and γ VV¢-13.8=VSd,6-18—Sd,V. 6-14 
=V 3866-18 +V4S8,9-3,—-S4,V-o78. ὁ 
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Thus we find for the mechanical force €, 
ἔξει —(90+0,)V—-—V.VV¢"'s.6+67-SV6 
—V.VV¢,'8.8+4,'8SVB. ...... (XIX.) 


The stress across any small area is determined by (ΧΥΤῚ.). 
In general the terms in © and ©, are small, and we shall 
neglect them. 
16 stress across any small area due to the electric displace- 
ment is when we neglect 0, 


P.u=tySddpd—g-'dSdu, 
and if » is parallel to @-16, we have 
&,Ug-'6= —3Ug-'3.8dg- = +UG-'. W, 
while if μι is perpendicular to ¢~}, 
®,Un=+4Un.5d¢-3= -- σμ. W. 

Thus the stress consists of a tension along the lines Ug-1é 
and an equal oe at right angles to these lines, numerically 
equal to the electric energy per unit volume. Similar results 
hold for the magnetic stress. 


Art. 141. When the circuit is at rest, and when there is no 
convection current the equations of circuitation become 
$+:=uVVn, B= —uVVe, esescvdeeaeeadeee was (1.) 
when we put 4=0. When moreover the medium is at rest we 
have (Art. 139 (x.) and (1x.)) 
d= Plé+ew), βΞ φ, (ἢ-Ὲ ἤω), = δίε- ἐὼν .νννννννννν, (II.) 
and from these we obtain the equation 
p(E+ Gia) + B(E+ ic) τόν VG, VV +UVV ij =0 ....(1L) 
which is explicit in the vector « Having determined ¢ from 
this equation, the impressed forces being known, we obtain ὃ, ¢ 
and 8 by direct operations on ε. The vectors ἡ and VV» are also 
expressible by direct operations in terms of ε. 

_Tthere are two principal types of this equation. For a 
dielectric non-conductor Φ is zero, and the propagation of the 
disturbance is by waves. For a conductor incapable of storing 
electric energy, ¢ is zero and the propagation is by diffusion. 

When there are no applied forces the equations (1,) and (11.) 
may be replaced by | 


pée+Pe=uVVy, o7+Py=—uVVe; sconsvccnneshh¥s) 


and assuming εξ Zinta ™, ἡ = Donal, oc .cccrevevesecess wash V2) 
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where the ὦ and the 6 are constant scalars, the equations are 

identically satisfied provided e, and ἡ, satisfy the equations 
baden + Pe, =UV Vin, bach in +», = —uVVen caagand tae 

and the boundary conditions. The scalars ) must in general be 


determined by an gag arising from the boundary conditions. — 


The scalars « depend on the initial state of the disturbance. 
The particular solutions ¢,¢’s", 7,e’»", are the normal solutions, and for 
any two normal solutions we have 
USV V Eq + Se Hey + b Soh, + 8e,Peg+ SysPy, =0, «22.00 (vit.) 
because SVVe,7.=Sy.VV'e,—Se,VV'y,. Integrating throughout the medium 
and converting a volume integral into a surface integral we find, 
u[SVeynudv + by[Se, pede + b, [Snap mde + [Se,Pedv + [Sys ηγᾶυτεο ; 


u[SVeg dv + b, (Seghedv ὑν[Βηχφ,ηνᾶν- [Se,ebe,dv + (Sy, P,y,dv=0, (vm) 
the second equation following by interchange of suffixes from the first. 

If in either of these equations we replace b, and 6b, by conjugate complex 
expressions b'+./ — 16", and at the same time replace εἰ and «, by <i —1e" 
and ἢ} and ἡ. by η΄ + — 1", the real part of the equations is 

ufS(Veln’ + ν έη γὰν +b [See +Se"e" +8n'h,n' +8n’hn")de 
ἐ[(Θέφέ- Se"De! + SP’ + Sy'"By")dv=0, ...(1x.) 
remembering in the reduction of this expression that ᾧ and ¢, are self- 
conjugate (Art. 140 (vr.)). The surface integral is the total award tiux of 


energy across the boundary due to the disturbances εἰ, η΄ and ἐ" 7". If no 
energy is communicated from outside the boundary, this is zero or negative 


—zero if no energy from inside escapes, and otherwise negative. The — 


remaining integrals are all negative, the coefficient of 6’ being minus double 
the energy stored by the two distributions separately and the remaining 
integral being minus the energy wasted by conductive friction. Hence in 
any case 6’ cannot be positive. If there is no energy radiated and none 
dissipated, δ΄ must be zero or else ε΄, ε΄, η΄ and 7” must vanish so that there is 
no disturbance. On the whole then, the real parts of the scalars b are zero or 
negative when the medium receives no external energy ; when in addition 
there is no dissipation and no radiation of energy across the boundary the 
real parts are zero, and in this case there are permanent oscillations within 
the medium, the scalars ἃ being determined once for all by the initial 
conditions. 

Art. 142. We shall now give a sketch of the theory of the 
Ha asirmge of light in a crystalline medium adopting Clerk 

axwell’s hypothesis. The medium being supposed non-con- 


ducting the functions & and Φ, disappear, and the equations of — 


a free vibration become 

bg = HE,>=UV Vig, Bo= brig = -- ΟΥ̓͂Ν ερν»....{ὁ{νννννος (L.) 
when @ and ¢, are two self-conjugate functions which are 
constant if the properties of the medium are the same for the 
same directions at all points.* 


* The suffixes 0 are employed in these equations as we shall have more to deal 
with the vectors ε and 7 defined in (1. ). 
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Assuming for a plane wave (Art. 138, p. 247) that 
e=esinn (t-SP), m=nsinn (ε-- 58) een! (11.) 
where v is the wave-velocity, we find on substitution in (1.) 
6=he=UVu-'y, B=gy=—UVun le. ««νννννννν, -( TIL.) 
From these we obtain among other relations 
—w=Sed =Sede = uSev™'y=Syby=SyB; ......00 (IV.) 


which show that the magnetic energy per unit volume is equal 
to the electric energy, for we have 


W = $Seyhey=}wsin?n(t-S?) = W,. νννννοους, 


‘The total energy is wsin?n (t-s?), and the mean energy is 
consequently δεν. 
Again if p represents the ray-velocity we have 
S'=1, Spdu-?=0..........44 TT EAT V1.) 


for all differentials dv. Differentiating (11.) 
dé = pde =u V (du-!. y+ u7*dy), 
d8 = g,dy= —uV(du-!.e+u~'de); ......... (vuL.) 
operating by Se on the first, or by Sy on the second, and 
attending to {(11.}, we find 
HEE A NAMOT, on wenn cnecknercecneciea .( VII.) 
because by (Iv.) Sedd and S@dy are each equal to — dw. 
As this holds for all values of dv we must have p parallel to 
Vey, and by (Iv.) we find for the ray-velocity 


_uvVen 
πη ληηηλληη ὅρος αὐ υ ξνῖν δ (1Χ.) 
and this, it should be noticed, is parallel to the Poynting Flux 
(Art. 140). Again it is easy to deduce from (11.) and (Iv.) the 
expression for the wave-velocity (v) 
V 66 ww 
Ee OE Ai ae 
yon του VAR Trees (X.) 
We have now enumerated six vectors depending on the 
propagation of the wave which are connected by the relations, 


‘Ub Uu WU ἢ 
p=, ¥en b=m3 Vm, B= Vue, ee) 
Ty’ 1 1 ante ἢ 
U= sap oP ΕΞΞ a Bp n= V pd; 


J.Q. R 


ae Ἐ: Οὐ ἀνα Ee bees ΒΒ og ΨΥ πα δια ὙΦ τα'ττΞ.ςἢ-- Ὁ. ὔἥΝΕ ας  ΦΞῈῈΣ ὩΣ 
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and these vectors when drawn from a common origin pierce a 
concentric sphere in a τὴ of supplemental triangles. 

‘hen some one of the four vectors 8, ὃ, ε and » is given, all 
the vectors can in general be determined subject to a choice of 
sign. If ¢ is given, we have 6=¢e, w= —Sed and 


—w 
y= £Veebesl sya 5 Vides ἢ Obecrececsesses (X11) 


for the equations give Syd=0, SBe=0, or Sypde=0, Sype=0, 
and the suitable tensor is found by substituting ἡ Ξε οὐ φεῴ,ε in 
w=—Syd,y. Hence β, p and v-' can be found without ambiguity 
when the sign is selected. The case of exception is when ε (or ἡ) 
is a solution of the equation 

VG GRO, cerenecsspenavesenrsssevensh Mbp 
or, in other words, an axis of the (generally non-conjugate) 
function “ho, or φ͵ “ἰφ. -: 

When Uv or Up is given, two independent values of the 
vectors can in general be found, and the solution corresponds to 
the gm up of a wave or ray into two plane polarised waves 
travelling with a given direction for the wave- or the ray-velocity. 
Let us seek to determine ὃ and 8 from the second and third of 
(x1.) when Uv is given. We have 


b= in, Vo, BUv, B= νῦν. φ- "δ, sith vanced 


and from these, when we eliminate 6 and ὃ in turn, and introduce 
new linear functions ¢, and ¢,, we find 
po=wV  φ, νῦν. 6-6. ὕυ- Τυῦ. ὃ, 
py S=wvV .Uv. φ- νφ͵, βθυξτυ". . 
Thus 6 is an axis of the linear vector function denoted by ¢, 
and Ty* is the corresponding root, and because ¢, has one zero. 
root (corresponding to the axis #Uv) there are only two finite 
latent roots or two values of the wave-velocity along the 
direction Uv. ‘That the functions ¢, and ¢, have the same 
latent roots appears from the fact that their latent cubies are 
equivalent to the equation in Tv? obtained by eliminating 8 and 
ὃ from (xtv.). If Τυ is the second root of ¢, and if δ΄ is the 
corresponding axis, we have 
Tu'Ség-'d’ =u7S V ὕυφ- δ φ, - VU ug 6 = Tu "Sap δ, 
and therefore (by (xtv.)), since Ty? is not generally equal to Tu®, 


Sép-*d' 0, BBG ᾿β'-ῦ. «210... cneeeseces (XVL) 
But these conditions may be written in the form 
Sée Ξε ὅδ εξὸ Shy = SC y=0, ......ἀὁνννννννι, (XVII), 
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where ε΄, β΄ η΄, ete., correspond to ὃ. Thus δ' is endicular 

, CU., 6 : perpendicular to 
ε and υ, and therefore parallel to 8 by (x1), and β' to 
ὃ. In faet we have P β y ( ) d 15 parallel 


Udi =+UB, Up = EUG, .......ccceccceees (XVIII) 
because Uv=UVéB=UVEP’. 
Since ὃ and δ' satisfy the relations (compare (XVI.)) 
Sé¢-'d’=0, Sé4,-18’=0, SSUv=0, Ss’Uv= 0, ...(XIX,) 
we easily find on putting Uv=UV6de' = Υ δδ' : ΤΥ δὃδ' in (Xv.) that 


2S ‘o> , τ1δΞ ; 
aie WSSp,'SSdp-13=TVT VES, 0. .eeeeereees (xx.) 
= (S84, δαδφ δὴν; ὠίϑδφ͵ ιϑϑδφ- δ} 
ἥ Vou ee τὼ eee ee (XXI.) 
This result leads to a simple construction. Let the quadries 
Saga = --] and Sa@,-a= Dies a (XXII) 


be constructed. Then by (ΧΙΧ.) ὃ and δ΄ are parallel to the pair 
of common conjugate radii in the central plane at right angles 
to the direction of the wave-velocity. Let a and @, be respec- 
tively the vector radii of the first and second quadries parallel 
to ὃ, and let a and a’ be those parallel to δ΄, then we have 
Ἂ τ ; uw 
v= “Vag? v= “Vou seseveseseeeees( RII.) 


and from this construction everything relating to the wav 
be determined. For the first set of ena in evens we have i 
d=a/u, Baa/Ju, s=aJw, β΄--- πιῶ, 
εξξῴ " ἴσα ίυ, ητεῴ τα ψυ, c=p “la Ju’, y= —, aus) 
p=uVd-'a¢g,-!a/, p=uUV oh, aoa, 
where w’ is double. the mean eners 
second wave.* (Compare (1V.).) eee ee ΤΡ ΕΝ 
From the fifth and sixth of equations (x1.) we have 
el'p t=u- 'VbaUp, nT p-! = u-'VUp ὦ ε;......«(ΧΧγ) 
and as in (XV.) we may write, 
pe=Uu“VbVUp. pe. Up=el'p-*, : 
| $on=U-"VUp. VU p=nfTp-2, f°" (XXVL.) 
* Note that ¢~'@ has the same direction as the central perpendicular on the 


tangent plane to the quadric SH¢-'@=-1 at th an tg. 
length is the reciprocal of that of the perpendicular. Sone | ΤΉΝΕ ne he 
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and if we take e and εἴ to be the two axes of ¢, corresponding 
to the two finite latent roots Tp~* and Tp”~? of the function, we 
find as before 
Sede” =0, Sege”=0, ϑηφ η΄ =9, ϑηφη =0, 

for it appears that Ue” =+Uy, Un” =F Ue. 

We can write down results analogous to (XXIIL) and (ΧΧΙΝ.) 
for the various vectors related to the waves whose ray-velocity 
is along a fixed direction Up. — 


We now return to equation (x11.), which we may write in the form 


n=Vebebeal (cage way) {τ τ 0 


where m, is the third invariant of ᾧ͵, and where * 
w= —Sede, w= —Sehe, w= —Seph'de, ......-....(XXVML) 
hecause we have 
SV φεφ eo, Vhehe=mSV heh eV φ, Ἴφεε. 
Expressing p and v~ in terms of ¢, by (x1.), 
uVeV debe w(w,he — wd) 
P= "Thm ao(0e w, -- w)} af fm20(w'o, — ΟὟ ἢ 


V.V¢" “ε ΜῊΝ sorexeesa ie 
_y  %,¥. ἢ 2 Pe €-— ᾿ ce 
Ul tm 0(0'w, — Sma ai 

From these equations, on attending to (xXxviil.), 
Sp(wjb—wh,)'p=0, Spo, ==; me (Ὁ 
βυ (σφ —0672)-4=0, Sv7dv= ae; bade tempts .(XXX1,) 

-} - -1 -1_ we . τοῖν 

(wb -- wh) p=m New --ὐρῷ ΓΙ φ) υ BACT CEG ve(XXXUL) 

am, (εὐ — whd-) p= ww, — we, um" ;νννννννννννννος (XXXUL.) 

πὸ (φ τσ’ — wp) p=u(w,— wp" u7} 5 «οννννννννος (xxx1v.) 


the last relations, which alone are likely to give trouble, being derived from 
(xxxu.) by operating with (w' —wd,~')(w,h,;-' — w) on both sides, remember- 
ing that in this the rs are commutative. ὁ 

From (xxx.) and (xxx1.) the equations of the wave-velocity surface and of 
the ray-velocity su may be written down, and equations (ΧΧΧΙΙ.) and 
(xxx1v.) are suitable for investigating the cases of indeterminations which 
correspond to external and internal conical refraction. 

Suppose, for example, that «’ =b*w, where 6 is a latent root of the function 
eo and that 8 (not now the magnetic induction) is the corresponding ἈΧῚΒ 
while β΄ is the axis of the conjugate function }~' corresponding to the same 


* It should be noticed that w’ has not here its recent meaning. 
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root. The equation (xxxiu.) fails to give a determinate value of p, and 
operating on it by S#, we find 


since φβ' Ξῦρβῴ β΄, Two other equations for v are obtained by puttin 
w' =*w in (xxx1.), and these are = ὴ γα ? 


Su (Rp — GN πο, Sumy t= — bt ἢ; .,,,.... (XXXV1) 
and from these three equations we find four values of v7, say +v,~! and 
ταῦ Substituting the value v~' in (xxxu1.) and replacing w, by its value 
in terms of p by (xxx.), we get 

m{b* — φῴ, ρ΄ m,pv,"'Spp-'p+ why =0, ....0...(XXXVUL) 
and this equation represents a plane conic. For we have seen (xxxy.) that 
each vector in this expression is perpendicular to (’, so that if a’ and y’ are 
the remaining axes of ¢,-'d corresponding to the latent roots a* and c?, the 
equation is equivalent to the pair 

m,(6* — a*)Sa'p+Sa'dv,—! (mSph,p+a2u*)=0, 
m,(b2— 02)Sy'p-+Sy/bu,-(mSpg,-p+ ut) =0. 


In order to calculate in the most explicit manner the vectors v,~!, etc., we 
may by Art. 71, p. 100, reduce the functions ¢, and ¢ to the trinomial forms 


φ,.λ- --Σαϑαλ, φλ- -- Σαβαϑαλ, φ,-1λ-ε --ΣαΒωώλ, G1 A=—Da-*a’Sa'd, 
where identically A= -- Σαβα λ- —Da'Sad. 
Putting mre τι yr hk equation eke becomes g=0, while (Xxxv1.) 


reduces to p?(c-?— b-*)=r2(b-2—a-®) and p?-+-72=m δι 3, and we finally get 
for the four vectors | 


_, Με, ae ' le-& γ' ./P-e 
a Cane a ra, 


_ Again, taking p=ar+By+ yz, and substituting in (xxxvu.), we find a 
simple expression 


m,{(b? — a*) aa +-(b* —c*) yz} - m,(aa*p+ yer)(28 +72 +2)+(ap+yrui=0 (xz.) 
for the equation of the conic traced out by the extremity of p. We notice 
that m,=SaBPy*. 


in order to obtain more explicit forms for the equations of the wave- 
surface and the wave-velocity surface, we note that the first equation (xxx.) 


expands into 
w7Spyrp—wuSp¥ p+wsSpy,p=0, 
where W and wy, are Hamilton’s auxiliary functions and where 
Ψψνυλμ--Ὑὐφλῴμε VPAgp. 
By the aid of the second equation (xxx.) this becomes 
Spvrpspyp+ uw SpW p+ ul=0. ..... ccc ceeeeeseeeee ss (XL1) 


ssee(XXXVIIL) 


In like manner 
Sut ty Suny ty eS yet 0 0 (KEI) 
is the equation of the wave-velocity surface, where 
V-VAp=Vgp-1Ad, "p+ Vb Ag 'p. 
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Other forms may be given to the equation of the wave-surface such as 
m2 Βα pTVeSa' pp? — τι D (b? + c*) Sa’ p* +14 τεῦ, 
derived from (X11.), and 


derived from (xxx.) by the aid of the trinomial expressions for the functions, 
but in problems treated by quaternions it is srk ard preferable to deal 
directly with vector expressions rather than with the scalar equations of 
surfaces obtained by eliminating certain quantities from the vector equations. 


Ex. Show that the wave-surface may be derived from a Fresnel’s wave- 
surface by a pure strain. 


Put =p and § Φ- τιρτ-βρ' 3 + be rs 5 Iso 
wee οἷ , ae) wt” wh,)'p=Sp' (wy, oy,'-wm)'p, a 


—_— a ie ee ae a 


CHAPTER XVIL 
PROJECTIVE GEOMETRY. 


Art. 143. There are several interpretations which may be 
assigned to a quaternion and which we have not yet explained. 
We now propose to show that a quaternion is capable of repre- 
senting a definite point loaded with a definite weight or mass, 
and throughout this chapter we shall speak rather indifferently 
of quaternions or of fo ἷἴἔ 

1 the identity 


g=8q. (14-52) =8q.(1+09) if 09= 54, ΡΥ 


it is manifest that the point Q at the extremity of the vector 0Q 
drawn from an assumed origin is determined when the qua- 
ternion g is given, and that Sq is also determined. We regard 
Sq as a weight or a mass concentrated at the point. We shall 
sometimes use capital letters concurrently with small letters, 
q=Q.Sq, Q=1+09, ...... ee τἰ, 05 
to denote points of unit weight, or unit points, so that Q.w 
denotes the point Q weighted with w. Thus SQ=1, VQ=0Q. 
The difference of two unit points is the veetor joining them, 


Q—P=1+0Q—(1+0P)=0Q—OP—PQ; ......... (τ) 
and the origin is the βοαίαγ' point 
Dae], cesccasttericcavenaven τὐδν οἰῤῥοι (IV.) 


A vector pe pes the point at infinity along its direction, as 
appears by allowing Sq to diminish indefinitely in (1.) while Vq 
remains constant, for OQ will then increase indefinitely in length, 
so that at last Vq represents the point at infinity in its direction, 


*See Trans, R.J.A., vol. xxxii., and Phil. T'rans., vol. 201, pt. viii. I regret 
that at the time of publication of these papers I was not acquainted with an ab le 
memoir by Dr. James Byrnie Shaw (American Journal of Mathematics, vol. xix., 
pp. 193-216), in which somewhat similar results are obtained. 


ns ας, ὧν ΡΥ, .-.. ee SS eee Fe el 
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The relation 
p+q+r=(Sp+ Vp)+(Sq+ Vq)+(Sr+ Vr) 
H=S(PEIHATIA ἜΝ ἜΥ)..00ἀ60ννννννκενενν (v.) 
contains the principle of the centre of mass. It asserts that the 
point p+q+v7 is situated at the centre of mass of p, g and 7, 
and that its weight S(p+q+7) is the sum of the weights of the 
three points. In BA, orm, 


m,(1+a,)+m,(1+a,)+m, 1. α,) 
= (m, +m + m,)( 1-4 Pasa) 
Ex. 1, The middle point of the line ΔΒ is $(a+ 5). 
Ex. 2. Interpret the relation 
(Sp+ Vq)+(8¢+ Vr) +(Sr+ Vp)=p+q+r, 
regarding Sp+ Vq, etc., as representing weighted points. 
Ex. 3. The centre of mass of equal and opposite weights is at infinity. 
Ex. 4, The equations of the line a, ὃ and of the plane a, b, ὁ are 
q=xatyb, g=xat+yb+z, 
where 2, y and z are scalars. 
4 = 5. Corresponding points of similar divisions on the lines αὖ and 
=. + ἐν ΕΟ 
und corresponding points of homographic divisions on the same lines are 
a+tb, e+td, 


ἐ being a variable scalar. 
[See Art. 37, p. 41.] 


‘Ex. 6. The equation g=a+ 2bt+-ct* represents a conic. 


Ex. 7. The equation q=a+th+u(c+td) 


represents a ruled quadric, ¢ and μι being variable scalars. 


Art. 144. In order to develop this method, it becomes neces- 
sary to employ certain special symbols, and with one exception 
these are to be found in Art. 365 of Hamilton’s Elements of 
Quaternions, though in quite a different connection. 

For any pair of points, we write 

(a, b)=bSa—aSb, [a, b]=V.VaVb;..............(L) 
and in particular, for points of unit weight (A=1+a, B=1+), 
these become ‘20 

(A, B)=B—A=6—a, [A, B]=V.VAVB= VaB=Va(6—a). (IL) 
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Thus (a, δ) is the product of the weights into the vector connect- 

ing the points, and [ab] is the product of the weights into the 

moment of the vector connecting the points with on gs to 
all 


the scalar point or origin. The two functions (u,b) and [a, }] 
completely determine the line ab. 
For any three points we write 
fa, b, c]=(a, b, c)—[b, c]Sa—[e, a]Sb—[a, b]Se, (ἀπ) 
(a, b, e)=S[a, b, e]=S. VaVbVe=Safpb, οἿ, 7 


and for unit points A=1+a, B=1+ 6, C=1+-y, these become 
[A, B, C]=SaBy— VBy—Vya—VaB, (ABC)=S. aBy. ..-(1V.) 


Hence it appears that the quaternion [a, b, 6] determines the 
plane of the points, and regarded as a point symbol [a, }, ¢] 
represents the reciprocal of the plane with respect to the unit 
sphere having its centre at the scalar point. For the vector 
V [abe]: S[abc] is minus the reciprocal of the vector perpendicular 
from the origin on the plane Sp Pos pat eh) eee that is, 
its extremity terminates at the pole of the plane with respect to 
the unit sphere. The symbol (a, 6, 6) is the sextupled volume of 
the pyramid OABC isin pte by the weights SaSbSc. 

Any quaternion may therefore Re οκοοε ‘as representing at 
pleasure a plane or a point—reciprocals with respect to the unit 
sphere, 

The last special symbol we require at present is 


(abed) = Saf bed] ; γὼ 


or for unit points, 
(ABCD) =SByé—Sayé+Sahd—SaBy. ...........(01 


Thus (ABCD) is the sextupled volume of the tetrahedron ABCD, 
and (abed) is the same volume multiplied by the product of the 
weights, 

It will be observed that the five functions are combinatorial, 
that is to say, they remain unchanged when to any of the 
quaternions involved in one of the functions is added a sum of 
age of the other quaternions multiplied by scalar coefficients. 

or example, [a+ab+ ye, ὃ, c]=[a, b,c]. More generally when 
the constituent quaternions are replaced by linear functions of 
themselves with scalar multipliers, the functions are merely 
multiplied by a scalar. If any linear relation with scalar co- 
efficients connects the constituents of a function, the value of 
the function is zero. If any two constituents are transposed the 
function changes sign, and in fact the laws of combination of 
the rows or columns of an ordinary scalar determinant are 
obeyed by the constituents of the functions. 
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Art. 145. In terms of these functions, the equation of the | 


line ab and of the plane abc are respectively 
[g, 4, BJ =0, (q, α, ὃ, C)=03 «00... ccceeeeeeee (Le) 
the first expressing that g, @ and ὃ are linearly connected, or 
that the plane gab is indeterminate; the second requiring the 
volume (QABC) to be zero. 
The equation of the line ab may also be written in the form 


(pgab)=0, StF Fcc ἃ ἃ ὁ “ἃ αν ν TTT (11.) 
where p is a point wholly arbitrary; and the equation of the 
plane may be replaced by 


Sql=0, where ὅτε [αὖϑ]. cases cies wsacsensest Aiba 


the point / being, as we have said, the reciprocal of the plane 
with respect to the unit sphere* 


or 5.(1+0Q)=0, or 0Q?+1=0, Putting L=1-+-OL, the equation 
of the plane takes the known veetor form S(1 +0Q)(1+0L)=0 
The plane at infinity is 
ΟΝ cans cavuvarancucseasucesaeeveses (V.) 
this being the reciprocal of the scalar point (the centre) with 
respect to the unit sphere; or otherwise if q represents a point 
at infinity it is a veetor (Art. 143, Ρ. 308), so that Sq =0. 
The formulae of reciprocation 
(Labe} ; [abd])=[ab](abed); [[abe]; [abd]]= —(ab)(abed), (v1.) 
are worthy of notice. They connect two points a and b with 
two points [abc] and [abd] on the reciprocal of the line ab, and 
are easily verified by vectors. Formulae, such as these, are 
often suggested by the forms of the expressions. For example, 
the left-hand members of the ations maine evidently vanish 
if a, ὃ, ¢ and d are linearly connected. ‘We infer that (abcd) is a 
and Tb = the remaining factor must be a combination of (ab) 
an 
lt is often useful to observe that if i, j and k are mutually 
rectangular unit vectors, 
(1, 2)=4, [4,9)=4, [1,4,7]=—kh, 
(4,9, k)=—1, (1,49, k)= —15.............(VIL) 
and relations such as these may be employed to ascertain the 
numerical factors in expressions such as (V1). 


* In ordinary homogeneous coordinates the auxiliary quadric is generally taken 
to be 2*+y?+2?+w*=0. It is more convenient in quaternions to em y the 
unit pap as the auxiliary. There is however no loss of generality. ( ompare 
Art. ] (Χ.}, p-. 284. ) . 
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Ex. 1, Two lines, a, ὃ, and ¢, d, intersect if 
(abed)=0. 
(a) This condition may be also written in the form 
S(ab)[ed]+S[ab](ed)=0. 
Ex. 2, The point of intersection of three planes 
δέ τεῦ, Smg=0, Sag=0 is g=[l, m, x]. 
Ex. 3. The line of intersection of two planes Slg=0, Smq=0 is 
qg=[l, m, 2], 
where # is an arbitrary quaternion. 
Ex. 4. If four planes 7, m, 2, p have a common point 
(ὦ, m, n, p)=0. 
Ex. 5, The line a, ὃ intersects the plane Slg=0 in the point 
aSlb — δῖα, 
Ex. 6. The general equation of a conic is 
q=at?+2bt+e, 
where ¢ is a scalar parameter. 
(a) The expression q= abt + b(t, +t.)+e 
represents the pole of the chord joining the points ¢, and ἐς, or the tangent 
at ¢, if ¢, is variable. 
(Ὁ) The pole of the line in which the plane Slg=0 meets that of the 
conic is q=aSle — 2b8lb οϑῖα. 
(c) The centre is gq =aSe — 2b8b + Sa. 
(d) The conic is a parabola if SaSe=(Sb)*. 
(6) What kind of a conic is represented by 
g=al+2ni+c? 
Ὦ ΤΆ @% Wp Gy 55 and gy are any five points on a conic, and if ἐς ¢,, t, ¢ 


and ¢, are the corresponding parameters, the anharmonic of the penci 


4. ANG29294} 18 
1929975 ὦ... (9-4 1-1) _ (= οὐ τὼ 
(ῳ -- φ»» 4-- 4).(ῳ τ, Y- αὶ (t2—*3)(44-4) 
Ex. 7. The general twisted cubic is 
q=(a, ὃ, ¢, diel)’. 
(a) The equation Ὸφεᾷα, ὃ, ¢, dts, 1Sts, 1)? 
represents the tangent at the point ¢., 4 being variable. 
(6) The osculating plane at a point is 
q=(4 b, δ᾽ db, 1§t., ΤΟΝ 1), 
two of the scalars ¢,, ἔων ἔᾳ being variable and the other being fixed. 
(c) The equation in (a) represents the tangent line developable when 
ἐχ and ἐς both vary. | sat 
(d) If 4 is given it represents the conic in which the osculating plane at 
cuts the developable. 


(e) The locus of the poles of a fixed plane S/g=0 with respect to these 
conics is the conic, | 
q=t;"(aSel — 2b8b1 +- cSal) +t, (aSdl — bScl — cSbl+ dSal) + bSdil — 2eSel + dSdi, 
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(f) The osculating planes at the points in which the plane S/ig=0 meets 


the curve intersect in the point 
g =aSdl — 3bSel +- ΒΟ -- dSal, 
and this point lies in the plane. 
(g) The symbol of the osculating plane Spg=0 at the point ¢ is 
p=[at+b, bt+e, ct+d); 


and this equation also represents the cuspidal edge of the reciprocal 
developable. | 


(4) The last equation may be written in the form 

p= [abe] + [abd] +t[acd] + [bed]. 

(ἢ) The symbol of the plane containing three points 4, ts, ty is 

Ὁ Tom ον Τϑαιμεαθ ἘΣ, Lab} ΕΣ, [ond] δ[λοάι. 6 0. 
the cubic to fourfied pinskoua 8 ΡΣ ΟΣ 

Art. 146. Hamilton has given two relations connecting five 
arbitrary quaternions, 

Ε (bede) + b(edea)+¢(deab)+ d(eabe)+e(abed)=0 ...... (1.) 
oe e(abed) =[bed]Sae—[acd|Sbe+[abd]Sce—[abe]Sde ; ...(11.) 
which are of great importance and which correspond to the 
vector relations ον 
dSaBy = αϑβγὸὃ- BSyaé+ ySaBés = VBySad+ Υ γαββδ- Υ αβδγὰ. 
The first has been virtually proved in Art. 39, p. 43, and we 
may at once verify it by writing 

vca+yb+2e+wd+ve=0, 
where «, ἡ, z,w and v are scalars to be determined. From this, 
by the combinatorial property, we have 
0=(a, b, ὁ, wa+yb+z2ce+wd-+ve)=(a, b, c, wh+ve), 
which gives the ratio of w to v. This relation enables us to 
express any point in terms of four given age: so that we may 


if we choose use an arbitrary tetrahedron of reference, for 
example abed. 


The second shows how to refer any point to four given planes 
Saqg=0, Sbg=0, Seq=0, Sdq=0; 
and the truth of the formula may be verified by observing that 
ste get consistent results when we operate with Sa, Sb, Se 
and Sd. 


Tt will be observed that the relations (1.) and (0.) are linear 
with respect to each of the five quaternions, so that the weights 
of the points do not enter. In fact, just as in tetrahedral 
coordinates, geometrical relations depend on homogeneous func- 
tions of the quaternions. Though it is in general distinetly 
disadvantageous to employ any system of coordinates in 


———— ἵὄν 
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quaternion investigations, or even to refer in thought to any 
tetrahedron or axes of reference until a problem has_ been 
reduced to its ultimate simplicity, yet it is worth while observ- 
ing that if we express a variable quaternion q in terms of four 
given quaternions @, b, c, d by means of the relation 
GF = LAA YDE SCH WA, .. ec ceceeeeeeeerereee (TIL) 
the scalars ὦ, ἢ, z and w are the anharmonic coordinates of 
Art. 40, p. 43. 
Ex. 1. ‘The line de meets the plane abe in the point 
d(abce) — e(abed). 
Ex. 2. Show that 
([abe], [def ])=[er (abed) +[ fa (aber) +[de}(abes), 
[[abe], [def ]}= —(ef)(abed) — (fd) (abce) — (de) (abef). 
fomp rt. 145 (v1). Four points on the line of intersection of the 
ee Bar de Δ » Habe) ΠΡΟΜ and d(abef)—f(abed), and the 
functions [α΄ and —(a’b’) for two points on the line are proportional to 
the right-hand members of the above. The weights are correct, and it only 
remains to determine the numerical factors. tting d=«a and e=b, we 
verify the signs by the equations cited.] 
Ex. 3. The point of intersection of the planes abe, def and gi is 
| ἃ b ὃ 
[[ade], [def], Lott]]=| (adef) (bdef) (cde) 
(aghi) (bghi) (eght) 
[Equating the left-hand member to xa+yb+2c, we have 
x(adef)+y(bdef) +2(cdef)=0, οὕς, 
and to determine the factor we may put 
a=1, b=i, e=j, [abe]=—4, [def]=1, [ght ]=). 
The left-hand member becomes +1, and the determinant also reduces 
to +1.] . 


Ex, 4, Given four triangles @,b,¢,, Where 2=1, 2, 3 or 4, show that six 
times the volume of the tetrahedron determined by their planes is 
: (aytgbyle) (Dytybytg) (€y4yba¢2) 
adel’ (ἀγαρ 6.) (byagbgey) (cy4gbs0s) 
shyt (ayagbycy) (dy agbyey) (γα δ οι) 
[This follows from the last example. | 
Ex. 5. Establish the identities 
Saad’ Sab!’ Sae’ 
Sba’ Sbb’ She’ 
\Sea’ Seb’ See’ 
Saa’ Sab’ Sac’ Sad’ 
Sha’ Sbb’ Sbe’ Sbd’ 
Sea’ Seb’ Sec’ Sed’ 
Sda’ Sdb' Sde' Sdd’ 


= -- Β[αϑο][α 97; 


= —(abed)(a'b''d’). 
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é first determinant is combinatorial in a, } nd ὁ in a’, δ' 
38 e. It vanishes if either triangle seduces’ to : legge posits 
ence it must be a scalar function of ore) and of [a'b’c’'], that is (having 
regard to the weights) it must be of the form 7 
; «SV [abe] V [a’'b’e]+ yS[abe]S[a'b’c’], 
where # and y are numerical factors, For a=a’=7, b=b’'=<j. c<:’<h « 
get y= -1, and for a=a’=1, b=0' =i, Poa gh ah τις , 2 a i 


Ex. 6. Prove that 
|Saa’ Sab’ 
| Sha’ Sbe’ =S(aiy(a®) —S[adb)[a’b’]. 
[This is most easily proved by vectors, Compare Art, 145, Ex. 1.] 

Ex. 7. Find th pion i i i 
Pea gy ν᾽ oo of the hyperboloid having three given 
(There are various methods of finding this equati shall gi 
method to illustrate the use of Ex. 8. If a as ee ἜΣ pets ines οἱ 
a poneeator of the opposite system to the given lines, the conditions of 
poe sop are (pgab)=0, (pqa'b’)=0, (pqa’b) =0. Regarding these con- 
¢ ons as the equations of planes, p being the variable oint, the condition 
5 the planes should intersect in a line is [[gab][ga’b’][ga’b"]]=0, which 

mes (aga’b’)(bga’b") — (bga'b’)(aga"b")=0.] . 

ArT. 147. The results of the last article are particular cases 
- ὃν ΠΕΣ sit theory applicable not only to quaternions but 
Y Operators or quantities which are associatiy 
νὰ in addi tion siege 

/(a, 6) is a function of two quaternions distributi 
᾿ ributive 
respect to each, the function ’ oes. 


mo T(@, DI —f(d, αν ........Ψ..ψΨ. Saasecusveratee (1.) 
is combinatorial in a and b, for it remains unchanged whe: ᾿ 
replace a by a+yb or b by ὕ-Έσα, because - ἜΗΝ 
Κα γῦ, d)=f(a, b)-+yf(, Ὁ) and f(b, a+-yb)=f(b, a) +y f(b, b). 
In like manner if /(a, b, 6) is distributive with respect 

Ἐν at | : , to ? b 
and ¢ the function f(a, b, c)—/(b, a, ὁ) is sniabinatoetel in ὦ ee 
b; the function formed by subtracting from this the result of 
interchanging ἃ and ¢ is combinatorial in ὦ and b and also in 
« and ¢; and the function of six terms 
, FOIA, OP wiles aden ὙΠ (π.) 
ormed by transposing a,b and ¢ in f(a, b,c) in every possibl 
way, by changing the sign after every tanopnitin of nee of 


ina,band ὁ. Similarly if b, is distributive j 
eg eric y if f(a, b, δ, d) is distributive in a, ὃ, ὃ 


τῷ ἷ im yur 
seui2e an, interesting paper by Prof. A. 8, Hathaway, Proc. Acad, of 
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is combinatorial in a, b,c and d; and finally 

ΣΕ ORE ae: ΟΝ Weneemmeeecreyst: κι τὶ (1γ.) 
is combinatorial in a, b, ὁ, d,¢ and vanishes identically because 
the five quaternions are linearly connected. 

It is geometrically evident from Art. 144, that every com- 
binatorial function of two quaternions ὦ and ἢ must be a function 
of (ab) and [ab]—the two vectors which determine the line ab. 
Every combinatorial function of a, b and ὁ must be a function of 
[abe] which determines the plane abc; and the only combinatorial 
function of four points is (abed)—the sextupled volume of the 
tetrahedron determined by them, Hence (11.) is a linear function 
of [abe] and (111) is the product of a quaternion by the scalar 
(abcd). 


Now in forming these sums, we may proceed step by step. 
For Soon fa let us transpose bede in f(a, b, ο, d, 6), leaving a 
unchanged. We obtain the sum 

T+f(%, ὃ, ὁ, d, e), 
where the temporary suffix applied to a denotes that it is free 
from the operation indicated by 2+. Next interchange ὦ and b 
and change the sign and permute ὦ, ¢, d, ὁ, leaving ὃ unchanged. 
We get - ΣῈ ΚΡ» α, ¢, d, ὁ). 

Finally the vanishing combinatorial function (Iv.) is expanded 
in the form 
Ttf(agbede) —V +f (byacde)+ U+f(cyrbde) —X + f(dyabce) | 

+2+/(e,abed) τεῦ, (v.) 
and this general result includes Art. 146 (I.) as a particular case. 

Again we may leave two or more quaternions fixed and add 
together the sums obtained, so that for example 

T+i(aybed) —=UV +f (age bd) + ete. = LD+/(abed). ......(VL) 

These expansions correspond to the expansions of determinants 
by minors. 

Ex. Find the sources of the functions 

(Labe], a), [{αο], εἴ, 
which are combinatorial in a, b and c, or in other words find linear functions 
of a, b, ¢ from which the combinatorial functions may be derived by 
summation and transposition. 

[Since (abe). Vd=[be]8. aVd+[ca]8.bVd+[ab]S.cVd 
and V [abe] Sd= —[be]SaSd —[ca]SbSd —[ab]SeSd, 
the first expression is >+beSad). Similarly the second expression is 

ον .[be] Vd .Sa—V . [ca] Vd8b— V [ab] VaSe, 
and the function may be derived from —VbSVeVd,.Sa or from —bSed,Sa, 
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certain parts of this latter expression vanishing under transposition and — 


summation. As a determinant, the function is 


a b c | 
[[αδο]]-- Sa 8b Se |, 
Sad Sbd Sed 


and this may be deduced directly as follows. We may assume 
{[abe]d]=2a + yb +20 since S[abc][[abe]d]=0 ; 
and we have #Sa+y8b+2Se=0, eSad+ySbd+2Sed=0. 
The numerical factor of the determinant resulting from this may be 
determined by substituting special values for a, ἢ, c, a} 
Art. 148. We shall now consider the general linear trans- 


formation of points in space. 
In analogy with the linear vector function, the linear 


quaternion function fg is a function which satisfies 
Εἰ ο΄ (1.) 
for all pairs of quaternions a and b. 
The relation Mme ἴα ........ ἀπ αν τ εετι Τρ ρου δι (11.) 


represents the general linear transformation from points q to 
points p, lines and planes 
| q=at+th, q=a+th+u, 
becoming lines and planes 
p=fartfo, g=fatifo+ufe, 
and anharmonic properties being preserved. 

If four given quaternions, a, b, ὁ and d, are converted by a 
linear transformation into four others, a’, b’, οὐ and d’, the 
function which effects this transformation is (compare Art. 62 
(1v.), p. 88, and Art. 146 (1.) 


fq= — {a (bedg) + (cdqu) +c (dqab) +-d'(qube)} (abed)-*; (u11.) 


and this function is in the quadrinomial form. To reduce a 
function to the quadrinomial form, we may arbitrarily assume 
any four quaternions «, b, 6, d and use either of the relations 
connecting five quaternions. Taking the second, 


Fq={flbed]Saq—f[acdSbq +f[abd]Seq 
—f[abe]Sdq}(abed)-?, .....(1Vv.) 


and thus a linear quaternion function depends on sixteen — 


constants, four constants being involved in each of the four 
quaternions /[bed], ete. 

In (UL) we supposed the weights given. Let us now determine 
a function which shall convert five given points A, B, C, D, E into 
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five others A’, Β΄, σ΄, D’, E’, paying no attention to the weights. 
Such a function is 
fq =X BOQBCVE) | B(ACDg)(A'CDE) 
7=~(BGDA)(BCDE) Τ᾽ (ACGDB)(ACDE) 

C(ABDq)(A’B‘D‘E’) , D'(ABCq)(A‘B'C'E’) 
“(ABDC)(ABDE) * (ABCD)(ABCE) ἢ (7) 
for replacing q by A we get fA=A’(BC’D'R’)(BCDE)-?, ete., and 
putting g=E, we have /E=E'(A’B'C’D’)(ABCD)~' in virtue of the 
relation connecting five quaternions, Thus the function (v.) 
effects the required transformation, and it is evidently deter- 
minate to a scalar factor. (Compare Art. 65, Ex. 5, p. 92.) 


Art. 149. A linear function f being regarded as snug 
a transformation of points, the inverse of its conjugate f’-? 
produces the corr ng tangential transformation. 

For any quaternions p and q, 


Spq =Spf-'q'=Sqf'\p =Sq'p, if =f, p,=f''p. ......(L) 

Hence any plane Spq=0, in which qg is the current point and 

p the symbol of the plane, becomes after the transformation 

δ η΄ =0, where q’ is the transformed current point and where Ὁ, 

is the transformed symbol of the plane. In other words when 

po are transformed by the operation of /, planes are trans- 
ormed by the operation of /’-}. 


-- 


ART. 150. Now the symbol of the plane may be expressed in 
terms of three points in the plane (Art. 145, p. 266), and therefore 
for some scalar factor 7, 

nf’ [abe] =[ fa, fb, fol= FF’ Ta, ὃ, 61, ............. (1.) 
since we may either transform the symbol of the plane in one 
step by Κ΄" or we may transform the points a, b, ὁ which enter 
into the symbol by α The function F’ is a new linear function 
analogous to Hamilton’s w’, and it is connected with /’-! by the 
relation WOT ὙΠ « ecekcscetertaicacnacessces (π.) 

The scalar Ἢ. may be explicitly expressed in terms of four 
arbitrary points, a, b, ὁ, ὦ, by operating with S.fd on (1.), when 
we find n(abed)=(fafbfefd)=Slabe|Ffd, ............ (11.) 
where F is the conjugate of F’. 

Thus in addition to (Π.} we have, 


and we may also write ἀρ ἢ χὰ gon ase το υραν εἰδι (IV.) 
Foi an | wv) 
- Flaboj=[faf'bf ΟἹ κα Ταῦοῖ Sinn ..(V. 
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Replacing 7 by f+¢, where ¢ is a scalar, the relations 
m=n+tn'+Pn"+Prn”’+4=fF,=(f+t)(F+tG+FPH+#) (vi) 
are obtained, where the new scalars π΄, π΄", Ἢ and the new 
linear functions G and H are defined by 
n (abed)=X(afbfefd); n”(abed)= X(abfefd); 
η΄ (abed) = X(abefd) ; (vin) 
G[abe]=[a, fb, [61 +[fra, ὑ, fe] +[fa, fb, 61; 
H{abe]=[f'a, b, c]+[a, ὃ, c]+[a, 6, fc]. 
Moreover, on account of the arbitrariness of ¢ in (V1), 
n=fF, wv =fG+F, n"=fH+G, n”=f+H; ..(vit) 
and from the symbolical equations may be deduced the following 
explicit expressions for the auxiliary functions . 
Hen” —f; στε" πὴ f+ fe; ἔξ —v'f4+n'pPP—fP; (Xx) 
and the symbolic quartic 


N— WFAN’ PP — NPA SEHD Lc ecccrececeeeeees (X.)- 


satisfied by the function ἢ 
Art. 151. Let ἐς, ¢,, ἢ and ἐς be the roots of the scalar quartie 
Bn” B n't — WEAN HD, ......μνννν νιν. (DL) 
so that the symbolic quartic may be expressed in the form 
(f—t(f—te) fF —te)(f— ty) HO. νι) 


It follows just as in the case of the vector function that 


(f—t,)q,=0, where (f—t,)(f—t)(f—t)q=4%, ------ (111) 
and that gq, is a fixed point—a united point of the transformation 
—one of four 4,, qo, J, and g,. The point q is quite arbitrary. 

The equations 
ρει πα, P=(P-E)M PH ba) g, 9ννυννννννννννν (1v.) 
represent respectively a united plane of the transformation and 
a united line—the plane [q., gz, q,| and the line q,q,. 
We have also by the property of the conjugate, 
Sq‘p=Sq,(f-t)q=0 if (Ὁ -- γα Ξ 0 :......ἁἐνν(0 
and thus the united points (q,', .΄, q, and q,’) of the conjugate 
(7’) are the reciprocals with respect to the unit sphere (Art. 145) 
of the united planes of ἢ In other words, the wiited points of 
a function and of its conjugate form tetrahedra reciprocal 
with respect to the wnit sphere. 
Ex. 1. Prove that fg may be reduced to the form 
fag=(e+089 +5¢V9q+OVq, 
and determine its latent quartic in terms of the linear vector function @, 
the vectors ε and εἰ and the scalar e. 
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[By the distributive principle fg=/Sq¢+/Vq, etc. To determine the 
quartic assume Sf Sake Spe + Vq), and equate scalar and vector parts. We 
find (e-—#)S8g+ qg=0, (»—t) Vg +e8q=0, so that 

(e—t)—Se'(d—t)"e=0.] 


Ex. 2. Construct a function with four zero latent roots. 
[Assume fa=b, fb=c, fe=d, fd=0.] 
Ex. 3. Examine the nature of the symbolic equation satisfied by the 


ser fq=a(bedq) + b(edqa) +¢ (dgab)+d' (gabe). 

[Every point a+b on the line a, b, is a united point of the function, and 
the # function of fg—(abed)q vanishes identically. The quartic degrades 
into a cubic. } 

Ex. 4. Construct a function satisfying a symbolic quadratic. 

This may arise from one of two causes. The function may have two line 
loci of united points a,b and c,d; or it may have a plane locus of united 
points a, b,c. In the first case the latent quartic is a perfect square. In 
the second it has a triple root. For full details on these matters see Phil. 
Trans., vol. 201, viii.] 

Ex. 5. Prove that two real lines remain unaltered by the general real 
linear transformation. 

[If the roots are all real of course the six edges of the united tetrahedron 
remain unaltered. If the roots are all imaginary, they occur in conjugate 

irs, and the united points must be of the form a+ —16,c4+0—l1d. The 
ines ab and ed are and remain unchanged. | 


ART. 152. Just as in the case of the vector function, we 
obtain two new functions 


κι ΟἽ, LALG—P), -sreeserseesesees ΤΣ 


on combining a function and its conjugate by addition and 
subtraction. 

The function jf, is self-conjugate and the function f is the 
negative of its conjugate, or 


ΕΝ ἔα τ | ccticeieseisesticcvesssaw (1.} 
as we see at once by the property of the conjugate. 
Since fg is the general linear function of ῳ, Sgfq or Safi 
is the general scalar quadratic function, and 


In like manner Bb a =O .......... ἐν νυν ἐν ον ΤΙΝ 
is the genera] equation of a linear complex, or of a family of 
lines p, q satisfying a single condition of the first order. For if 
we replace p by p+tq the equation remains unchanged, for we 
have generally, by the property of the conjugate (11.), 


Sqfq= —Sqfiq=9. 
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The equations πον, Safa ......ccccceevecseegece (V.) 
represent respectively the polar plane of the point a with respect 
to the quadrie, and the plane containing the ee of the complex 
which pass through b. The first equation may be deduced fron 
the result of substituting a+tq in the equation of the quadric, 


when we find 

Safa + 2tSqfpa+lSqfq=0, 
and if g is on the polar plane, the points in which the line ag 
meets the quadric must be ex παρε πα by a+tg, a—tq, because 
the polar plane is the locus of harmonic means, and the points 
a, 4-+-tq, g, a—tg form a harmonic range. 

If Slq=0 is an arbitrary plane we see on comparison with (v.) 
that the pole of the plane with respect to the quadric is /,-¥, 
and that the point of concourse of the lines of the complex which 
he in the plane is f-%. It also appears that 


Slf,-U=0 and Smf-W=0....ccccccees. vt) 


represent respectively the tangential equation of the quadrie, 
or the equation of the reciprocal quadric; and the tangential 
equation of the complex (the intersection of the planes Slq=0, 
Smq=0 being a line of the complex), or the equation of the 
reciprocal complex. 

A complete account of the nature of the united points of the 
functions 7, and 7, is furnished by the theorem of Art. 151. Since’ 
Jo is its own conjugate, each of its united points is reciprocal to: 
‘the plane containing the remaining three, or the tetrahedron of 
united points is self-conjugate to the sphere of reciprocation, 
We saw in Art. 67, p. 96, that it is impossible for a real self- 
‘conjugate linear vector function to have a pair of equal roots 
without having indeterminate axes, and this use a real line 
cannot be perpendicular to itself. But a real self-conjugate 
linear quaternion function may have two of its united points 
coalesced into a single point provided the point is on the sphere: 
of reciprocation. The argument about real roots does not now 
apply. For suppose a+»/—1b and a—,/—1b to be two united 
points of a self-conjugate quaternion function, the condition of 
reciprocity is 

S(a+4/—1b)(a—/ —1b)=Sa?+Sb?=0, 


and this condition can be satisfied for real points a and b if one 
point (@) is inside and the other (ὁ) is outside the sphere of 
reciprocation Sq? =0. 

As regards the function f, the most general form its symbolie 
quartic can have is 


fi+n{f2+n,=0 or (f2?—8)(f2?—8')=0,......... 
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because the same quartic is satisfied by the function and by 

its conjugate (—f). Supposing the united points to be a, a’, 

b and b’, where | 
fa=/sa, fo= anna BD, fa=J/sqa’, ΚΞ —/éb’, 

it is evident that a is the united point of the conjugate which 

corresponds to the root —A/s, ete., and therefore by the theorem 

of Art. 151 we must have 


Sa?=0, Saa’=0, Sab’=0, Sb?=0, Sba’=0, Sbb’=0, 
Sa?%=0, S07=0: 


In other words the lines aa’, ab’, a’b and bb’ are generators of 
the unit sphere, or aa’bb’ is a quadrilateral on the sphere. The 
four lines are consequently all imaginary. By Ex. 5 of the last 
article it appears that the lines ab and a’b’ must be real; and 
since these lines are reciprocal to the unit sphere, one of them 
(ab) meets the sphere in two real points (a and 6) and the other 
meets it in two imaginary points (α΄ and b’). Consequently one 
of the scalars (8) is — and the other (81) is negative. 

The common  self-conjugate : of two quadrics 
Sqfiq=0, Sqfoq=0 has the united points of f,~"f, for tts vertices. 
For if Slq=0 is the polar of a point « for both quadries 


fant jfant or fo @=tG, ....0...60.004 VOL) 

so that @ is a united point and ¢, the corresponding latent root of 

FY Τὸν is a second united point corresponding to the root ἕς, 
Sbf,a=t,Sbf,a =Saf,b=t,Saf,b =0, 


because the functions are self-conjugate. These relations are, 
however, geometrical consequences of (VIII.) and analogous 
expressions. | 

A little care is necessary when dealing with the equations of 
quadries such as : 


fit 2h ΜΌΝ . -ly7—()- 
Sq. Fight 0 or ϑᾳφί( τα ) ἢ Ἐν) 4 Ξ0; 


the second form of the equation shows that the function involved 
is not self-conjugate, although ἢ and /, are self-conjugate, unless 
f, is commutative with f,. 

Ex. 1. In terms of vectors prove that the forms of f and ἢ, are 

Fo Lt p)=e+@+Seqp+ pop ; (1 +p)=¢,—Sep+ Vup ; 

e being a scalar, €, €,, ἢ being vectors and q, being a self-conjugate linear 
vector function, 

Ex. 2. Prove that the latent quartic of the function 7, is 

#+0(¢2—7°)—Gne)*=0 

and verify the conclusions respecting the roots and united points of /,. 
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Ex. 3. Prove that Sqfofy aq =0 

is the locus of the poles of tangent planes of the quadric =0 with 

respect to the qe βοήσας e ’ wa ᾿ 


Sofa. ~ a ee tS the points ne τ of lines of the complex 
=0 which lie in the tangent planes of the quadric Sgfjg=0 is the 
quadrie Sq 7 fy \7iq=0. e 

Ex. 5, An arbitrary quadric and an arbitrary linear complex ha 
common quadrilateral of generators. ἐν τι ΤᾺ 

_|this follows by expressing that the point of contact of a plane 
with the quadric ἫΝ ‘fog =0 is the same ks int of cnecires of the 
of the linear complex Spfge0 in the plane. e have fa=t/ja=ul, where ¢ 
and w are scalars, so that fj"'f,a=ta. There are thus four points (a) through 
which pairs of the common generators pass, and these points are the united 
points of fy 17. 

Ex. 6. If ἢ, and f, are any two functions, prove that the latent quarti 
Off, anil off, f, ote Waeciien. Ἢ ΠΝ 

(α) Show, also that the latent quartic of /,-'f, is of the form 

ΞΟ. 
[The first part follows exactly as in the case of vector functions (Art. 71}: 


the second is obtained by combining this principle with the fact that 
—f Jo ' 1s the conjugate of f,~’/,.| 5 οὐ ‘ > 


Bx. 7. Tf a, ὃ, a’ and δ' are the united points of the function ff 
corresponding to the latent roots +7, —¢, +¢’ —¢’, prove that if we take 
_tatyh zat+wl σαν Ξα' τυϑ' 
I= Pap * Sapp? ΤΠ Sapp * Safe’ 


the equations of the quadric and the linear complex take the canonical forms’ 
Sgfq=rzytew=0, Spfq=t(ay/—a’y)+t (ew -- ἐλ. 


Ex. 8. Prove that in any linear transformation the locus of a point 
which with its derived is in perspective with a fixed point is a twisted cubic, 
f a is a fixed point, the condition requires [fg, g, @]=0, so tha 
and @ are in a line. This equation may be enlace by (/+0)q=ua, 
q=u( f+t)"a; and this curve meets an arbitrary plane Siy-=0 in the three 
points determined by the cubic S/(f+7¢)-'a=0, or S1(F'+t6+fH+0)a=0.] 


Ex. 9. Prove that (9; 79, p,.fp)=0 
represents the quadratic complex of lines connecting points and their 
correspondents in the linear transformation produced by f- . | 

(@) Prove that the reciprocal of this complex is the complex of the 
conjugate 7°, (9; 7, », F'p)=0. 

[If » and ᾧ are any two points on a line joining a point to its corre- 
spondent, we have for some scalars «, y, 2, w, the relation 2p +yq=/(2p+ wg). 

he complex follows on the elimination of the scalars. : 

If Sig=0 and ϑριῳ τ ῦ are any two planes through g and its correspondent 
Sq, we have S8f'lq=0, Sf’mg=0, and for some scalars a +ym=f' (2l +wm).] 

Ex. 10, The lines joining points to their correspondents which meet an 
arbitrary right line a, psc Bn a quadric meen aa 


(9; 9, 4, b)=0. 
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=0 
ines 
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Ex. 11. An arbitrary quadric Sq/,jg=0 has eight generators which join 
points to their correspondents in an arbitrary linear transformation. 

it the line g, fq is a generator of the quadric, the point q is one of the 
eight intersections of the three surfaces 

Sqfq=0, Sfafoq=0, Saf fosq=0. 

We shall see that this is the extension of Hamilton’s theory of the 
“umbilicar generatrices.”] 

Ex. 12. The generalized normal at a point on a surface being defined as 
the line joining the point to the reciprocal of the tangent plane, prove that 
the normals of the doubly infinite family of quadrics 


Ξ τ =0 =) 
ie ΠΥ ὴ, (f=f) 
compose the quadratic complex (q¢/gpfp)=9. 
Ex. 13. The feet of the generalized normals of the doubly infinite 
family which pass through a given point @ are given by 


wit? 
q yee 


where y and < are scalar parameters. 
Any point on the normal to the quadric x, y at the point q may be 
written in the form 


CF eit fe gt where w+t=1, we-+ty=2] 


Ex, 14. The locus of the feet of normals of the family of quadrics 
y=const. which pass through a given point is a twisted cubic. 

Ex. 15. A quadric has eight generators which are also normals. 

Sa br τ that g=fa+wa is a generator of the quadric S¢fg=0, we 
have =0, Safta=0, Saf'a=0, which give eight points @ and eight 
corresponding normals. See Ex. 11. 

Ex. 16. Find the locus of poles of a fixed plane with respect to the 


system of quadries fra 


se A 50 


(a) Prove that the plane Slg=0 touches one quadric if x is fixed, three 
if y is fixed, and that if no restriction is placed on « or y, the locus of the 
points of contact is a conic section. 

{Compare generally Εἶχα, 12, 13, 14. In general, if p is a point of contact, 
p=f£+¥1 with the condition Sz.£+¥72=0, or 

fra fro 

pal+(y-a)(ftey, or p=lSi f+a)U-(f+2)8.P 
(since we need not attend to the weight of p). This reduces to a quadratic 
4, p=ISlFI-FIS.2+x(ISIGl— GIS.2)+c((SLH1- HIS .?), 
and the locus of p is a conic. ] 

Ex. 17. The tetrahedron formed by a point and by the poles of the 
tangent planes at the point to the three quadrics of a system inscribed in a 


developable taken with respect to any fourth quadric of the system, is self- 
conjugate with respect to this fourth quadric. 


ie i a oe ΝΞ ἊΨ: 
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ee quation of a system of quadrics inscribed in a developable is 
Sq( Ait 


Ἐν τῷ i ing | i 2 | ire Ela wiiny, 
cimaben comm, Ht a 9, 5 0 the iateumtere of le mee 
through a point p, and if ας ὑπὸ is the fourth gua the les of the 
tangent planes are f,(f,+2f2)""p, A(Atyh)'p, ἀπ τῷ τ". But 
Sil Ai the) pf Sel fi +ufe)'p 

=Sp(ht ah) λιἘ 
=(2-y)"'Sp(A, + 2h)" [A+ 2h)—-(A+u A+" p, 


and this vanishes since p lies on the three quadrics «, 7,2, This in particular 
gives the theorem that confocal quadrics cut at right angles. } 


Ex. 18. ‘The locus of the poles of a plane Sga=0 to the same system of 


quadrics is the line 
I=(At+af)a or [qfafa]=0; 


the locus of the poles of the system of planes Sg(a+¢b)=0 is the ruled 
quadric 


G=(/taf)ate) or Ghahbhayghfesh)= Πα db (qhafess) ; 
and the locus of the points of contact of the system of planes is the twisted 
cubic, g=f(a+t)S(at i) fy(a+tb)—fy(a+tb)S(a+0b)f, (a+) 

{In reducing the scalar equation of the quadric observe that the 
quaternion equation is of the form qg=a,+.a,+t(b,+.b,) and apply the 


i ne ae 146 (1.) to eliminate the arbitrary weight of g and the scalars 
“and f. 


Ex. 19. Prove that two rigor can be drawn through an arbitrary line 
to be conjugate to every q ic of the system. 

es the planes 
Sqj,-'q=0 and S¢f.-'g=0, the conditions of conjugation 


S(a+id)f(a+tb)=0, S(a+sb)f,(a+t'b)=0 
lead on elimination of ¢ or ¢’ to a quadratic in ¢ which determines the two 


planes in question. The case of exception arises when the line is a generator 
of some quadric. The two conditions become equivalent. ] 


ae 20. Examine the particular cases of the twisted cubic locus of 

[When the line of intersection of the planes is a generator of one of the 
quadrics, ἢ suppose, the locus becomes g=/,(a+¢b). This shows that the 
eae of contact are homographic with the tangent planes Sg(a+¢b)=0. 

en the line of intersection of the planes is not a generator of some 
quadric, let Sga=0 and Sgb=0 be the specially selected planes of the last 
example, and let Sa(/,+uf,)a=0, Sb(f,+vf,)6=0 so that u and v are the 
parameters of the quadries touched by the two planes, then the equation of 
the cubie becomes 

qg=(f/, + ufr)(a+ tb) Safa+( ἢ +f.) (a+b) OSbz,b. 


The cubic is plane if (f,afyaf,bfzb)=0. (See Ex. 9 


Th .) 
he cubic deg into a conic if (f,+vf,)b=0, or (f,+uf,)a=0, that i 
if either of the planes is a united οἰκῶ i phe je Ait+fr) is, 


Ex. 21, Determine the quadrics of the system S¢(f,+a/;)-!g¢=0 touched 
by an arbitrary line. 


(a+tb)=0, Sq(a+tb)=0 are conjugate to the quadrics — 
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king the line to be the intersection of the planes Sga=0, 5qg)=0 
of ibe last example, the condition of contact is most simply obtained by 
: i the reciprocal line g=a+¢b touches the reciprocal quadric 


ngs bows ‘ Thus we find 

Sa(f, +afy)aSb(f, +af2)b -(Sa(f, + xf2)b) =0, 
or simply (e—u)(w—v)=0, 
so that the line touches the quadrics touched by the planes.] 


Ex, 22. Show that the equation of the tangent cone from the extremity 
of the vector p to the quadric 


Sq (A t+af2) *q=0 
may be written in the form 
Sr(0,+26,)7r=0, where 6,A=,A +¢,pSpA — €.SpA — pSenA 

in the notation of Ex. 1, 2 being equal to 1 or 2. | 

[The condition that the line of intersection of the planes Sag=0, Sbq=0 
should touch the quadric Sgf-!'g=0 may by the last example be written 
in the form 

(e+ 2Sea+Saa)(e+ 288 +8868) -(e+Se(a+ B)+SahPhyP=0, 
where ¢=1+a,b=1+). This reduces to 
—SVaBWVaf +28eh(a—B)VaB+eS(u—B)d(a—B)—Se(a- BY =< : 
nd if the line of intersection of the planes is parallel to 7 and if p is the 
μοῦ τὶ to a point on it, we may take VaG=r, a —Vpr (see p. 40, 
Ex. 4), or a a=~-V; . Substituting this last expression for 6—a, 
we find that the condition becomes 
SVaB{VhabB —Vda(eSpB + pSe3)— V(Spa+ pSeu) $B 
+eV papSpB + eV ppBSpa — Vep(SeaSpB —SeBSpa)}=0 

or SVaBV (a — Spa — pSea+epSpa)(pP - SpB — pSeB+epSpB)=0. 

In this transformation we make use of the fact that 

SVeVaboVpVaB=SVpVapoVeVaB 

in order to have the function in the last expression self-conjugate. If then 

θλ-εφλ —eSAp— pSrAe+eSAp, 
the condition becomes Sr@-'+=0, and oe f=f,+2f and therefore 
6=6,+.6,, the result required is obtained. ] 

Ex. 23. If pis any point; p,, ps, }ὰ the reciprocals of the tangent planes 


to the three confocals (parameters ¢,, ἔων ¢;) which pass through the point ; 
show that the tangent see to any other confocal (parameter f) is 


eS py? , 2FS. pe 5°S « Pst 0, 
ἐ-- ἢ t—ty its 
where any point ¢ is expressed in the form 2p -+.r)p,+:%,Pot+%sPs- 
[The condition that the line p+wq should touch the confocal ¢ is 
Sq(f+t)"gSp(f+t)'p-(Sq(f+d pP=0, or Sqhg=0 
if A is the linear function defined by 
hq=(f+t)'qSp(f+t)"'p —(f+t)(pSa( f+). 
Substituting in turn p, p, (=(f+4,)"\p), p» and p, for g, we find Ap=0, 
hp,=(¢-4)'piSp(f+9'p, ete. 
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because we have 


MP4) φρε ει τ “ὃ -:»-- »ϑρ({-|Ι)17}7γ-|ῦ-} 
Ἀν ῥοῶν ἡ DPSp(f+0"'p—(7+4)pSp(f+4)'(f+0p}, 
| h(f+t) p= (- 4)" f+4)"'pSp(f+0-Ip 
since Sp(f+0)"'p- Sp(F+4)"p=(4-OSp(f+.4) M40. 
The equation Sgiqg=0 reduces to the required form since Sp, p,=0, ete.] 
of aie 8 @=0, Sa) i of the tangent line developable of the 
if pis t i 1 ε ΠῚ 
the Ἰὰς condita &. geo tpe ad Sy 0, Sof Pa ie eee — curve, 
(p, 9; JP, Jg)=0, or that (f +2x)p=(f +y)4, 


where « and y are two scalars. Substituti in | iti 

contact, we find four relations in a Ss and whi an ee Se 
i ἰσμυίοα to three. The second condition gives A =Sq( press f+y)q=0 ; 
and because the first and third combine into Sp(/+y)p=0, they give hls iy 


Sy(stay*(fty)q=0, or 2 8q(F+0)(f+y)q=0. 
Again the second and fourth give 


BA: Sp(f+2)q=0, or B=Sy(f+y)q=0. 
Ὁ eliminate x and y we have therefore to equate to zero the discrimi 
ὩΝ πὸ respect to # and to employ the ecaiition B=0, Oa seca 7 
Sq(P+26+eH +-0°)(f+y)q=0, 
and as B=0, this reduces to the quadratic 
Sg (Pf +26+2°)(f+y)q=0, 
and the discriminant equated to zero gives 


ASH F +a SgFF+y)4 -(Οφσ( f+) q)=0. 
Putting for y its value in terms of ῳ the required equation is obtained. ] 
Ex. 25. A plane is drawn throu i 
, 25, s ἄγαν rough the line αὖ, and thro i 
the plane is drawn which Is conjugate to this with Sisssth 4s Gece 
Sgfq=0. The locus of the intersection of the plane is 
S[gab] /"[ged]=0. 


[If φ is a point on the intersection, [gab] an | ᾿ 
two planes. The equation may be ntl? her AC ρος Tal oe 


Arr. 153. A linear quaternion function has in gen i 
Square roots quite analogous to the square coos te tan 
piste function. A function and its square roots have the same 
= points, and the latent roots of the derived functions are 
e . square roots of those of the original, there being sixteen 

ye sets according to the choice of signs. (Compare p. 99.) 
Se sey ae the reduction of a linear vector function to 
a i Spee Ms a conical rotator and of a self-conjugate function, 


ἤρξ ,;,», ΡΞ, where ἈΞ and Ih =), ..(ὕ.) 


art. 8.1 SQUARE ROOTS OF LINEAR FUNCTIONS. 983 
since if we take f, to be a square root of the product Κ΄ we must 
have f,f, =1 because 

ἔξ HSS Shs 
and thus we have 


ἔπ. ΣΞΓ....... ΠΥ 
It appears on counting the constants that ἡ, is not a conical 
rotator, there being sixteen constants in f and only ten in the 
self-conjugate function /,, so that there must be six in f, Con- 
sidered ae Saari the function f, converts the unit sphere 
into itself and leaves unchanged conditions of conjugation with 
respect to that sphere, because 
Sfaf.b=0 if Sab=0. 
Further, because {= f/-) transformation of symbols of planes 
effected by the etion f, is identical with that of points 
(Art. 149). | | 
To study the nature of a function ἢ, which satisfies the relation 
fflia=l=fif, oo fr=fi-? or ἔξ", ΔΑ ΕΚΗΝ τ Ὁ 
we shall endeavour to reduce the function to the form 
ἔξ. Where πὶ, f-=7( »)»", (sitive Aa 
that is to the product of a self-conjugate function and a rotator. 
First we notice that if a function 7, which satisfies the condition 
/.f/=1, converts a scalar into a scalar, it is a conical rotator, 
affected it may be with a minus sign. For if 
7 Ξι- ὦ), 
we have for all vectors ρ, 
Sf-p=Spf-(1)=Sp=0. 
Thus f,p is a vector, and the mutual inclinations of vectors and 
their lengths remain unchanged after operation by /, because 
Shpt: p=Spp’: 
To effect the reduction (1v.), we notice that we must have - 
FEAL, FAL HPU)y ooeeeveeeeseessenseseee(Ve) 
because Iii - Srfu=Su and fQ=fut-Q) =f,(1). 
Let us now for the sake of symmetry introduce two quaternions 
a and b defined by the relations 
14+f,(1)=a=14f,(1), 1-—f,(1)=b=1-f, (1). -..-+-(VE) 
These quaternions are known when the function f, is given, 
and in virtue of (V.), 
απα, Fub=—b, Sad=0, creeesereeee s-A VEL) 
so that a and 6 are united points of the function i 
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Take any point ὁ conjugate to the line ab, so that Suc=0 
Sbe=0; and take the point ἃ conjugate to the plane abe 
Sda=0, Sdb=0, Sde=0. Then may aa ve 


Jwe=e, f,d=—d, Wissise ΤῊ ΠΡΟ ΣΘΟΥ 


and it is evident that all conditions (Art. 152, p. 276) are satisfied 


for the self-conjugation of the function f,, and that F.ep =p, 
where p is any point whatever. The function Jn is determined 
by the four conditions (vu.) and (vit), and the rotator ἦ is 
given by f,,~'/, or by its equivalent 7,f. It will be noticed ‘that 
there is an infinite number of ways in which this reduction may 
be made, for the point ¢ may be any point whatever on the 
reciprocal of the line ab. Also the function f, has two line loci 
of united pointst—he = ac and the reciprocal line bd. 
us we Can in an infinite variety of : i 
fiction ¥ ko the food y of ways reduce an arbitrary 
f=fifuSn where f=(ff)', fe=1, ἥτις )r-) ...<Ax) 
As a simple example, consider the transformations which 
convert one quadric into another, or which change 


We have 


h=fhJ, whence 1=f/f, if f=fr*f 73, τ τ 
a τὰς function f, is quite arbitrary subject to the condition 
{53 4. 
As another example we pro to show that the inte 
of two quadries is sepeeasihks ta the form lip wise: 
| , =(f+ t)*a, ΡΤ ΤΡ Τ ἘΠΕῚ (XII.) 
el. a a linear function, ¢ a parameter and ἃ a constant 
If this curve lies on the juadric Sqf.q=0, the relation 
S(f+thaf(f+t)a=Sa(f’ +07 (f+t)'a=0 
must be identically satisfied for all values of t, Now 


ὦ erty et een - = : 
A+ A = hth το, τσ του =r rt +eolam) 
as appears by squaring both members of each equati t 
the condition may be writen ree 

a Saf (f, {f f +O) +H fa =0. 

18 becomes rational in ¢ if t] i ing ¢ 
icone pera ae: 1: the square roots involving ¢ are 
AVIA or Phaff ori f= fr Yy νιν. 
where ἢ isa self-conjugate function, the condition now becoming 
Sa(f,+tf,)a=0, or Safa=0 and Saf,a=0. 


Sqfiq=0 into Spf,p=0, where p=fy. ........... (x.) 
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Finally, 

q=(f, Yet t)*a, where Saf,a=0, Saf,a=0, Saf.f-'fa=0 (xv.) 
is the curve of intersection of the two quadrics Sqfq=0, 
Sqfoq=0, because if we put f,-f,=/27'. fof, fo, and notice that 
fod, fo is a self-conjugate function, the conditions that the curve 
should lie on the second quadric are seen to be the second and 
third of the conditions (xv.). Thus a@ is one of the points of 
intersection of three known quadries. 


Ex, 1. Investigate the transformation of one quadric into another by 
first transforming to the unit sphere, then transforming the sphere into 
itself, and finally transforming the sphere into the second quadric. 

[If S¢fig=9, Sg Fug =0 are the two quadrics, the steps are 


7) =f,'q, {4 [τῆν 4: “Ye 
where ἢ .Ξ1.} 


Ex. 2, Under what conditions can a function Κ᾽ be formed so that for all 

points g and q’ we shall have 
Spf p' =Sqfoq’, where p=fq and p'=fq'? 

a) Find the function Κ when the conditions are satisfied. 

{We must have ff, f=/o with the implied relation Κ 17,537. connecting 
the conjugates of these functions. Hence 

τ ΞΡ τὶ LAS APOIO ἢ, 
and therefore the latent roots of the function /,"'/,' must be identical with 
those of f,'f,. For if aa, bg, ὧν dy are the united points of f,'f’ and if 
t,, tg, ἐς and ¢, are the corresponding latent roots we have (see p. 160) 
AY - Fag=t faa, ete. 

Further if 2, y,z and w are certain scalars and if αἱ, b,, ¢,, d, are the 
united points of } —#’, we must have fag=aa,, fby=yb,, frg=2e,, fdy=wd, ; 
and because ΚΠ 7 Ξ we have n*n,=n, where x, πὰ and ny are the fourth 
invariants of ἢ ἢ and fs, But 

(Aybycatly) = xyzw(aybye,4,), or (aghyegths) Ning = aye (abe, 
and subject to this condition », y, z and w are arbitrary, and the function ἢ 
involves these arbitrary constants and is given by 


£4 (agbyegdg) = — Da, (beeyteg).] 


Ex. 3, Under what conditions can two quadrics Sq¢fg=0, Sqfog=0 be 
transformed into two others Sg fag =0, Sgfq=0! 

[This is nearly the same as the last example. We must have ff SHU 
I fof=vfy, where wv and τ are scalars, and hence f-'/.-\/, f=ueo™ + 3 80 that 
the latent roots of f,~“'f, and of f/,'f, must be proportional. In the same 
way we obtain the conditions that a linear complex and a quadric should be 


simultaneously converted into a linear complex and a quadric.] 

Ex. 4, A twisted cubic g=(abcdt, 1)* may be converted into another 
γ΄ =(a'b’e'd'}#’, 1) with arbitrary correspondence of points. 

[Assuming fan where u, v, wv’ and σ᾽ are arbitrary scalars, we 
establish a homography connecting the points on one cubie with those on 
the other, and if we equate corresponding powers of ¢ in the relation 

f. (abedht, 1)" (αἰ αι Ἔν, wt+v) 
we have four relations which determine the function Ε] 


= 5s eS EEE eee ας 
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Ex. 5. Prove that 
I=Ni(f+2)(S+yM f+} .¢, where Se?=Sefe=Sef%e=0, 
represents a confocal of a generalized system when two of the parameters 
By Y, z vey 3 the intersection of two confocals when only one parameter 
varies ; and a point common to the three confocals corresponding to given 
values of the parameters. (See p. 124.) 


Ex. 6. The generalized confocals are inscribed to the developable of 
which ἢ 

q=(fta)e 
is the cuspidal edge. 

[The line of the developable corresponding to x is g=(f+u)(f+2)e; 
the osculating plane is g=(/'+u)(f+2)(f+a) te; the symbol of this plane 
is [(fta) te, (fray %e, f2(f+0) 4, or (f+2)'[e, fe, fe], or simply 
p=(f+a)'e. This plane touches every confocal.] 


Ex. 7. Eight generators of the circumscribing developable are generators 
of an arbitrary quadric of the confocal system. 
[The line (Ἐπ) τα δ is a generator of ὅϑσί 7- αὐ) Ξεῦ, and this is one 
= aoe "ils we to the eight values of ¢ deduced from the conditions 
x. 5. 


Ex. 8. Eight rays of the complex of lines joining points to their 
correspondents in an arbitrary linear transformation are generators of an 
arbitrary quadric. 

16 equation of a pd of the complex is g=(/+-u)a, where a is arbitrary. 
This is a generator of the quadric Sofiq=0 if fya=0, Sa(ffitfhfja=0 
Saf'f,fa=0. This is the generalization of Hamilton’s theory of the um ilical 
generatrices. | 


᾿ Ex. 9. The reciprocal of the developable generated by the tangents to 
the curve 

q=(f+i)"a is p=(f'+0*-™b, where b=[a, fa, Pa] 
and where m is a given scalar, 


Ex. 10. The family of curves q=(f+0)"a includes the right line, the 
conic, the twisted cubic, the μι γέρε. intersection of two omiice the ex- 
cubo quartic and the cuspidal edge of the developable circumscribed to two 
quadrics ; the corresponding values of m are 1, 2, —1 or 3, 3, 4 and ἃ, 


Ex. 11. The centres of generalized curvature at a point on the quadric 
Sq(f+<2)y"q=0 are ; 

al TP .7 τε 

ἀκ Στ} and ¢= rat 

where y and 2 are the parameters of the confocals which pass through the 


point q. 

[The point c=(/+wu)(f+.)-'q is situated on the generalized normal at 
(Ex. 12, p. 279), and if this BS A remains errr that is if it is the 
point of intersection of consecutive normals, 

de=cdo=(f+-u)(f+2)'gdo=(f+-u)(f+2)-1dq+(f+0)-1qdu, 
since as ¢ is stationary de and ¢ must represent the same point so that 
de=edv, where dv is some small scalar. This condition may be replaced by 
ie he u)'(f+w)qdv, where w is a scalar, and operating by S(/+.)~! q, we 
find almost exactly as in Art. 82, Ex. 4, p. 122, the required result. ] 
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Ex, 12. The surface of centres of the quadric « is represented by 
g=(ft+x) σεν ιεοδε; Se=Sefe=Sef%e=0. 


Ex. 13. The differential equation of right lines on the surface 
Sq(f+2)"'q=0 
ie _dy | ake ας =0 
; ng) Sn)’ 
where n(y) is the fourth invariant of f+y. 
[The differential of g=,/{i(/+2)(/+y)7+2)}e is 


ἂν. ἀκ ncpeay(fs 
ag=y. (ἐν 4 46}. μεσ το) εν) σε)»: 


and the differential equation of right lines on the surface is obtained by 
equating to zero 
Sdo(f+2)Hdq=ySe( AY 4)" Fey rae 
| fry fr* 
=1( ἀν ΒΟ ΕΞ, + atsel tte 
=He~y) .{dySe(f+y) ede 2) 1], 
Now Se(f+y)7e=n(y)"'Se(F+yG+yA+y)e=n(y)"Se/e in virtue of 

the conditions satisfied by e.] 


Ex. 14. The differential equation of generalized geodesics on the 


surface is 
--- a= ἃ ἘΞ 
ΟΣ ΟΣ ΣΝ 


where w is a constant of integration. a 
[ eralized esic is a curve whose osculating plane contains the 
ES os παρὸ σὴν’ plane with t to the quadric of reciprocation 

iS. *=0). Thus (f+ 2) 4; q, dg, d’q)=0 is the differential equation of a 

eodesic in terms of g and of its deriveds, 3 Te eas ee 
‘Writing this equation in the form (f+)"'g+tq+udq+va°qg=0, w 

t vaca tt a operating by Sg, Sdg, 8(/+ i and S(f+)-'dq, and 

observing that Sdq(f-+2)"!dg+Sq(f+2)"'d’g=0, we 


σι [- αὖ +2) 1d¥¢ _S.q*Sdgd?q—SqdqSgqd*q_, 
Sq ore Sagas “q’S.dg?-Sqdg? Το 
This immediately integrates, and we find 
Sq (f+x)*qSdq(f+2)tdg=s(S. 9°S .dg*—Sqdq*), 
where s is a scalar constant. By the last example we have 
Sdg(f+2)"Mdg=}(e—g)(n(y) dy? -- 22)" Sele, 
ay ere SeFe; S.g?=Sefe= —SeFe; Sqdg=0 
‘f+a2)%q=(y—x)\(2—2)n(2) "Bele; S.g°=Sefve= — Bele ; q=0, 
no ads πα νὴ may dgt Babs He 0y —0)-nG)! ἂν. Pe 
Collecting these results and putting «+sn(r)=v, the required equation 
is obtained. | 
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Art. 154. We shall now give a few examples relating to in- 
variants of linear transformation and of quadrie surfaces, and 
shall explain their geometrical import.* 

By Art. 150 (v.), p. 273, the relation 


(f—t)a, (f—t)b, (f—t)e, (f—-t)d) 
=(abed)(n—n't+n"?—n” B+) ......0.. (1.) 


is an identity for all sealars ¢ and all quaternions a, b, ¢ and d. 

In this sense ἡ, π΄, n” and 7” are invariants, and every 
relation connecting them implies some peculiarity in the nature 
of the transformation effected by αὶ But there is a wider sense 
in which these four sealars are invariants. If πὶ and nm, are the 
— invariants of two arbitrary functions f, and f,, the 
relation ͵ 


(At id ithe Wd (Αι, τον Οὐ. B10 
=(abed)n,n.(n—nt+n'?—nB+#), : 


is evidently true since (f,p, fg, Ar; F,8)=,(pqrs), where p, q, 7 
and s are any quaternions. Thus any relation implying a 
peculiarity of the function καὶ and — ς on its four scalar 
invariants, implies also a corresponding peculiarity in the mutual 
relations of the functions /,/f, and Tf, that is, in the relations 
of any pair of functions that can be reduced to the forms Tithe 
and ἡ (See p. 98 and Ex. 3, p. 101.) 7 


Ex. 1. If the function f transforms any tetrahedron abed into another 
“Vcd having its vertices on the faces of the original, the invariant 2” 
vanishes and an infinite number of tetrahedra possess the property. The 
converse is also true. 

[The conditions are (a’bed)=0, (ab'ed)=0, (abe'd)=0, (abed’)=0, and 
because α΄ Ξε ἔα, etc., we find on addition that x’”"=0. “Let a, b and c be any 
arbitrary points, and let d be determined from the first three conditions. 
Then we have » (abed)=(abed’), so that if 2” =0, the point fd will lie on 
the face abe. More generally when »’’=0 there exists an infinite number 
of tetrahedra so that the tetrahedra derived from any one by the operation 
of the functions ἢ ff, and ἡ f, are related in the manner described. 

Tf aly the faces of the derived tetrahedra contain the vertices of the 
original, 


Ex. ἃ, The invariant ”’”?—2n” vanishes whenever a tetrahedron abed is 
so related to its correspondent in the transformation, that the tetrahedron 
transformed from the correspondent has its vertices on the original, 


[The sum of the squares of the latent roots of f is zero, or the first 


invariant of /* vanishes. ] 
Ex. 3. When the invariant 
(n!"* — 4), 3-- 64n 
vanishes it is possible to determine an infinite number of tetrahedra (abed) 


*See Phil. Trans., vol. 201, “ Quaternions and Projective Geometry.” 
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and their deriveds (a’b’c'd’) so that a tetrahedron can be inscribed to abcd 
and circumscribed to a'b’c'a’, | 

(The sum of the square roots of the latent roots of f is zero, or the first 
invariant of one of its square roots 7 t vanishes, | 

Ex. 4, If an infinite number of tetrahedra can be inscribed to one 


_ quadrie surface and cireumscribed to another, find the invariant relation. 


[Let abcd be the four vertices of a tetrahedron inscribed to the quadrie 
Sq7,7= 0, and let the faces touch Sgf.g=0 at the points αν α΄, If a'=fa, 
ete., we have four equations of inscription Saf,a=0, ete. ; twelve equations of 
conjugation, Sa'f,b=0, Sb'f,a=0, etc., or Sa "ἐὺ =0, Saf, ἤ τεῦ, etc. ; and four 
equations of contact Sa’f,a'=0, or Saf” ΓΑ The equations of conjugation 
require f,f to be self-conjugate, or 7, /=/"f,; and the equations of contact 
may therefore be re laced by Saf, f-a=0, etc. Hence if the first invariant 
of f is zero and if ΠΕΡ, it is possible to inscribe in the quadric S4f. =0 
and to cireumseribe to Sg f.g=0 an infinite number of tetrahedra, For when 
we assume two of ΤΥ ree a re τ Pipe itr to cn eno yong Lh Ὅ» dno 

b,c, d)= d)=0, (a, b, fe, d)=0, af-c=0 an =0. 
the first t te Ade Fe terms of c, and on substitution in the fifth we have 
two equations in ὁ, any solution of which will be applicable. ᾿ 

The quadrics Sqf.f*g=0 and Sqf,g=0 possess therefore the ce ἐπύνα 

roperty, and so do the quadrics ry =0 and Saseq= 0 if it is possible to 
find a function f for which f, f= h=f and n”=0, It is easy to see 
that the conditions are satisfied if the invariant of the last example vanishes 
for the function ἢ 10..} 


Ex. 5. If a tetrahedron circumscribed to Sqfjg=0 is self-conjugate to 
Sqfsq=0, the first invariant of the function /,~!/, vanishes. 
[This is virtually proved in the last example, the function ἔς being ᾧ, ἢ] 


Ex. 6. When the invariant x” vanishes, it is possible to determine an 
infinite number of tetrahedra (abcd) and their deriveds (a’b’c'd’), so that each 
edge (ab) of one of the tetrahedra intersects the opposite edge (c’d’) of the 
correspondent, ; ; =To 

(‘The invariant is (abed)n” = X(abe'd’), and it manifestly vanishes if opposite 
edges intersect, that is if each of the six terms (abc'd’) vanishes. Conversely 
if x” τεῦ, we may arbitrarily assume two of the points a@and b. We have then 
to determine ὁ and d to satisfy five conditions, (abe'd’)=0, ete. Solving for d 
(Art. 146, Ex. 3, p. 269) from three of these and substituting in the remaining 
two, we get two equations quartic in ὁ, and the point ὁ lies on part of the 
curve of intersection of the quartic surfaces represented by these equations. | 

Ex. 7. Find the locus of intersection of generators of a quadric which 
are the sides of a triangle self-conjugate to another quadric. 

[If the quadrics are Sgfjq=0, Sqfsg=0, we may first reduce the second 
uadtie to the sphere Sq*—0 and the first to Sy/y=0 where = fe pte. 
f ¢ is the intersection of the generators and a and ἡ the remaining vertices 

of the triangle, the conditions ave | 
Sq/q=S¢fa=Safa=Sqfb=Sbfb=0, Sag=Sbqg=Sab=0. 
Now for the first invariant of f we have 
n" (a, ὃ, g, Fq)=(Ja, ὃ, g, FQ) Ἐ(α, Fb, q SQ) +(e ὃ, 4, [ῳ), ἱ 
and the conditions require (fa, ὃ, g, fg)=0 and (a, fb, φ, fy)=0, because the » 
four constituents of the first are ae to a, while those of the second are 
reciprocal to δ. Also [a, 6, g]=«/q, and therefore the locus is 
n"Sqf'q=SqF°q-] 
J.Q. T 
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Ex. 8. Three intersecting edges of a tetrahedron self-conjugate to one 
quadric touch another. Find the locus of the intersection, 

[If the tetrahedron gabe is self-conjugate to Sg?=0, we have wq=[abc], 
xa=[beq), yb=[cag], zc=[abg]; and if the line oe touches Sq/y=0, the 
relation Sg fgSafa—Sqfa*=0 must le nap ne | , ‘ epee o γε λον: 
may be written in the form ce, gq) -Sfqa(fa, 5, ¢, g)=0, and there 
are-two similar conditions μι ES td DA deg rom this by eyclical inter- 
change of a, b and ¢. Writing down the identical relation connecting 
a, ὃ, δ, g and fq, and utilizing the conditions, we find 

Sfq{ fa(a, ὃ, ὁ, 4) -- φία, ὃ, ο, fa)}— Sq fq in” (a, ὃ, ὁ, 4)--(α, ὃ, ο, )} πὸ; 
and this reduces to ~x'’Sqfq=0, when the factor Κα. φῇ is discarded, 
remembering that [abe]=wg.]| 

Ex. 9. Each of three planes Sga=0, Sgb=0, Sqe=0, mutually conjugate 
to Sq?=0, touches one of he family of Je Heel Sq(f+u)"q=0. Find the 
locus of the intersection of the planes. 
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[The points g, a, b, ¢ satisfy the conditions of the last example which do — 


not depend on the function αὶ The conditions of contact are of the form 
uSa*+Safa=0 or u(abeg)+(fabeqg)=0; 
(u+vo+w+n")Sq?—-Sgfq=0 


and hence 


is the locus required. ] 


Ex. 10. The edge ab of a tetrahedron self-conjugate to Sg?=0 touches 


the quadric Syfg=0. The condition of contact may be reduced to 


(fe afbed )=0, 
and the invariant π΄ vanishes if all the edges touch the quadric, 


[By Ex. 6, Art. 146 and (v1.), and Ex. 1, Art. 145, this follows, without — 


trouble. | 


Ex. 11, If the functions ἢ, ὅν 75, ete. are transformed by multiplying 
them by an arbitrary function 7, and into an arbitrary function /,, the 
functions ἢ fa fas Tita Sata Soy, ete undergo the same transformation and 
may be sai to be 
transformation. 

(a) The function ἤν defined as the coefficient of ¢,¢,t, in the identity 

Stytets Fizslabe]=(24, fa, 24 fi, Vt, ἢ], 
where ἐγ, ts, ἕν ete., are arbitrary scalars, is (to a scalar factor) covariant 
with the original functions. 

(b) Examine the nature of the transformations the inverse and the 


ἔνα τι τανε functions undergo simultaneously with the original functions, and 
find t | 


condition that self-conjugate properties may be preserved. 


Art. 155. Several important metrical and numerical 
relations may be deduced from the identity 


P:(P2Ps Ps Ps) + Po Ps Ps Ps Pv) + Ps(Ps Ps Pr Po) 


+P(Ps Pi P2 Ps) + Ps(P1 Po Ps Ps) =9, «00+ Le) 
in which p, is a rational and integral homogeneous quaternion 


function of g of order mp». 


covariant with the original functions for this type of 


ART. 155. ] NUMERICAL CHARACTERISTICS. 291. 
The scalar equations 
(PsPiP2Ps)=9, (Py P2PsPy)=O vevseeeeeseeees (1) 


represent two surfaces of orders ¥,5m,—m, and Σι ὅπηι, ττῆις 
respectively, and any point on their intersection satisfies the 
quaternion equation 

[p,95p,|=0, ...... Shy Saiaeieteleuinas (11I.) 
or else the three scalar equations 


(P2PsPsPs)=9, (PsPpPsPi=9, (Py PsP: P2)=0. «..(IV.) 
Hence we see that the curve of intersection of the surfaces (Π.) 
breaks up into two parts, one of which is represented by (IIL), 
while the other—the complementary curve—is common to the 
five surfaces (11.} and (1Vv.). 

Now the order of the curve (Π1.} must be a symmetric function 
of m,, m, and ms, and that of the complementary curve must be 
ἃ symmetric function of the five orders m,. The sum of the 
λοι" ὦ equal to the product of the orders of the surfaces (11.), 
hat is, 


(2m, — M,)(XPm, — Mg) = Σ᾿ Pmymy+ Em? ἘΣ; ὅπηι της; 
and accordingly the order of the curve (11.) and that of the 
complementary curve are respectively 
Mig =X 3m P+Z,3mym, and m,= Lm, My. .........(V.) 
_Again the points common to the three surfaces (1v.) must 
either lie on the surfaces (Π.} or else must satisfy the equation 
G0 SGM <icocssss vasensaseesaaesnnees (VI.) 
which requires p,=up,, where wu is a scalar. In the former case 
the points lie on the complementary curve. When three surfaces 
have no common curve the number of their points of intersection 
is the product of their order; when they have a common curve, 
that curve counts for a definite number of points of intersection, 
and there are in general other points of intersection not on the 
curve.* Now the surfaces (Iv.), if they had no common curve, 
would intersect in 
(25m, — m,)(25m, —m,)(D,5m, — mg) 
= Z'm,=mMym, — ZFmym,m, +(M, + m,)E,>mym, 
+73+n2MN, +m mM? +m3 
common points, the number being transformed so as to exhibit it 
4s a function of symmetric functions of the five orders and of 
symmetric functions of m, and m,. The number of points 


Satisfying (VL) must be a symmetric function of m, and m, 


* Salmon, Three Dimensions, Art. 355, 
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alone. The number of points of intersection of the surfaces (IV.) 
absorbed by the complementary curve is (Three Dimensions, 
Art. 355) a linear function of the order and rank of the curve— 
and the order and rank must both be symmetric functions of 
the five orders. Hence the number of solutions of (V1.) is 
tys= MEM, + MME TMs. «ννννννννννι .(VIL) 
In the next place, in order to find the rank and the number of 
apparent eae points of the curve (II1.), we notice that it meets 
the surface (p, PsP; P2)=0 im Myog(Z,°m,—mM,) points. These 
points, as appears from (1.), are either solutions of (P,P2)=0 or 
points on the complementary curve. The number of intersections 
of (111.) with the complementary curve is therefore by (V1) 
ἕως = My9q(2,°M, — Mg) — by ' 
= Myggd)°M, — Σ ἐπι — ZT PmyPM,— My MyM, ......{Ὑ1Π.) 
Employing the relation 7+t=m(u+v—2) of Salmon’s Three 
Dimensions, Art. 346, connecting the rank 7 and the number of 
intersections ὁ of a curve of order m and its complementary on 
two surfaces of orders » and ν, we find for the surfaces (11.) of 
orders >,5m,—m, and >,5m,—m, that the rank of the curve 
aaa Tog = — biog ὙΠ). (ὩΣ ὅτι, — mM, — τις — 2), 
which reduces by (VIII) to 
Tyg = Myog(D,°m, — 2) + DPMP ἜΣ, ὅπηι ἔπι, + MyMyMs 
= MyMyMg— BEN, Z"MyMy + 2(2 PM, 


—2((2 2m, )P— Σιδην My), ....ὁἐννμνννννν coo ( TK 


In the next place, to find the number (/49,) of apparent double 


points of the curve (III), we have (Three Dimensions, Art. 346), 
Ryog = $My09(Mypg— 1) — bygq. oveevsereveeneeseee( Ke) 


The rank (7,) of the complementary curve is determined by 


7 ΞΞ - ἐμ m,(22,°m,—m,— Mm, — 2), 
and this may be reduced to 


Ve= LPM, DM Mot Lm MoM, —2ZPmyMg, «.++++(XL) 


and the number of apparent double points is 
he=}m(™me—1)—}1-. 
We may denote the complementary curve by the symbol 


(( 2, PcPeM4P5))=O, ...... πο. 


which is intended to denote that the points of the curve satisfy 
every equation obtained by omitting one symbol. Similarly, 


(((Py Pe P34 Ps Po))) =O .«.εννννννεννννεν (ΧΠΙν ) 
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may be taken to denote the points which satisfy the surfaces 
obtained by omitting two symbols. These points lie on the 
curve (ΧΙ) and also on the surface (p, PoPsPe)=9. But the 
intersection of the curve and the surface includes the points ¢, 

on the curve [p,p,p,]=0. Omitting these, the number of 


points is m(m, +My Ἔτη, Tite) -- bios = X°M, MoM, wiseee ey 


Ex.1. The curve [9, fg, 4]=0, where / is a linear function, is a cubic ; its 
rank is 4 and the mbit ἐν onten acute points is 1. Ἷ : 


Ex. 2. The curve ig Leah ]=0 is a sextie of rank 16 and with 7 
apparent double points. It is the locus of points that can be destroyed by 
functions of the system ἡ ἡ + to fot+ts Sy and γν 


the | ἔ uni : 
functions of the system e locus of united points of 


bAtoh th 
thi +Ugfotusfs 
where ¢ and w are scalars. 


Ex. 8, The surface (At Fes Fes AQ =0 
is the locus of united points of a family of linear functions. 


(a) When the functions are self-conjugate, it is the Jacobian of four 
quadrics, 


Ex. 4, The curve ((Ag Sts Ia ἦα, fq) =0 
is of the tenth order and its rank is 40, 


(a) The Jacobians of sets of four out of five given quadrics have a common 
curve, and the Jacobians of sets of four out of six quadrics have twenty 
common points. 


Art. 156. If Q is any homogeneous and scalar function of g 
of order m, but not necessarily rational or integral, the equation 


δ faieaixcnssnssi cacasdsteosscxsacieny (1.) 
represents a surface, _ 
e shall write the differential of the function Q in the form 
dQ=mSpdq, .........Ψ.Ψ ddbanhbins wath hil (I1.) 


where p is a homogeneous function of q of order m—1. By 
Euler's theorem concerning homogeneous functions, we see by 
(11.) that Q=Spq =P, .....0csecccenss. ΒΝ ὦ 
where P is the function of p into which Q transforms when q 
expressed as a fraction of p is substituted in Q, for we may 
regard q as a function of p since p is a determinate function of g. 
Again we shall write generally for the differential of p, 

Ap=(M— 1) fydq, ..scccecseve αι μεν 
where /,dq is a linear function of dg and where the constituents 
of 7, involve q in the order m—2; and by Euler’s theorem we 


h 
ave PVE Fi 5s cipikcscasorecvess ἘΞΈΤΕΙΝΕ (V.) 
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This function /, is self-conjugate, as we have shown in a more 
general case (Art. 60 (IV.), p. 79). 
Now if we differentiate (111.) we have 


dQ=Spdq+Sqdp=dP, ... ἘΠῚ MCE Aa (VL) 
and on comparison with (I1.) we see that 
| — dP=nSqdp, where (n—1)(m—1)=1, «00.0000 ( VII.) 


in p. 
We shall also write generally for the differential of g expressed 
asa function of p, 4..--(μ--1)},ἅρ, seecsscssssseeseeees (στα) 
and the function f, is also self-conjugate and involves p in the 
order n—2 in its constitution. Thus for any differential by (Iv.) 
and (Vill.) we have 
dp=(m—1)f,dq=(m—1)(n—1)f, fp-dp=fofo-Ap ...(Χ.) 

by (VIL), and aecordingly 
(PS As ey ME Per τ τ δ (X.) 


or one function produces on an astray quaternion the same 
effect as the reciprocal of the other. In particular, applying 
Kuler’s theorem to (VIII.) as we have already applied it to (Iv.), 
we obtain the relations 
P=Sid=So'9, T= SpP =Sa7"P- veereeveveeeees (XI) 
When dq instead of being perfectly arbitrary satisfies 
dQ=0, or Spdg=0 where Q=0,............ (X11) 
dg represents some point in the tangent plane at q, and Ὁ is the 
symbol of the tangent plane or the reciprocal of the plane with 
respect to the auxiliary quadric. The equation P=0 is that 
of the reciprocal of the surface. The relations of reciprocity are 
clearly exhibited by the equations (compare (11.), (III.) and (VI.)) 
Spdq=0, Sqdp=0, dP=0, P=0 if dQ=0, Q=0; (xu) 
—Sdpdq=Spd*q=Sqd*p, @P=0 if also d?Q=0.....(XxIv.) 
Consecutive tangent planes at q and q+dq intersect in the 
line common to the planes 
Spr=0, Sdor acd, ...sc0scrseciseccceecese( ee 
1) being the current point, and if g+4d’q is a consecutive point on 
this edge we have the group of relations 
Spq=0, Spdqg=0, Spd’g=0, Sdpd’qg=0, 
Sqdp=0, Sqd’p=0, Sd’pdq=0, ....... (XVI.) 
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remembering that in general Sdpd’q=Sd’pdq because f, is self- 
conjugate. Hence to conjugate* tangents (gdq and χά} on the 
surface correspond conjugate tangents on the reciprocal, and the 
reciprocal of a tangent to the surface is the i ἐψω ὰ of 
the conjugate tangent, for we have S(p+<ad’p)(q+ydq)=0. 
The differential equation of the asymptotic lines is 
SONG Os sic csicmsvecsnndoyenseegesn( Σ ἘΠῚ} 


these lines being their own conjugates. 
The differential equation of lines of curvature is 
(pqdpdg) =O, .......200se00eserer0se4X VIL) 

for this is the condition that consecutive generalized normals 
should intersect. If ¢ is a centre of curvature, we have 

c=qt+tp, de=(1+tf,)dq+pdt=(q+tp)du, ......(XIX.) 
where du and dé are some small scalars. (Compare Art. 153, 
Ex. 11.) Hence as p=/,q we obtain the relation 

gdu—dq=(fo-1+1)-*ga 

and operating by Sf,q we get 

Safa fa7'+t)'q¢=0 or Sq(f,-?+t)-1¢=0, .......(Xx.) 
since fy(fy?+t)'=t-{f,—(fy+0)"} and Sqf,q=0. 

The theory of generalized curvature is thus connected with 
that of the generalized confocals. The scalar ¢ is the parameter 
of one of the confocals Sr(/,+4)-'"=0 which pass through gq, 
7 being the current variable. The confocal t=0 is Srf,r=0. 

The roots of this equation in ¢ determine the centres of cur- 
vature, and because in terms of f,( =/,-+) it becomes 

ΒΟ +t6,+0H,+8)q=0 or Sq(G,+H,+)q=0 (xxt) 
(since F,=npf,-'=Nyf, and Sqf,q=0) after discarding the 
factor ¢, it. reduces to a quadratic and gives two values of t. 


Ex. 1. The points having common polar planes with respect to two 
surfaces satisfy the equation 


(Pip2)=9; 
the points having collinear polar planes with respect to three surfaces lie on 
the curve : 
[PiP2Ps]=9 ; 


the points having concurrent, polar planes with respect to four surfaces 
generate the Jacobian 


(PiP2PsPs)=9 5 
the points having concurrent polar planes with respect to five surfaces lie on 
the curve | 
((P1P2PsP1Ps)) =O ; 


__,* Consecutive tangent planes intersect in the tangent line conjugute to that 
joining their points of contact. 
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and the points having concurrent polar planes with respect to six surfaces 
Se Peo ((P:P2PsPsPsPo))) =9 5 
provided we write generally dQ,,=m,Sp,dg, where Q,=0 is the equation of 
one of the surfaces, : 

Ex. 2. Τὸ find the osculating plane at a point on the curve of intersection 
of two given surfaces. 


_ [The osculating-plane must pass through the intersection of the tangent 
planes at the point g, and its equation must be of the form 


Spr+ Spyr=0, 
where Sp,r=0 and Sp,r=0 are the tangent planes. We have identically 
es Spiq =Sp.q = Sp,dq =Sp.dq=0, 
and by (xtv.) the scalar ¢ is determined by the condition 
Sdp,dq+- tSdp,dq =0, 
so that the osculating plane is 
Sp,7Sdp,dq — SpySdp,dq=0. 
This has now to be simplified. Assuming a quaternion @ satisfying 


Sadg=0, we have dg=[p,pyt]. Also dp, =(m, -- 1) f,dg, dp.=(m, - 1) f.dg, an 
accordingly 


Sdp,dg=(m,-1)8[p,pe)Alpipee]=Cm—-)S8[pipclloPi pf), 
since f[abc]=[faFbf—c]. By Art. 146, Ex. 5, this becomes 
Sp,q Sp, Pp. Sp,f,'e | jo 0 Saq 
Sp.q Sp.F py Spzf,~'a 0 Splp,Spf "a 
Saq SaFp. Saf; a Sag SaF\p, Safa 
= —(m, — 1)Saq"SpoF ps 
Hence the osculating plane is 
(m.— 1) SpyrSp, Pop, — (m — 1) SpySp,F\p.=0-] 

Art. 157. If we use the notation d, to denote that the 
differential of q is equal to a quaternion a, we shall have for the 
k polar of a with respect to the surface Q=0, 

d,!Q=0 where da=0, ........4. ἜΕ (1.) 
and if m is the order of the surface, we may write the equation 
of the δ polar in the form 

ἘΠΕ ancscesuuceqentpertensseons (11.) 

the quaternion r bemg now the variable point, and 7 bein 
be as constant in performing the differentiations indicated. 
f we write Mian Sai: svaiascessins ΓΝ (111) 
we may consider the quaternion p to be derived from the sealar Q 
by an operator D analogous to Hamilton’s operator V, and we 

shall have generally and symbolically, 

D= [bed] d,—[acd]d,+[abd]d,—[abe]d, . 
(abed) ; : 


—Sdp,dg=(m,—1) =(m,- 1) 


ΤῊ ὁ ( Iv.) 
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and in particular when g=w+ie+jy+hz, a=1, b=1, c=j and 
d=k, we have 
δι ES δ a ἔῃ 
θεοὺς See Ow V. Suasindenesecauk Wa) 
In this notation (1.) and (11.) become | 
(SaD)'.Q=0, (SaD)'(SrDy*-*.Q=0. ...........(VL) 

We may also formally identify our notation with Aronhold’s 
symbolic notation by writing the second of these expressions in 
the forms = (Sae)K(Srey"-!=0 or δεῖ," τ τεῦ, «...sesesees(VIL) 
where ¢ is a symbolic quaternion devoid of meaning unless it 
enters into a term homogeneous in 6 and of order m, and where 
€, = Ser. 

There is thus a considerable latitude in the choice of an 
appropriate notation for the investigation of projective properties 
of curves and surfaces. 

Ex. 1. In investigations which involve differentials of the third order of 
the equation of an arbitrary surface of order m, we may write 

d,Q=mSpa, dd,Q=m(m—1)Sbfa, d.d,d,Q=m(m —1)(m—2)Sef2 (a, δ) 
with liberty to transpose in any way the quaternions a, ὃ, ὁ, the function 
f(a, b) being a bilinear function of a and ὃ (compare Art. 60). 

(a) In terms of the operator D, 


be l ee: 
(6b) We may also write 
Q= Seq’, d.@ =mSeaSeq*, d,d,@=m(m ΠΣ 1)SebSeaseq, 
d.d,d,,9 = m(m — 1)(m — 2) SecSebSea, 

where e is ἃ symbolic quaternion devoid of meaning unless it occurs thrice in 
a term. 

(c) We have 

P=f9=fhlg, )N=Seg’ ; fa=fr(a, q)=SeaSeq 5 f,(a,b)=eSeaSeb. 
And when we differentiate fa totally we find 
ἃ. fa=f.da+(m—2)f,(a, aq). 
(ὦ) The equation of the Hessian is 
n=0 or (fa, fb, fe, fd)=0, 

where x is the fourth invariant of f and where a, 6, ¢ and d are arbitrary 
points. It may also be expressed in the forms 


(ee'e"e'”) Sea Se'bSe"eSed Seq Se'g Se"q Seq τεῦ ; 
(ce’e"e" Seq Se'g Se"g Seq =0 ; 
SaDSbD'ScD’SdD” (DQ, D’Q’, D’Q”, φῦ ΞΟ; 
(DDD'D"?. φοφ ρ΄ -ο, 
where ὁ, ¢’, 6", e”, etc., are equivalent symbols (compare Art. 147, p. 270). 
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Ex. 2, If 7=(PiP2PaPs) and dQ, =m,Sp,dq, where @,, is homogeneous 
and of order m,, in the variable g, ; 
ο 403 Ξ [2 9Ρ9Ρ 4}. Οἱ - [ΡιΡαρι]. C+ Pipe) - @s—Lerpeps] - Q 
(a) For an arbitrary differential, and for an arbitrary scalar m, 


q-dJ=(m—1)J.dg+2+Q,. Al pep. p4]+ > + (m, -- m)[ PopPsp,)Sp,dq. 


(+) If four surfaces have a common point, their Jacobian passes through 
that point. If the orders of the surfaces are all equal the point of common 
intersection is double on the Jacobian. If the orders of three of the surfaces 
are equal, the fourth touches the Jacobian. If the orders of two surfaces are 
equal, the line of intersection of the third and fourth touches the Jacobian. 


(c) At a point common to the intersection of four surfaces of the same 
order m, 
q-CJ= —m(m—1)2+[pspsp,)Sdgf,dg, where dp, =(m- 1) fadg ; 
and hence the equation of the tangent cone at the double point is 


2+ (apopsp,)Srfir=0, 
where ἃ is an arbitrary constant quaternion. 

(¢) If four surfaces have a common multiple-point of order &, we find that 
d®-* .gJ=Zx[d"'p, d*\ps, d*-'p,]. d*Q, +o 
d&-*,J=(d\p,, d*"p,, d*-lp,, d*-'p,)+ Sy, 
where >) and S,' denote sums of terms which vanish when g coincides with 

the multiple point, and we also have 
d*Q, =m,Sdgqd*-1p, + vanishing terms. 

(6) At the multiple point d*-*/7 and αἰ τὶς g.J vanish, and therefore d*-4J 
vanishes (as in (b)), and the Jacobian has a multiple point of order 44-3; 
and because we may write (as in («)) 

αὐτὸ, gJ=mdg . d*-47+ > +(m,—m)[d*-"p,, dp, a*-\p,]Sdgd*—'p, + By", 


it follows when the surfaces are all of the same order that the Jacobian has 
a multiple point of order 4 -- 9, 


Ex. 3. Determine the equation of a surface which meets a given surface 
at the points of contact of lines which meet it in four consecutive points. 

[This investigation, though rather long (compare Three Dimensions, 
PP 559-567) affords some useful exercise in the manipulation of our formulae. 

q is the point of contact and gr the tangent touching at four consecutive 
points, we have 

Q=0, mSrp=SrD.Q=0, m(m—1)Srfr=SrD?.Q=0, SrD*. Q=0. 

We may suppose the point r to lie in an arbitrary plane Sri=0, and we 
have to obtain the resultant of the four equations in + and finally to free it 
from the arbitrary /. Let Sra=0 and =0 be the equations of planes 
through the generators of the quadric (r variable) Srfr=0 which lie in the 
tangent plane Srp=0. Thus we have r=[apl] and r'=[bpl] for the points in 
which three generators meet the arbitrary plane. One or other of these 
points must lie on the cubic in r. Hence 


SrD*. Q.S'D®. Y=0, or SrD?. Q'.Sr'D?. Q=0, 
or (5,103, Sr’'D* +Sr'D® . SrD) QQ’ =0, . 
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where the accents applied to D and @ are temporary marks connecting 
operator and operand. Now this may be written in the form 


(438 -—3ABC) QQ’ τεῦ, 
where A=SrDSr D, 2B=SrD'Sr'D+S8r'DS8rD', C=SrD'Sr'D’, 
it i : 4, Band C in terms of the function 7. 
and it is easy to express the operators A, 2 and C in terms ὁ uncti 
In virtue of the definition of the planes Sra =0, Srb=0, we have identically 
: Srfr=SraSrb-+ SrpSre, 
where Src=0 is some plane. Hence we find on replacing r and 7’ in A, B 
and € by [apf] and (bp) that | | 
A=S[plD] f[plD], B=S[plD]f[plD], C=S[plD']/[p/D). 
Remembering that p=fy and that Spqg=0, we have by Art. 146, Ex. 5, 
0 Sg SgD’ 
Sql ΒΓ Sif-'D’ 
SqgD ΒΓ SDF"'D' 
ith similar expressions for A and C, where /=n/f~! is Hamilton’s auxiliary 
hier nc Writing for the moment ¢= Sql — ἰδ and remembering ἮΝ 
D and D’ operate on @Q and Q’ solely and not on g as involved in the 
structure of the operators, we proceed to expand and to operate on Q. 
We have 
BY =(SéF'D’ . Sql —SeFISqD'Y . | 
=SeF'D%. Q. Sq —3m(m -1)(m -- 2). n(SeFeSeF Sql? -SeFPSeg5q?), 
because by the identities at the beginning of this example 
Β΄. SeF'D. Θ᾽ =m(m -- 1)(m—2)SFefFe=m(m—1)(m—2).n. 5eFe, 
SqD?.SeF'D' . Q’=m(m —1)(m—2)SFep=m(m—1)(m—2).n.Seqg=0, 
since Seqg=0 and SqD"*. Q=m(m—1)(m—2).Q=0. 
We retain for a purpose the term in Seq. 
In like manner | 
BC. ᾧ' =SD'FD' .SeF D'. Y .Sq2—-SqD(SD'FD’. Sek _ 
+28LFD'SeF D’. Q')Sq2+SqD?(SeF D’. Q'SIFI+ 281 FD’. Y . SeF?) . Sqi. 
The term SgD'.SD'/'D’. Q may be reduced by writing for the moment 
πες νὰ where as μέ εἰς y seen Σϑἥσα τ 4, This term becomes 
m(m—1)(m—2)=SafFa' =4m(m — 1)(m—2).n, and hence we find 
ABC. Q' =SeFe.SeFD’.SD'FD'. QSg? 
—m(m—1)(m—2)n(ASeFeSeFISg? — SeFeSlFiSeqSq)). 
From these two relations we get, if e'=D’Sq/—lS¢D’, 
(4B° —- 3A BC)Q' =(48eFe® — 3SeFeSe Fe'Se' Fe’). Q 
=(4SeF'D’s -- 38eFeSeF'D'SD'FD’). Q. Sq | 
— 3m(m—1)(m—2).n.(SeFeSlFl — 4SeFT)SeqSql, 
} t term vanishes because Seg=0. Now it will be observed that 
τὸ — ὧν ia Ghia rere is a same as the original operator 


=S(DSyl — (Sq) F(D'Sqi -- 540}, 


B=-n 


with D’ substituted for D’Sg/—/ is remark allows us to write down 
the result of operating on in the form 

4B°-34BC)QQ =(48DF'D* - 3SDFDSDFD'SD'FD’). Q¢ . Sql? ) 
—3m(m—1)(m—2).n.(SD'FD'SIFL-4SD'FP)SqD'. φ΄. Sql", 
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the object of the retention of the term in Sge being now aj nt. But 
the term we have retained vanishes by the aimee haces cleat Ξε 
use of. Thus Sq/® comes off as a factor, and the equation of the surface is 


(4SDF'D? -3SDFDSDFD'SD'FD’). QQ'=0.]. 


EXAMPLES TO CHAPTER XVII. 


Ex. 1. A right line meets three fixed lines aa’, bb’ and cc’. The locus 
of the harmonic conjugate of the point of intersection on the third line with 
respect to the points on the other two is the intersection of the planes 

(b¥'eq)(aa’ce') + (aa og)(bB'ee')=0 ; (bb'¢g)(aa'ce') +-(aa’’g)(bU'ec!)=0. 

Ex. 2, The general equation of a quadric through the conic 

“st Sq/q=0, Slg=0 is Sq fg —SlgSl'q=0. 

Find the value of /’ in order that the quadrie may be a cone having its 

vertex at ἃ and show that the equation of the cone may be written in the 


for | | 

Ξ S{qSla—aSlq} fi qSla—aSlq}=0. 

Ex. 3. A plane aa'p is drawn through a fixed line aa’, and the lines in 
which it meets the planes Slg=0 and Si’q=0 are joined to the points b and 
δ' respectively. The equations of the joining planes are 

(gaa'p)Slb —(baa'p)Slq=0 and (qaa'p)SU'b’ —(b’aa'p)Sl’q =0, 
ie. ia δὰ and when p varies the locus of their intersection is the quadric 
58 pees 
(gSlb—USlq, gS'b' —b'Sl'q, a, a’)=0. . 


Ex. 4. The four faces of a tetrahedron pass each through a fixed point, 
a, he _ τ ogee The pies edges in Gg face p which contains the 
int εἰ n the planes, /, m and n respectively. Th te: pposi 
face p is the reid sivas of the planes Sir Sn a 
SqSap —SqpSal=0, SqmSbp —-SqpShm=0, SqnSep -SqpSen τεῦ, 
and the vertex g describes the cubic surface 


. (aSql—qSal, bSqn—gqSbm, cSqn—qSen, d)=0, 
having the intersection of the fixed planes as a double point, 


Ex. 5. Find the locus of the vertex of a tetrahedron, if the three edges 
sod tae vena debe Ne ge =< cope Ὁ a fixed point, if the 
rou, | fix int emaini 
ΡΝ oe hac gh a fixed point and the three remaining 


, Ex. 6. A plane passes through a fixed point d, and the points in which 
it meets three fixed lines aa. bb, and ὁ apes joined by pianet: to tired 
other fixed lines aya,, b,b,, and cy,. The locus of intersection of the planes 
is the surface ; 

(αγ(αγαρα, 9) — ἀγ(αγαςα,), b, (bybghyq) — b(bybsbig)s ex (cxtsesg) — ea exegeaqs 4) =9. 


Ex. 7. The sides of a polygon pass through fixed points, | oa 
and all the vertices but one ati in fixed cm bis ἜΝ 2 Ve ry is the 


free vertex, the next is f,q=gSl,a,—a,S/ | 
free vertex, the next is f,g=gSl,a,~%S)9, and the locus of the free vertex 
arfosfahiqy ὁ, %]=0. 


Ex. 8. All the sides of a polygon but one pass through fixed points 
ἂν ὧν one ὅκ-α, - extremities ofthe free side ae Lape fixed Save bb’ a 
dall the other vertices on fix lanes ¢,, 5, ...0,-2; f 
generated by the free side. age sy a aie a 
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Ex. 9, The points of contact g of tangent planes through the line αὖ to 

the quadric Sgfq7=0 satisfy the relation * 
fq=x[abq), where n+2°{S(fafb)(ab) -—SLfafb)[ab}}=0, 
n being the fourth invariant of f, and if ¢ is arbitrary 
q=L/a, fb, fe+x[abe]}. 
Ex. 10. If the line ab is a generator of the quadric Sg/q7=9, 
(fafb)_ [Ὁ] 
fab] " ok =a scalar. 

Ex. 11. The generators of the family of quadrics 5q(#/,+9f2+2/s)q=9 
compose the pe μως of lines of the third order represented ty ts 7 πᾳ 
minant equation 


ISging, Sping, Spfap|=9 (n=1, 2 or 3). 
(a) When p is an arbitrarily selected fixed point, this equation represents 
a cubic cone, and every edge of the cone determines a definite quadric of the 


family. The tangent planes at p to the Peers pass through the edge of 


the cone which joins p to the point [/,p, ἢ}, f,p]; and the tangent plane to 
the cone along this ‘sige touches at the point » the quadric of which the 
edge is a generator. 

(6) When p lies on the Jacobian curve 

LAP: Sop; fsp]=9, 
the cubic cone breaks up into a plane and a quadric cone. The cone is a 
member of the family of quadrics, and the plane touches at p all the 
quadrics of the family which pass through p. 

© The locus of points of contact of a plane Slg=0 with quadrics of the 

family is the cubic curve in which the plane cuts the surface 
1, Aid So% SeQ)=9; 

and the locus of points of contact of pairs of the quadrics is 

(Aid 6.» feq\=0. 
Ex. 12. The integral of the differential equation 

(dg, fg)=0, or dg=fq. dt, 

where / is a linear function, may be written in the form 

g=e α, 

where ὦ is a quaternion constant of integration. 

(a) This integral represents a doubly infinite family of curves, and a 
determinate curve of the family passes through an arbitrary point provided 
it is not a united point of the function /. 

(6) The equation p=e™" ὃ 
is the reciprocal of the tangent line developable of the curve determined by a 
if the conditions ; 

Sba=0, Sbfa=0, Shbffa=0 
are satisfied, 
e) An arbitrary plane which does not pass through a united point of f is 
santana by a ingle and determinate curve of the family. a 


* For another form see Art. 146, Ex. 4, 
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_ (ἀν) An arbitrary tangent line to an arbitrary curve of the family is cut 
in a constant anharmonic ratio at the point of contact and at the points of 
intersection with three of the united planes of 7. 

(6) A right line which cuts the faces of the tetrahedron in points havin 
a certain anharmonic ratio touches a definite curve of the family, and i 
p and ᾧ are two points on the line 

(», 9: JP: q)=0. 

(/) Any linear transformation which leaves unchanged the united points 
of /, merely interchanges curves of the family. 

(g) The locus of points of contact of tangent lines drawn from an 
arbitrary point ὁ to curves of the family is the twisted cubic 


g=(f+uy te; 
the locus of points of contact of tangent lines drawn through an arbitrary 
line ed is the quadric (edg fq)=0 ; 
, 


and the locus of points of osculation of planes through ¢ is the cubic surface 
(ο, % Fd, 7 4):- 0. 


Ex. 13, The equation of the complex of lines cutting a tetrahedron in 
points having a given anharmonic ratio may be written in the form 


(P, 4» fp, fa)=0 where τῶ S—4_ 4 
&—ts i-th 
is the given anharmonic ratio, ¢,, te ἐς and ἐς being the latent roots of f and 
the tetrahedron being determined by the united points of the function. 


(a) The differential equation of curves whose tangents cut the tetrahedron 
in points having the given anharmonic ratio is 


(dq, φ, faq, fq)=9; 
and a solution of this equation is 


where « is an arbitrary quaternion and where τι and v are functions of 4, 
(6) This equation includes the family of curves (compare Ex. 10, p. 286) 


g=(f+0)™.a, 
(c) In general the reciprocal of the tangent line developable of the 


curve (a) is * | fiw a 
pae “7 {Γ τ}.Ὁ, 
where Sba=Sbhfa=SbfPa=0. 


(d) The anharmonic ratio of the point of contact and of the points in 
which a tangent line to the curve (a) cuts the faces of the tetrahedron 
corresponding to the roots ¢,, ¢, and ἐς is 

ἐ ἘΠῚ ἕπτ 
fot : ty - ἮΝ 


CHAPTER XVIII. 
HYPERSPACE., 


Art. 158. Many of the methods of quaternions are applicable 
with but slight change to the general case of a “flat” space of 
n dimensions. | 

Commencing with the multiplication of two vectors or directed 
lines in space of ἢ dimensions, we may suppose the two vectors 
to be transferred to one common plane or even to be made 
coinitial, and we may define the product a8 very nearly in the 
same manner as in quaternions. In the formulae of definition 


aB=V.a8+V,a8, Ba=—V aB+ Voaf, .......--+--(l) 


V,a8 or Sa8 is minus the projection of one vector on the other 
multiplied by the length of the latter, and Va is the directed 
area of the parallelogram determined by a and £, rotation in the 
plane from a to 8 being itive. We can no longer identify 
v a3 with a vector perpendicular to the plane because in space 
of many dimensions there is an infinite number of directions 
perpendicular to a plane. 

In particular if ὁ, %,...%, are » mutually rectangular unit- 
vectors in the space of n dimensions, we have by (1.) 


ἐπε —Il, t= — 1, iit it, =O, fax tiger nndea ΕἼ ἢ 


where 8 and ¢ are any two numbers from 1 to n. 

The functions V,a¢8 and V,a8 are doubly distributive, and 
hence the binary product af is doubly distributive. We define 
for products of higher order that multiplication is thoroughly 
associative and distributive, and these principles in conjunction 
with (1.) form an adequate symbolical basis for the whole 
calculus. 

If ὦ, and ἧς are any two mutually rectangular unit vectors in 
the plane of a and 8, and if rotation from ὦ, to ἐς is in the 
same sense as that from a to 8, we may write _ 


Vy =6,1, TV a8, ccdossccsevesersdesss “(1 
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where TV,a@ is the number of units in the vector area V,a/. 
The symbol 7,7, represents a unit vector-area in the plane of a8 
or in any parallel plane. This symbol ¢,é, is of a distinct kind 
from the symbols ἦν, 4, ...%,, and it cannot be expressed as a 
linear function of the latter. 

In virtue of the laws of multiplication 


and hence by (111.) the effect of multiplying a vector area into a 


vector in its plane is to turn that vector through a right angle — 


in the plane and to multiply its length by the number of units 
in the area. 

For three vectors, which may be transferred to a common 
space of three dimensions or even rendered coinitial, the laws of 
the calculus allow us to write 


aBy = ViaByt ViaBy, ......ὁἁἀννννννννννννι (IV.) 


where V,a@y denotes the part of the product depending on sets — 


of three distinct units combining in the irreducible products 
iyingis, etc., and where V,a8y arises from reducible products such 


ag ἐϊ εξ πὶ πο τὰ τες In fall if ems ity ise 


y= tet, where «, y and z are scalar coefficients, we 


V,aBy = =| #425 tials . } AV.) 
ViaBy = —Ly,2, 24+ LH A Zh = Σου νι, 


where | @,¥,2,] denotes a determinant. 


The first part V,aSy of the product of three vectors represents | 


the directed volume of the parallelepiped determined by the 


vectors, it being now necessary to distinguish between volumes _ 


in different spaces of three dimensions. In particular ἐς 
represents unit volume in the space of 7,, ἧς and ἐς 
function V,a$8y is evidently combinatorial with respect to 
the three vectors. It is unchanged when a is replaced by 
a+vB8+wy, etc, and it changes sign when any two of the 
vectors are transposed. 

We have given the expansion for V,a$y in terms of the unit 
vectors and of the scalars w, y, 2; but there is another method of 
wide application which we may employ. It is apparent that we 
must have 


V,aBy =uUaV (By + vBV pay +wyVoa8, 
where ἀν, v and ware numbers, Interchanging 6 and y we have 
V,ayB =UaVoyB8+vyV β΄. wBV cay ; 
adding and attending to (1.) we find | 
V,a(By + yB)=2aV By =2uaV By +(v+w)(BV ay +yV af), 


The | 
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and thus w=1, v+w=0. Similarly interchangi nd 
find that w=1 and u+v=0, and roi ging a and 8 we 


V,aBy=aV,By— BV ,ay+ VV nis is sendcvenchesc (ν 1.) 
By the same process we arrive at the result 
aSyé=V yaByd+ ViaByd eV αβγδ sasverssscovas (VIL. ) 


for the product of any four vectors, where 

V,a8-yé= V,a8V γὅ --- ViayV,86+ V.udV,By+ V.ByV oad 
“ΠΥΡΆΝ, Varo 

V,aS-yé => ViaBV ayo — V yayV, 86+ VoadV By 5 


and it will be noticed that in these relations the determinant 
rule of ge 1S In every case obeyed, namely starting with the 
term aV,Gy, the next term, in which 8 comes first, has a minus 
sign and soon. In like manner for tive vectors 


αβγδετεῦ αβγδε- γ,αβγδε-Ἐ V,aByée: ] | 
VyaS-yde= 2+ ViaByV δε; V,aRyde=E+-aVByde; 1 (1X.) 


= 51: — in the ia being affected with the positive sign 
and the determinant law of signs being obeyed. (C 

Art. 147, p. 270.) ᾿ a ser ae 
_ Considering more particularly the function of m vectors 
Vintty4 --+ Gm, it is apparent from various points of view, that it 
1s combinatorial with respect to the m vectors. We may prove 
that it changes sign whenever any two vectors are transposed, 
and hence we may deduce the combinatorial property. Adding 
the products 


(hy Ugthy «+s dm =(Vin+ Vin-o+ Via-4+ ete. »++) Gy yg ees Ons 
Ul) Oy aie dm =(V n+ Vin-o + Vn~s +ete, ...)αχαγας see Oy, (x.) 


in the second of which a, and a, are transposed, the sum is 
2asa, ++» dmVoa;4s. In this sum the highest terms in the units 
are of the order m—2, and consequently interchange of con- 
tiguous vectors changes the sign of V»a,a,...@p...Gm Hence 
transposition of any two vectors changes the sign; for example 
p—I1 changes of sign accompany the transference of a, to the 
first place in the function, and p—2 changes arise when a, is 
transposed with a, with a, and so on till it reaches the place 
originally occupied by ap. The function consequently vanishes 
if any two vectors are identical, and when the vectors a are 
replaced by vectors 8 which are given as linear functions of the 
a, the function is simply multiplied by the modulus of the 
transformation. 
7.0. υ 
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Generally any function such as 
=+ V pty Gots one Gin Von - php+ 1 Up+2 see Cay 
is combinatorial with respect to the vectors, and when we 
express the m vectors a in terms of m mutually perpendicular 
vector units in their m-space, we find that 


rp Wm tn = Et Viste oyna oti (XE) 
This includes a number of relations such as 
3V ay =aV By — BV ay +yV a8: 
aV Byd—BV gays+ yV a8d—6V aby =0 if VaByd=0. 
Again when the m vectors lie in a space of m—1 dimensions 
so that they are linearly connected, we have relations of the 


form τ 7 
Ι = Slat ane Γ᾿ - \ cl, = 
ἘΞ Sh EC at al ς ΠΕΕΝΟΒΕΘΤ ΣΝ (XII) 


V in - 1, ott een ad,, — | 

which may be verified by operating with Voa,, ete. In particular 
for two and three dimensions, we recover the formulae, Art. 27 
(111.) with Spa8=0 and Art. 26 (11.}. 


thy 


The theory explained in this article may be compared with — 


Grassmann’s Ausdehnungslehre.* Grassmann’s inner product 
of two quantities is the function —V a8, and his outer product 


οὗ @,, da, +++ dm 18 ViuGyds --- Om These so-called products are thus — 


only parts of a complete associative product. 


Anr. 159. There is a remarkable difference between this 
general theory and the theory of quaternions which may be 
illustrated by a special example. The sum of a number of 
vector areas is not an urea vector, οὐ the homogeneous quadratic 
function of the units 

A= V,aa’'+ VaBP' + Vayy + ete. ......εννννκεεντεν (1.) 
cannot generally be expressed in the form Vpp’. The geometrical 
reason for this is that two planes, for example p=2,t,+ gi, and 
ρος, Ἐὰ ἢ have not necessarily a common line although they 
may have a common point—the origin of the vectors p in the 
example. 

To discover a canonical system of vector units in terms of 
which a homogeneous function (q) of order m may be expressed, 
observe that go=Viwuge+Vun-ige, and that the line vector 
Vin-1gp is not generally parallel to p but that it is a linear 

distributive function of p. We are thus led to consider the 
linear and distributive function 
Pp = VV w-19 Ps oreeesescerenees νον τ (π.) 


V, 
an 


*See Proc. R.1.A., 3rd Series, vol. vi., pp. 13-18 (1900). 
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and because 
Vordp =Vy. 09Vin-19p= Vo. Νὰ σαν, οἰ ρ 
: = V, . Vin-19V 109 = ¥, » Vin- py Vin-19¢ = V poo. ᾿ 
the function ᾧ is self-conjugate, and just as in quaternions its 
axes are all real and mutually rectangular. | 
Tn particular for the quadratie A, let i, be an axis of 
ee V,AV,Ap so that gi Ξε σοῦ» Where d,. is a scalar. 
_ Then $V,Ai,=V,AV,AV,At=V,A¢i,=a,,V,4i, and V,Ai, 
is also an axis and it is perpendicular to i, and parallel to ἡ, 
suppose, This shows that in terms of the canonical units 
A = yyhyig + Aggighs +... +om 2 Dias ts Cais v0 creek (111) 
so that a quadratic in 2m+1 or in 2m units may be reduced to 
m terms involving pairs of units, or to the sum of m area vectors. 
There is obviously indeterminateness in the units to the extent 
that 7, may be any unit in a definite plane—that of i, and ἐς, 
and ἐς may be any unit in another definite plane, and so on. 
_ ‘An expression such as A corresponds to an angular velocity 
in the space of three dimensions. Consider the transformation 
which converts line vectors (p) into line vectors (r=p) and 
nig preserves unchanged lengths and mutual inclinations, so 
LLL ry ᾿ Γ 
᾿ Vora’ = Υ,φρφρ΄ Υ͂, ρρ΄. 
If « is an axis of this function and ἐ the corresponding root, 
we have fot= V.ant=V 
αὐ = Vida? = Va? =a", 
and therefore ¢=1 or else a?=0. The former alternative cor- 
responds to non-rotated directions. The latter requires « to 
be of the form sd —1.%,—a vector perpendicular to itself 
directed to one of the cireular | Se at infinity in the plane 
of ἡ and ty (Ex. I, p. 96). Corresponding to this there is 
a conjugate axis, a’=i,-»/—1%, Again if β is any other 
axis corresponding to the root 8, 
ἰδ a3 = VopapB = Vou, 
so that axes, corresponding to roots which are not reciprocals 
one of the other, must be perpendicular. From this it appears 
that the transformation is specially related to a set of hyper- 
perpendicular planes, 7,75, ὑφ, etc., and that it consists of 
ordinary rotations in each of these planes, so that we may write 


σεεφρῃ"', ' 

Where 4 =QiYa1Jos +--J2u-1, ϑνὶν 4» =CO8 δώ)» ὑγὺρ sin el ae 

ot oe the factors 4 Isp ete., are commutative because we 
Iyletghy = Ugly lols = Ugh ὦ, 
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Also we have tio. tyto=t2= —1. . 
It may at once be verified that the operator οί, _)q,.~' has no 
effect except on vectors in the plane of i,%,, and that it turns 
vectors in this plane through the angle a, ὦ 

Now we may write (Art. 29 (v.), p. 28) 


μὲ © ve 

ed Ai yeget 
Gu=(ti,)* =e"; 
and because the factors are all commutative we may also write 


ἀ{αιυΐχ Ἐπ έν + ..) 4 
ΠξΞεῸ ἘΞ Pee ἃ καὶ καὶ αὶ αὶ αὶ ἃ ἃ καὶ καὶ ἃ ἃ  "ὶ ἃ ἃ ἃ AV.) 


(compare (111.) and Art. 29 (x.)), and the rotation is effected by 
| A -hd 


the operatore ( )e . , 
For a small rotation, if dé is a small scalar whose square is to 


be neglected, 


c= se a =(1+}Adt)p(1—}Adt)= p+dtV,Ap, ...(VI.) 


and thus A plays the part of an angular velocity.* 
Arr. 160. For projective geometry in ” space we may use 


the method explained in the last chapter, and the symbol for a 
point is the sum of a scalar and a vector, so that 


: V a 
q=Vqt+Viq= (a +72) VQ =(L4 OQ) V oq ....0..... (1.) 
of 
represents a point of weight Voq at the extremity of the vector 


ἯΙ 0. i 

he equation Gq = by, t+ tally + ete. 0.0 binllin co eceeeeeeeseeee eed IL) 
represents the (m—1)-flat which contains the points @,, ὧν, ... Gin 

In accordance with Hamilton's notation, we shall write 
Log ...ὄ gg fe Vig VG V G0. Vien 
— T+ Vin-1. για, ας ...Ὑ αι αν; 

or briefly, [6] ὟΣ ΕΥ̓ ο[ἀ}ὼ»ὕ..«ενορνεν νειν (π1.) 
as the symbol of the (m—1)-flat containing the m points a. To 
show that this symbol really determines the flat, observe that 
we have 
[m= {κα eta «++ ἀντ Vin—1 (4g τα 4) (43 — α})..«(ἀρι — α}} ITV ας, (LV. ͵ 
where a,V,¢4,=V,a, and where IIV,a, is the ἔτι of the 
weights of the points (Art. 144 (1ν.}}. Now Vynajay.-- am OF 
Vint (4 — αν}... (@m—@,) is the directed region determined by the 
origin and the m points, and V,,.-\(a,—4,)(a,—a,)...(@m—a,) 18 


*See Proc. R.I.A., Series ILL, vol. vs, pp. 73-123. 
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that determined by the m points. Denoting the latter by 
dyty ++» Im-ik, where 1 is the magnitude of the region determined 
by the m points and where 7,7,...%n-1 are mutually perpen- 
dicular unit vectors in the fiat, the symbol becomes 


[ab ]os = (GF — 10. ἢν... ὃν... RIV get,, .-verceerveees (v.) 
where στ is the component of the vector a, which is perpendicular 
to every line in the flat, or in other words, where a is the vector 
perpendicular from the origin to the flat. But when we know 
τ and the product of the vectors i we know’the flat,* and we 


have Vint] ; ; ; 
o= a i γο and Uyty «++ Um-1= —UV in -i[@]m, wee VI) 
where U has its quaternion signification. We notice also that 
the point Vin-ifa] | 
ΓΝ ΒΕ, ΤΥ ae ik Nd ΝΕ. ΒΕ Ὺ αν εν 6. 1 


Vnl@la 

is the reciprocal with respect to the auxiliary quadric V,g°*=0 of 
every point in the flat—in other words, this point is the point 
in the m-flat of the origin and of the m points @ which is 
reciprocal to the (m—1)-flat of the points a. 

In point symbols the equation of the flat is 

[σα ας s+ Gey] SDs, sh cnreieviassrcacsancesal VEL) 

the vanishing of this equation being equivalent to (IL). 

Other general expressions admit easily of interpretation on 
the principles laid down in this article. 


* The vector equation of the flat is p=W + 22,1. 
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Axes of linear vector function, 94 : of 
self-conjugate function, 96; of quad- 
ric, 111; of section of, 111; of screw- 
systems, 163; moving, 171; for curve, 
134; for surface, 146; for orbit, 188; 
for body, 196; of inertia, 197; of 
elastic symmetry, 245. 

Axis of quaternion, 13; radical, 51; 
Poinsot’s central, 156, 169; instan- 
taneous, 170. 


Ball, Sir R. 8., theory of screws, 156, 
163, 170, 208, 205, ἠέ 
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Base-point, 171, 195. 

Bilinear function, 297, 

Binet’s theorem on axis of inertia, 197, 

Binormal, 134. 

Biquadratic equation of linear quater- 
nion function, 274. 

Biquaternions, 20, 58. 

Bisecting sides of spherical triangle, 
triangle, 31. 

Body, rigid, dynamics of, 196 ef seq. ; 
under no ἃ 
mically equivalent to four particles, 
199; dynamical constants of, 199, 
202, ; impact of, 203; con- 
strained, 204; resultant force and 
couple on gravitating, 225; moving 
in finid, 241. 

Bonnet’s theorem, 192. 

Brachistochrone, 192. 

Bright curves on surface, 57, 

Bulkiness of fluid, 240, 

Burnside, theory of groups, 14. 


Calculus, icosian, 104; of variations, 
192 


Canonical, form of V, 75; of two linear 
functions, 100; of screw-systems, 
164; equations of quadric and linear 
complex, 278 ; vectors for rotation in 
hyperspace, 307. 

Cavity filled with liquid, motion of body 
containing, 241. 

Central, sections of quadric, 111; sur- 
faces, non-, 117; axis of forces, 156, 
163; of displacement, 169; orbit, 186. 

Centre, mean, of tetrahedron, 5; of 
mass, 5, 264; of circle inscribed to 
triangle, 48; radical, 52; of quadric, 
117; of curvature of curve, 134; of 
spherical curvature, 136; locus of 
mean, of corresponding points, 152; 
of furees, Hamilton's, 157; astatic, 
160): of three-system of screws, 164; 
particle attracted to, 185, 186. 

Centres, of curvature of quadric, 122; 
surface of, 125; of surface, 144; of 
generalized curvature, 286, 295. 

Chain on 
166, 

Characteristic surfaces in optics, 225. 


Characteristics of curves and surfaces, | 


numerical, 290), 

Charpit’s differential equations, 151. 

Chiastic homography, 208. 

Cirele, inverse of line, 53; at infinity, 
imaginary, 54; monomial equation 
of, 55; quaternion —s of, 58 ; 
vector equation of, 82; ellipse pro- 
jected into, 83; osculating, 134, 136, 
152; surface generated by, 154; 
excluding point from integration, 
217. 


surface, equilibrium of, | 


| 


| 


lied forces, 198; dyna- | 


Cireuit, integration round, 73, 215; 

circulation and flux, 232; moving in 
“yi fluid, 238 ; electro-magnetic, 

vA. 

Cireuitation equations for electro-mag- 

_ netic field, 250. μὲ 

Circular, points at infinity, 96, 126; 
sections of quadric, 113; of cone, 
118; in relation to strain, 175; 
tangent cylinder, 115; point at in- 
finity in hyperspace, 307. 


Circulation of vector, 232. 
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Cireumseribed developable of confo- 
cals, 126; generalized, 286. 

Clifford, biquaternions, 21. 

Coaxial, spheres, 51, 53; linear vector 
functions, 95, 97; stress and strain 
functions, 238. 

Co-efficient, differential, 63, 67; of 
friction, 190; of restitution, 20; 
=e of screws, 206; of viscosity, 

Coelostat, example on, 130, 

Coincidence, of axes of function, 94; of 
united points, 275. 

Collinearity, of three points, 5, 37, 
266; of three planes, 39. 

Collision of two bodies, 203. 

Combinatorial functions, 265, 270, 304. 

Commutative, addition of vectors, | ; 
multiplication, 17; order of differ- 
entiation, 79; linear functions, 95; 
small displacements, 169; strains, 152. 

Complementary curve, 291. 

Complex, or imaginary, 3, 20, 58 ; 2‘ 
roots of quaternion, 28; of right 
lines, 40 ; surfaces formed by lines of, 
153 ; related to astatics, 161; of axes 
of inertia, 197 ; linear, 275 δὲ seq. ; of 
linesconnecting corresponding points, 
278; of generators of systems of 


quadrics, 391; tetrahedral, 302. 
Composition, of wrenches, 104, 204; 
of displacements, 168. 
Coneurrence of four planes, 39, 267. 
Coneyclic quadrics, 121. 
| Conductivity, electrical, 251. 


Cone, tangent to sphere, 49 ; to quadric 
08; to confocal, 124; standing on 
curve, 65; of axes of system, @, + fda, 
101; asymptotic, 107; edges of, in 
plane, 110; and sphero-conic, 118; 
through five lines, 121; of revolu- 
tion through three lines, 126; differ- 
ential equation of, 149; tangent to 
generalized confocal, 281. 

Confocal, quadrics, 12] ; tangent cones, 
124; vector equation of, 124; re- 
lated to astatics, 162; related to 
axes of inertia, 197; equipotential 
system, 228; generalized confocals, 
279; quaternion equation of, 286. 
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Congruency of lines, 41; surfaces 
generated by lines of, 153; focal 
and extreme points, 153; of axes 
oe three-system of screws, 164, 


Conic, related to triangle, 48; vector 
equations of, 63; focal, 114, 126; 
sphero-, 118; and Pascal hexagon, 
121; orbit, 187; on wave-surtace, 
261; in point symbols, 264, 267 ; 
anharmonic property of, 267. 

Conical refraction, elastic solid, 248; 
dielectric, 260. 

Conical rotation, represented by 
αἱ )q-', 18; related to spherical 
triangle, 32; in terms of Euler's 
angles, 33; inscribed polygo 
a ge 60; differential of qag~', 
69, 169; and linear function, 100; 
and astatics, 160; finite displace- 
ments, 168; examples, 173; strain, 
ae ane linear 9° funetion, 

: IN hype ce, off), 

Conicoid, ais Basten 

Conjugate, of quaternion, 12; of pro- 
duct, 15; radii of conic, 63; of linear 
function, 89 ; axes of function and of 
its, O4 + Grate, 107; radii of qua- 
dric, 110, 112; of quaternion function, 
273, 275; tangents, 295, 

See Self-conjugate. ; 

Connected region, 217. 

Conservative system of forces, 184: 
acting on perfect fluid, 238. 

Constant, curve having ratio of curva- 
ture to torsion, 137. 

Constants of linear funetion, 88, 178 ; 
vector, of integration, 137, 186; dy- 
namical, of ripe body, 199, 202, 207: 
elastic, 239, 244; dielectric, 251; of 
quaternion function, 272, 

Constrained motion of particle, 189; 
of rigid body, 204. 

Construction of product of two quater- 
nions, 15; fourth proportional to 
three vectors, 31; ellipsoid, 114; 
vectors related to wave in dielectric, 


Contact, of line and sphere, 49; and 
uadric, ΕἾ ; and ele 124 ; 
our point, of tangent, ᾿ 

Continuity, equation of, 72, 230, 238 ; 

areal and linear, 230, 
Convention respecting rotation, 7; nota- 
tion, 20. 
vergence of vector, 72, 212, 
Co-ordinates, six, of a line, 40; anhar- 
monic, 43, 48, 54, 269; curvilinear, 
66, 74, 227 ; Cartesian, 75; elliptic, 
sy 286; homogeneous or tetrahedral, 


Coplanar versors, 27. 
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Coplanarity of four 
point symbols, 266. 
Co-reciprocal screws, 206, 


points, 5, 38; in 


| Co-residuals on cubic, 10]. 


Correspondence, see 
Transformation. 

Covariant linear functions, 101, 290. 

Cremona transformation, 11. 

Cross ratio, see anharmonic. 

Crystalline apa damped oscilla- 
tions 1p, 186; propagation of light 
in, 256. propag Β 

Cubic, of linear vector function, 93, 100; 
twisted, 93, 104; cone, 101; twisted, 
locus of feet of normals, 109; of 
points of contact with confocals, 123; 
tangent line and osculating plane, 
133; related to moving body, 172; 
developable generated by, 267 ; locus 
of points in perspective with corre- 
spondents, 278; transformation of, 
485; characteristics of, 298. ; 

Curl of vector, VVe, 73, 213. 

Current, electric and magnetic, 250. 

Curvature, of curve, 132 ef seg.; of 
surfaces, 14] εὐ seq., 215; of quadric, 
122, 125; of orbit, 189; generalized, 
286, 295, 

Curve, in terms of parameter, 62; of 
intersection of confocals, 125; me- 
trical properties of, 131 εἰ seq. ; uni- 
cursal, 152; intersection of quadrics, 
285 ; complementary, 291 ; character- 
istics of, 292, 

Curves, family of, 148; q =(/-+1)"a, 980; 
q=e"%. a, 30]. 3 

Curvilinear coordinates, 66, 74, 124, 


Homographic, 


Cusp, condition for, 63, 83. 

Cuspidal edge, 126, 136, 268, 286. 

Cyclic planes of quadric, 113, 178; ares 
of sphero-conic, 118, 

Cyclical transposition under sign 8, 16. 

Cycloid, 83, 193. 

Cylinder, right circular, 45; standing 
on curve, 65; circular tangent, to 
quadric, 115; case of general quadric, 

* 117; geodesic on, 137; torsal tangent 
planes of, 140; differential equation 
of, 149; related to astatics, 101. 

Cylindroid, 84, 165. 


D symbol of differentiation, 229: of 
operator analogous to V, 296. 

Damped oscillations, 186, 

Deformation of surfaces, 145, 

Degraded, cases of quaternions, 9, 19+ 
symbolic equations, 95, 275. 

see Order. 

Degrees of freedom, 204. 

Delta, Hamilton’s operator Κ΄, 70, 211. 
See Operator. 


De Moivre’s theorem, 27. 

Derivative, 63, | 

Determinants and combinatorial func- 
tions, 270, 305, | 

Developable surface, 65; circumscribing — 
confocals, 126; related to curve, 135, 
139; generated by tangent planes 
along curve on surface, 142; of twisted 
eubic, 267 ; circumscribing quadrics, 
280; tangent-line, of two quadrics, 
282; cireumscribing generalized con- 

_ focals, 286. 

Development of quaternion function, 
79, 85; of vector of curve in terms 

of are, 134. 

Deviation from osculating curve, 152. 

Diaphr » 217. 

Dielectric, 251 ef seq. 

Difference of two points, 263. 

Differential, 63, 66; condition for per- 
fect, 74, 86, 214; indeterminate, 87 ; 
of equation of surface, 142; equation 
of geodesic, 14], 152; of lines of 
curvature, 144, 147; of family of 
surfaces, 149; of curves traced on 

— surfaces, 287. 

Differentiation, chap. vi., 62; general 
formula, 66; successive, 79; with 
respect to moving axes, 167 ef seq. ; 
of deformable elements, 212: follow- 

_ ing moving point, 229. 

Diffusion of electromagnetic disturb- 
ance, 255, 

Dilatation in strain, 178. 

Direct and inverse similitude, 14. 

Directed area, 25; angle, 31; curva- 
— 132, 141; volume in hyperspace, 

Discontinuity in integration, 216. 

Displacement, of a body, 18, chap. ΧΙ... 
168; in strain, LSO; electric, 250. 

Dissipation function, 240, 252. 

Dissociative multiplication, 11. 

Distortion of elements, 212, 229; of 
viscous fluid, 238. 

Distributive, multiplication of vector 
by scalar, 4; by vector, 8; property 
of scalar of product, 6; of product, 
9: of differential, 66; of linear func- 


tion, 88; multiplication for hyper- | 


Spice, 

Disturbance in electromagnetic field 
eee by waves or by diffusion, 

Divergence of vector, 212. 

Division, of vectors reduced to multi- 
plication, 11; homographic, 41, 65, 

«152, 264. 

Dodecahedron, ]04, 

Double points, on wave surface, 248, 
261; apparent, 292; on Jacobian, 298. 

Duality for point symbol, 265. 


| 
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Dynamical constants of a body, 199, 
202, 207. 

Dynamics, of a particle, chap. X1Iv., 
l84; of system and rigid body, chap. 
xv., 194; of continuous medium, 236; 
electro-, 249. 


Eight square routs of linear function, 
99; umbilical generators, 125; gen- 
eralization of, 279, 286; generators 
which are also normals, 279. 

Elastic solid, isotropic, 222, 259; aniso- 
tropic, 242 οὐ seq. ; symmetry, 240. 
Electro-magnetic theory, 249 εὐ seq. ; 

of light, 256. 

Element, rate of change of, 212, 220. 

Elements of Quafermous veferred to, 
1. 3, 7, 20, 31, 34, 45, δ, 55, 56, 59, 
82, 85, 114, 118, 120, 121, 132, 156, 
157, 197, 211, 264; appendix to, 99, 
135, 211, 

Elimination of a vector, 39, 105. 

Ellipse, vector equation of, 63, 82; pro- 
jected into circle, 83; parallactic, 85; 
aberrational, 85 ; differential equation 
of surface generated by, 149; related 
to astatics, 163; locus of feet of per- 
pendiculars on generators of cylin- 
droid, 166; in conical refraction, 261. 

Ellipsoid,* Hamilton's construction for, 
114; vector equation of, 152; strain, 
hide 

Kllipsoi:lal linear function, 178. 

Elliptic, logarithmic spiral, 82; co- 
ordinates, 124; functions, 198; gen- 
eralized, co-ordinates, 286. 

Elongation, 15]. 

Kmanant, 131, 158. 


| Energy equation, for particle, 154, 157; 


| 
| 
| 


system of particles, 194; rigid body, 
197; for impulses, 200; for contin- 
uous medium, 239; in electro-mag- 
netic theory, 25] ; function, for elastic 
solid, 243 ; for dielectric, 252. 
Envelope, examples, 128, 129 ; differen- 
tial equation of, 149, 151; wave- 


surface as, 248, 257. 
Ι 


Epicycloid, 83, 
_ Equality of vectors, 1; vector-ares, 17; 
points, 263. 
_ Equilibrium, static, 156; astatic, 160. 
_ Equipotential surfaces, 227. 
| Euler's angles, 33; four square identity, 
16; exponential formulae, 25; 
theorem on curvature, 143; equations 
of motion of rigid body, 196; of fluid, 
230, 238. 
Evoked wrench, 204. 
Kvolutes on polar developable, 139, 


*See Linear vector function, the use of an 
ellipsoid being to a great extent superseded. 
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Exact differential, 74, 86, 214. 

Excentricity of orbit, 187. 

Excess, spherical, 33. 

Expansion, of quaternion function, 79, 
85; of vector of curve in terms of arc, 
134; in series of spherical harmonics, 
223, 224. 

Exponential of quaternion, 28, 34; 
differential of, 86; for hyperspace, 


oe points on line of congruency, 


Families of curves and surtaces, 148. 
Family of equipotential surfaces, 997 ; 
ο΄ ies qz=(s+t)"a, 286; q=e%a, 


Five vectors, 43, 44, 54; quaternions, 
43, 269; points linearly transformed 
into tive, 272; surfaces, 99], 

Flat space, 303; symbol of, 308. 

Flow of a vector, 231. 

Fluid, motion, 72, 229, 236; viscous, 
238, 240; motion of solid in, 24]. 

Flax through circuit, 233 ; strength of 
tube of, 233, 285; in electro-magnetic 


238, 


theory, 249; of radiated energy, — 


obi dos 202, 957. 
Foeal, 


property of quadrics, Salmon’s, | 


114; form of equation, 116; for 
rel opag 120; conics on develop- 
ih 


e, 126; ints on line of con- 
gruency, 153; conics related to 
astatics, 162. 


Foci of central sections of quadric, 129, 

Force, moment of, 23; in statics, 156 ; 
in (lynamics, 184, 194; central, 186: 
impulsive, 200; electric and etic, 
251; in electro-magnetic field, me- 
chanical, 255, 

Forces, reduction to two, 158; con- 
servative, 184, 238; of interaction, 
19: system of forces, see Wrench. 

ἐδ τ γος A, 11; n, 8; of differentiation, 


Formulae, depending on products of 
vectors, chap. 111., 23; of trigono- 
metry, 25, 30, 

Four numbers involved in quaternion, 
9; squares, identity connecting, 18 : 
vectors, identities connecting, 24 ; 
symmetrical relations for, 42; linear 

_funetion rendering four vectors par- 
allel to, 92; particles equivalent to 
rigid body, 199; -system of screws, 
-05 ; consecutive points on tangents 
to surface, surface through, 248, 

— proportional to three vectors, 


Fractions, relations reduced by partial, 
Freedom, degrees of, 204. 


Fresnel, 165, 262. 

Frictional constraint, 190. 

Function, anharmonic, of collinear 
points, 41, 45, of points in space, 56, 
on a conic, 267; linear vector, 88; 
elliptic, 198 ; dissipation, 240; energy, 
for elastic solid, 243, for dielectric, 
252; combinatorial, 270, 304+ linear 
| ep 272. 
See Linear function, 

Fundamental formulae of trigonometry, 
plane, 25; spherical, 30. 


Gate, self-closing, 207, 

Gauss, operator, 104; measure of cur- 
i 144,147; integration theorem, 

Generalised, normal, 279; curvature, 
286, 295 ; geodesic, 287. 

Generation of ruled quadric, 65; of 
ellipsoid, 114 ; of ruled surface, 137. 

Generators of quadric, 103, 116; um. 
bilical, 125; common, and of linear 
complex, 278 ; generalized umbilical, 
279, 286; eight, are also normals, 
279; complex of, of doubly infinite 
family of quadrics, 301. 

Geodesic on cylinder, 137; differential 
equation of, 141, 152; curvature, 141, 
145 ; τον βοιτον τὶ Ringer 152; 
motion ὦ ticle along, 190; gen- 

eralized, ΤῊΝ “J δ 

— meaning of invariants, 98, 

Ceometry of Three Dimensions, Salmon’s, 
291, 292, 298. 


ee μὼ projective, chap. xvrr., 263, 


Gilbert's theorem on confocals, 124. 

Grassmann, 306, 

Graves, R. P., Life of Hamilton re- 

ferred to, 16, 211. 

Gravitating body in field of force, 225. 

= theorem adapted to quaternions, 

Groups, theory of, examples relating t 
δ : Pepa 4 to, 104 5 7 


Half-line, half-cone, 45. 

Harmonic, mean of two vectors, 41, δῇ, 
56, 109; 8, ers of triangle, 45, 
of polar and quadric, 50, 109; 
spherical, 70, 76, 222 et seq, 

Hathaway, A. 8., 270. 

Heaviside, Oliver, 11, 249, 250, 253. 

Helix, vector equation of, 64, 82; 
vector twist of, 133; constant curva- 
ture and torsion, 137; osculating, 
152; particle moving on, 191. 

Herpolhode, 198. 

Hessian of surface, 297, 

Hexagon, Pascal, 19], 


Higher Plane Curves, Salmon’s, referred 
to, 10], 104, 


Hodograph, 83, 187, 189. 


Homographic, ranges, 41, 42, 264 ; 
locus of line joining correspondin 
points, 65; locus of mean centre o 
points on, 152; screw-systeme, 208 ; 
correspondence of points on twisted 

Pate = * es 

Homography, chiastic, 20S. 

Hooke's 1 wee 43. 

Hydrodynamics, 72, 228 et seq. 

Hyperbola, 64; section of quadric, 
rove Re : sors 114. 

Hyperboloid, homographic generation, 
65, 264: locus of cnmaitasia 108, 
270; generators of, 116; line of 
striction of, 140; equilibrating forces 
on generators of, 158, 

Hyperspace, chap. XVITI., 305. 

Hypocycloid, 83. 

Hysteresis, 251. 


Ἰοοβία calculus, 104, 

Identity, Euler’s four square, 16; con- 
necting four vectors, 24; five quater- 
nions, 269. 

Ikosahedron, 104. | 

Imaginary, of algebra, 3, 20, 58; π"" 
routs of quaternions, 28 ; roots and 
axes of linear function, 95, 96, 177 ; 
conjugate, vectors, 95, 224, 307; 
uni points of linear transforma- 
tion, 275, 276. 

Impact of two bodies, 203, 

Impulse, 200. 

Impulsive wrench, 201, 204; wenera- 
ting motion of soli: in fluid, 241. 

Indeterminateness of versor of null 
quaternion, 19; of tensor of bi- 
quaternion, 21 ; of a differential, 87 : 
in solution of equations, $2; of axes 
of linear function, 95, 96; of square 
roots of function, 99; in value of 
function, 216; related to conical 
refraction, 248, 200: of normal to 


plane in hy se, BUS. 

Intiex-surface 248, 261. 

Induction, magnetic, 250. 

Inertia function for rigid body, 196; 
Binet’s theorem on axes of, 197; 
deduced from observed motion, 199, 
202, 207 ; related to [gdm, 225. 

Infinites in field of integration, 216, 219. 

Infinity, anharmonic equation of plane 
at, 44, of circle at, 54; vector to 
circular points at, 96, 126, 307; 
vector representing point at, 265; 
equation of plane at, 266. 

Inflexion on curve, 83. | 

Initial positions in astatics, 160. 
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Inscription of polygon to sphere, 55, 56. 

Instantaneous twist-velocity, 170, 201; 
orbit, 188, 

Integrability, condition of, 74, 86, 214. 

Integrals, line, 73, 215, 219, 251; sur- 
face, 72, 215, 219, 233; variation of, 
192, 231, 233. 

Intensity of wrench, 1635. 

Interaction of particles, 194, 200, 256. 

Interpretations and formulae, chap ML., 
23; for projective geometry, 263 
et seq. ie. 

Intersection of, line and plane, 35, 267, 
269; planes, 39, 267, , 306; two 
lines, 39, 267; line and sphere, 49; 
spheres, 50), 54; confocals, 121, 123, 
125 ; quadrics, 285; generalized con- 
focals, 286; curve and complemen- 
tary, 292; of two surfaces, osculating 
plane to curve of, 296, 

Invariants, of linear vector functions, 
91, 97; geometrical meaning of, 98 ; 
of two functions, 100; derived by 
operation of V, 102; depending on V, 
211; of linear quaternion function 
274; of quadrics and linear trans- 
formations, 288. 

Inverse, or reciprocal of vector, 11; of 

roduct 12; similitade, 14; trans- 
formation, 9); operations of V, 218. 

Inversion, geometrical, 52, correspond- 
ing elements in, 69; of linear func- 
tions, 9); of 6+/¢, 100; of V, 218; 
of linear quaternion function, 275. 

Involution on ruled surface, 140, 

Irrotational distribution of vectors, 


Isothermal surfaces, 227. 
Isotropic solid, 222, 239. 


Jacobi, differential equations, 86. 

Jacobian, or functional determinant, 
213; of four quadrics, 293; of sur- 
faces, 295, 298. 

oe theorem on geodesics, 
1a 

Joulian waste of energy in electro-mag- 
netic field, 252. 


K, symbol for conjugate, 12; differen- 
tial of Kg, 68 

Kelvin, Lord, flow along curve. 231. 

Kinematical treatment of curves, 134; 
of surfaces, 137, 145. 

Kinematics, chap. χαὶ., 168; of con- 
tinnous medium, 228. 
See also Motion. 

Kinetic energy, of particle, 184, 187 ; 
of system of particles, 194; of rigid 
body, 197; changed by impulse, 201, 
207 ; of portion of continuous med- 
ium, 239. 
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Kinetics of a particle, 184; of rigid 
νοῦν, 194; of continuous medium, 


Knott, C. G., 11. 
Lagrange, motion of fluid, 230, 238. 


Laplace's operator, 75, 227; inversion 
of 


Latent roots of linear function, 93, 96 ; | 


linear quaternion function, 274, 276. 

Lectures on Quaternions referred to, 1, 
7, 21, 59, 114, 115, 121, 211. 

Lie, Sophus, 86. 

Light, electro-magnetic theory, 256. 
See Optics. 

Limiting, διὰ of coaxial spheres, 51 : 
ratios, 6.5, 

Line, chap. v., 35; six coordinates of 
41); inverse of, 53; of striction, 138, 
140; of curvature, 144; in point 
symbols, 266; unaltered by linear 
transformation, 272; traced on sur- 
face, 287, 205. 

_ Complex, Curve, Generator, In- 


Linear, relation connecting four vectors, 
5, 24, 25; and distributive function, 
66; vector function, chap. vi., 88 ; 
related to quadrics, chap. 1x., 108 ; 
to surfaces, 142; to astatics, 159; to 
theory of screws, 164, 205; to accel- 
eration of point of body, 172; to 
strain, 177; to vibrations of particle, 
186; to angular momentum of rigid 
body, 196; to operator V, 211; to 
stress, 237, 243; to electro-magnetic 
field, 251; to theory of light, 258 ; 
equation of continuity, 230; relations 
connecting five yuaternions, 268; 
quaternion funetion, 272 ef seg. ; 
complex, 275; transformation, in- 
variants of, 288. 

Logarithm of a quaternion, 29. 

Logarithmic spiral, 82, 

Lorentz, H. A., 229, 249, 251. 

Lunar theory, example on, 188. 


M‘Aulay, A., 21, 211, 218. 

MacCullagh, index-surface, 248. 

Magnetic force, 249; permeability, 251. 

Maximum and minimum, 80, 111, 127. 

Maxwell, J. Clerk, sense of rotation, 7; 
curl of vector, 213; electro-magnetic 
theory, 249. 

Mean, point, 5; harmonic, of two 
vectors, rt 50, 56, ger 3 centre of 
corresponding points, 152; in point 
La ννον ἡδωυδ α 

Measure of curvature, 144, 147. 

Mechanical force in electro-magnetic 
field, 251. 

Medium, continuous, 228, 226, 251. 


Meusnier’s theorem, 141. 

Minchin, 183. 

Minding’s theorem, 162. 

Moivre’s, de, theorem, 27. 

Moment, of force, 23; resultant, 156; 
quaternion, 157, 159 ; of momentum, 
184, 195, 196; of inertia, 196. 

Momentum, 184; moment of, 195, 196: 
of portion of medium, 236; of solid 
and fluid, 241. 

Monomial equationsof circle and sphere, 
oo. 

Motion, three-bar, 60, 85; of point on 
curve, 62; generating roulette, 83, 84; 
apparent, SL; relative, 17], 174; of 
body under no forces, 198; of con- 
tinuous medium, 228, 236. 

Moving axes, 171; for curve, 184; for 
surface, 146; for orbit, 188; for body, 
19% ; for electro-magnetic field, 255. 

Multiple-valued function, 216; point 
on Jacobian, 298. 


| Multiplication, by scalars, 3; distribu- 


tive, 9; associative, 11; of versors, 
versor-arcs, 1; symbolical, table for 
s,V,K,T,U, 19; hyperspace, 303 ; in 
Ausdelnumeaslehre, 306, 

Mutual potential, 223. 

Mutually rectangular vectors, system 
of three, 10; relations connecting two 
svstems, 34; axes of function, 96, 97; 
vectors transformed from, 98; nor- 
mal to confocals, 123; related tocurve, 
134; to surface, 146; examples relat- 
ing to, 173. 


Negative unity, square of unit vector 
is, 10, 17; square-root of, 3, 20, 58 ; 
__ see Imaginary. 

Non-central surfaces, 117. 
Non-commutative, multiplication, 8; 
addition, 16; displacements, 108. 

Nonion, see Linear vector function. 

Normal, to surface, 65, 139, 144; to 
quadric, 108, 123; to curve, 134; 
and tangential resolution of force, 
185, 159; solutions, 256; generalized, 
279; generator as well as, 279. 

Notation, conventions respecting, 19; 
for projective properties of surfaces, 


See Symbol. 
Nullitier, 21. 
Number of constants of linear func- 
_ tion, 88, 178, 272, 283. 
Numerical characteristica, order of 
cone and surface, 101; of curves, 290, 


O’Brien, Rev. M., 11. 
Octahedron, regular, 45, 104. 


_ Octonions, 21. 


Ohm's law, 251, 
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Operator, quaternion as, 14; V, 70 εἰ 


veq., chap. XVI., 211; various ex- 
pressions for V, 74, 225; applica- 
tions of V to Taylor’s theorem, 79 ; 
to theory of groups, 80,56; to genera- 


tion of invariants, 102; to strain, | 
181; to calenlus of variations, 192; | 


to curvature, 215; V*, 75, 220, 227: 
τ and V~-", 218; Ganssian, 104; 
1), analogue of V for projective 
geometry, 296. 


7 


te of vector, 1. 

a rs examples from, reflection, 19; 
refraction, 22; aberration, 85; 
astronomical refraction, 85, 175; 
bright curves, 87; rotating mirror, 
130; characteristic surfaces in, 228 ; 
electro-nagnetic theory of, 256. 

Orbit, 186; instantaneous, 158. 

Order of surface, 10] ; of curve, 290; 
of multiple points on Jacobian, 298. 

Origin, variable, 157. 

Orthogonal spheres, 51, 52, 54; con- 
focals, 121, 123, 125; surfaces, 227. 
Oscillation of particle, 185; of rigid 

body, 207. 

Osculating plane, 132, 267, 296; circle, 
134 136, 152; sphere, 136; quad- 
ric, 144; helix, 152; curve of inter- 
section of two surfaces, 296. 


Parabola, 64, 267. 

Paraboloid, condition that general 
equation should  représent, 117; 
related to constrained motion, 191. 

Parallax, 85, 

Parallelepiped, volume of, 22; integra- 
tion over faces of, 71. | 
Parameter, vector involving, 62, 64, 
65; form of V suitable for, 74, 226; 

rameter of distribution, 138, 

Partial differentiation, 67, 229; frac- 
tions involving linear functions, 122 ; 
differential equations, 86, 148, 15], 
153; involving V, 226. 

Particle, dynamics of, chap. x1v., 184. 

Particles, system of, 194; four, 
dynamically equivalent to rigid 


body, 199. 

tite ἡ hexagon, 121. 

Pedal of quadric, 109; of three-system 
of screws, 164. 

Permanent screws, 209. 

Permutation, cyclical, of quaternions 
under 8, 16; cyclical, of lear fune- 
tions in product, 10; of symbols in 
combinatorial function, 270, 

Perpendicular, on line, 36; on plane, 
36; to two lines, 40; line, to itself, 
96; on tangent plane, 109; on 
generator of yper loid, 116; on 
axis of screw, 156; in astatics, 163; 
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of three-system, 164; of cyclindroid, 
166; in hyperspace, 303. 

Perspective, 46, 278. 

Pertorbed orbit, 188. 

Pfalf, 86. } 

Philosophical transactions, 101,263,275. 

Pitch, of roled surface, 138; of screw, 
156; in astatice, 161; of three-system, 
164; of two-system, 165; of finite 
displacement, 169; of impulsive and 
of instantaneous, 202. 

Plane of quaternion, 13; straight line 
and, chap. v., 35; polar, for = etry 
50: for quadric, 108; radical, 50; 
inverse of, 53; cyclic, 113; osculat- 
ing, 152; generating developable, 135; 
of no virial, 157; central, in astatics, 
160; of elastic symmetry, 245; 
polarised wave in elastic solid, 247 ; 
in dielectric, 257 ; projective symbol 
for, 265; equation of, 266; united, of 
linear transformation, 274; to qua- 
dric, polar, 276. 

Pliicker’s coordinates of a line repre- 
sented by (a, τὴ, 40. 

Poinsot, central axis, 156. 

Point, stationary, 63, 83; of intlexion, 
83: circular, 96, 126, 307; double, 
on wave-surface, 245, 26); on 
Jacobian, 298; apparent, 292; sym- 
hol, 263 ef seq., 308 ; united, of linear 
transformation, 274, 276. 

Polar, harmonic, 46; plane of point 
with respect to sphere, 50; to qua- 
dric, 108, 276; line to quadric, 109; 
developable, 136, 139; general theory 
of, 296. 

Polarised waves in elastic solid, 247; in 

dielectric, 258. 

Pole, see Polar. 

Poles, spherical harmonic referred to its, 
294 


Polhode, 198. 

Polygon, inscribed to sphere, 55; in- 
scription of, 56; loci related to vari- 
able, 300, 

Potential, operator V~*, 220; expres- 
sion for, 223; surfaces, equi-, 227 ; 
velocity, due to vortices, 

Power of vector, 28, 69, 173 ; of quater- 
nion, 29; of point with respect to 
sphere, 49, 50. 

Poynting flux of radiated energy, 253 ; 
parallel to ray-velocity, 257. 

Principal, axes of section of quadric, 
111; normal to curve, 134; curva- 
ture, 143; axes of inertia, 197; screws, 
209: circuit, 232. 

Product, of two vectors defined, 8 ; 
associative property of,11; reciprocal 
of, 12; of two quaternions, construe- 
tion for, 14; conjugate of, 15; 
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spherical representation of, 16, 31; | 


ὃ ase 68; of ge functions, 
i, LO; of vectors in hyperspace, 
303; Grassmann’s, 300, ῥῶ 
Projection, of point on plane, 37: of 
ellipse into circle, 83; of vectors, in- 
= relating to, 98 ; of curvature, 
Projective geometry, chap. xvu., 263 ; 
in hyperspace, 308, 
Propagation of disturbance, 255. 
Proportional to three vectors, fourth, 31. 
Pure strain, 177; converting general 
wave-surface into Fresnel’s, 262. 
Pyramid or system of three planes, ex- 
amples on, 38; invariant relations 
for, 98, 


Quadratic equation satisfied by quater- 
nion, 29; by special linear function, 
95; quaternion function, 274. 

Quadric surfaces, chap. (x., 106; an- 
harmonic generation of, 65; oscula- 
ting surface, 144; pitch, 165; elonga- 
tion, 181; general, in point symbols, 
275; inscribed in developable, 219; 
tangent-line developable for, 282; 
invariants of, 288, 

Quadrilateral, spherical, 34 ; complete, 
46; inscribed to sphere, 56; common 
to quadric and linear complex, 274. 

Quadrimonial form, for quaternion, 13; 
for linear quaternion function, 272. 

Quartic, Steiner’s, 164, 166; symbolic, 
of linear quaternion function, 274. 

Quaternion, as sum of scalar and vector, 
; as product of two vectors, 9; as 

‘function of quaternions, 12; as quo- 
tient of vectors, 13; as operator, 14; 
as power of vector, 28; anharmonic, 
96; invariants of linear vector fune- 


tion, 97, 159, 212; moment of force, | 


157; as symbol of point, 263; of 
plane, 265; function, linear, 272 
ef seq. 

Quotient, of parallel vectors, 3; of 
vectors, 15. 


Radical plane of spheres, 50; axis, δ] ; 

— centre, 52, 53, 

Radius of quadric, 107, see Conjugate, 
Curvature, 

Rank of curve, 292. 

Ratio, of vectors, 13; of torsion to cur- 
vature, constant, 137, 

Ray-velocity, 248, 257. 

Rayleigh, Lord, 240. 

Reaction, 194, 200, 236; of constraint, 
189, 204, 

Reality of roots of self-conjugate vector 
function, 96; of principal screws, 
209 ; of united points, 276. 
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Reciprocal, of vector, 11; of product, 


12; of quadric, 110; screws, 204; of 


quadric, 276. 
ἈΘΘΌΘΗΝ, for a surface, relations of, 


RKeciprocation, quadric of, 266, 309. 

Rectangular vectors, system of three 
mutually, 10; relations connecting 
two systems of, 33; axes of function, 
96, 97; vectors transformed from, 
98; normals to confocals, 123; re- 
lated to curve, 134; to surface, 146; 
examples relating to, 173; in hyper- 
space, 305, 

Rectifying developable, 136, 139. 

Reduced wrench, 205. 

Reflection in plane mirror, 19: in 
moving mirror, 130; of force~ for 
brachistochrone, 193. 

Refraction, 22; astronomical, 85, 175; 

᾿ conical, 248, 260. 

ee ion, edge of, 196; see Develop- 
able ‘ 


— solids, rotations related to, 

Relative, magnitudes and directions of 
two vectors, 14; motion, 171. 

Remainder of a series, 79, 

Resolution of vector into components, 
chap. tL, 23; of linear function, 
96, 99; of strain, 178; of force, tan- 
gential and normal, 185; of linear 

_ quaternion function, 

Resultant of statical forces, 156. 

Revolution, cone of, 45; cylinder of, 
45; condition for quadric of, 114; 
tangent cylinder of, 115; motion of 

rticle on, 190. 

Rigid, see Body, Dynamics. 

Root, of a quaternion, rn, 28 ; differ- 
ential of square-, 77; of linear veec- 
tor function, latent, 93; square-, 99 ; 
linear function, symbolic, w, of 
unity, 105; linear quaternion function, 
latent, of, 272, 276; square- of, 282. 

Rotation, convention respecting sense 
of, 7; conical g.v., 18; forces, 160; 
finite displacement, 168 ef seq. ; 
=a a ef seq., 182; of elements, 
212; im hyperspace, 307. 

Roulette, 83,84. ἀῶ 

ΠΝ Trish Academy, see Academy. 

Ruled, hyperboloid q.v., 65, 116, 264, 
270; surfaces, 128, 137 ef seq. ; sur- 
oy differential equation of, 149, 

Rusgell, Robert, 22, 61. 


S symbol for scalar, 6, 19; differential 
of Sq, 68. 

Salmon, 114, see Geometry of Three 
Dimensions, Higher Plane Curves. 
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ir 3, ὃ: of product, 15; point, 


Screws, theory of, applied to, motion | 
of emanant, 137; statics, 156, 159, | 


163 ; displacements, 169; dynamics, 
200, 204 

gases theorem of six, 46. 

Self-conjugate, tetrahedron to sphere, 
a2, 276; vector function, 80, 96, 97 ; 
tetrahedron of two quadrics, 277. 

Sense of rotation, 7. 

Series, exponential, 28; Taylor's 79; 
of spherical harmonies, 225, 224. 

Sextic curve, Jacobian, 295, 205. 

Shaw, J. B., 263. 

Shear, 178. 

Shortest distance between lines, 40, 
138, 154, 

Similitude, direct and inverse, 14. 

Six, coordinates of line (σι τὶ, 40; seg- 
ments, 46: constants of self-con- 
jugate function, 96; screws, 166; 
co-reciprocal, 206. 

Sixteen, constants in linear quater- 
nion function, 272; square roots of 
linear quaternion function, 282, 

Solenoidal distribution of vectors, 234. 

Solid, harmonic, 70, 76, 222 ef seq. : 
elastic, 222, 230, 242 ef seq. ; mov- 
ing in fluid, 241, 


) 


Stress, 287 ef seqg.; in viscous fluid, 238 = 
in isotropic solid, 239; in terms of 
strain, 243 ; in electro-magnetic field, 
255. 

Striction, line of, 158; of quadric, 140. 


' Subtraction of vector, 2. 


Sum of vectors, 2: of scalar and vector, 
9; of quaternions, 9; of weighted 
points, 264; of area vectors in hyper- 


space, 306, 
_ Supplemental triangles, 29; related to- 


— 


Solution of equations, involving linear 


function, 92, 117; involving V, 215. 
Sphere, chap. vi., 49; inversion of, 
52; through four points, 53, δῦ, 58 ; 
touching four planes, 54; and poly- 
gon, 55, 56; solid, 59; generating 
ellipsoid, 115; osculating, 136; en- 
velope of, 151; surface generated by, 
155; of reciprocation, unit, 266. 
Spherical, trigonometry, chap. Iv., 29 ; 
excess, 43; harmonics, 70, 76, 222: 
curvature, 136; astronomy, exam- 


sp 174. 

Sphero-conic, 118. 

Spin-vector, 96, 97 ; of ¥, 97; in strain, 
181, 182; of element, 212. 

Spiral, logarithmic, 82. 

Square-root of quaternion, differential 
of, 77; of linear function, 99, 112, 
124, 177; of linear quaternion func- 
tion, 282, 

Standard ferm of V, 75; of two linear 
functions, 100 ; of screw-system, 164 ; 
of quadric and linear complex, 278. 

Statics, chap. x1., 156. 

Steiner’s quartic, 164, 166. 

Stokes’s theorem, 215. 

Storage of energy, elastic solid, 243; 
electric and magnetic, 252. 


———— 


Strain, chap. x11., 177, 212, 238; stress 


in terms of, 243. 
Strength of tube, 233, 235. 


axes of function and conjugate, 94 ; 
to propagation of light, 258. 

Surface, in terms of parameters, 64 : 
quadric, chap. 1x., 106; non-central, 


117: of centres, 125; ruled, 137 ; 


curvature of, 141; generated by cirele, 
154; equilibrium of chain on, 167 ; 
motion of particle on, 189; of dis- 
continuity, 216; wave-, 248, 261; of 
— generalized, 287; general, 
Surfaces, families of, 148; equipotential, 
227 ; characteristic, in optics, 228, 
Symbol, 19, V, 70, 211; see Operator ; 
(u, 4) for screw, 163; GF and Τῇ de- 
fined, 229; point-, 263, 308. Ὁ 
Symbolic, multiplication table, 8, V, Καὶ, 
T, U, 19; vector, V, 75; form of 


Taylor's theorem, 79; cubic of linear 


function, 93, 100; case of depressed, 
95; quartic of linear quaternion 
function, 274. 

Symmetry, elastic, 245. - 


T symbol for tensor, 4, 12, 19; differ- 
ential of Tg, 68; development of 
T(p+q), $5. : 

Tait, P. G., referred to, 7, 20, 33, 99, 
163, 192, 211, 214, 218. 

Tangent, to sphere, 49; curve, G3: 
surface, 65; quadric, 108; confocal, 
124; generalized confocals, 280; line 
developable of two quadrics, 282; 
conjugate, 295; pening, 
four consecutive points, 298 


Tangential equation of quadric, 110 ;. 


and normal components of force, 185, 
189; transformation, 273; equation 
of quadric and linear complex, 276. 
Taylor's series, 79. 
Telescope, examples on composition of 
rotations, 175, 


Tensor of vector, 4; quaternion, 12 ;. 


biquaternion, 20; of sum, develop- 

_ment of, 85. 

Tetrahedra, in perspective, 46; corre- 
sponding vertices of, joined by gen- 
erators of hyperboloid, 103; recip- 
rocal, of united points of linear 
transformation and its conjugate, 


a 


surface in 
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‘Tetrahedral, coordinates, q.r., 268; 
complex, 302. 

Tetrahedron, formulae relating to, 42; 
regular, 45, 104; anharmonic rela- 
tions of point and, 46; self-conjugate 
to sphere, 52; and sphere, 53; forces 
on edges of, 158 ; of reference, 268 ; 
self-conjugate to two quadrics, 277 ; 
invariants relating to, 288; loci re- 
lating to variable, 300. 

Thomson and Tait, 200, 

Three-bar motion, 60, 85; -system of 
screws, 104, 205; plane polarised 
waves in solid, 248, 

Tore, 59. 

Torsal generator, 140, 

Torse, see Developable. 

Torsion, 132, 134. 

Total curvature, 148. 

Transformation, effected by linear vec- 
tor function, 89; by self-conjugate 
function, 97; Cremona, 101; of screws, 
208 ; general linear, 272, et seq. 3 ex- 
amples of, 285 ; invariants of, 288. 

Transversals of lines, 103. 

Triangle, and point, harmonic proper- 
ties, 45; and conie, 48. 

“Trigonometry, formulae for plane, 25 : 
= Moivre’s theorem, 27; spherical, 
a 

‘Trilinear function, 243, 

Trinomial form for linear function, 89: 
for pair of functions, 100, 

‘Tube, motion of particle in rotating, 
191 ; in fluid motion, 233, 235. 

Twist of curve, vector, 133 : -velocity, 
170, 171, 201. 

Twisted, cubic g.r., 93, 104, 109, 123, 
133, 172, 267, 278, 285, 293. 

‘Two linear functions, 100: reduction 
τ forces, 158; angular velocities, 

ΓΗ 


U, symbol for versor, 4, 13, 19; differ- 
erential of Ug, 68; development of 
U(p+q), 85. 

Umbilical generator, 125 
279, 286. 

Unicursal curve, 152. ; 

Unit, of length, 4; vector denoted by 
Ua, 4; vectors, system of mutually 
(g.v.) rectangular, 10, 96, 98, 134, 146; 


; generalized, 
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point of anharmonic coordinates, 44 : 
weight, points of, 263; sphere of re- 
ciprocation, 266; vectors in hyper- 
space, 303. 

United, screws, 209; points of trans- 
formation, 274, 276. 


V, symbol for vector, 7, 19; differ- 
ential of Vy, 68. 

Variable origin, 157. 

Variations, calculus of, 192; of inte- 
grals, 231, 233. 

Vector, as directed right line, 1: as 
operator, 14; are, 17; area, 23; 
of curve, 62; of surface, 64: fune- 
tion, linear, 88 ; spin-, 96; equation 
of confocals, 124; emanant, 131; as 
difference of two points, 263: as 
es at infinity, 263; area, in 
lyperspace, 303. 

See Linear vector function, ete. 

Vectorial algebra, 11. 

Velocities, virtual, 157, 254, 

Velocity, 63 ; hodograph, 83, 187, 189 ; 
of emanant, 138; twist-, 170, 201; 
relative, 171; of particle, 184 ef seq.; 
areal, 186, 188: of element of 
medium, angular, 212; potential, 
due to vortex rings, ; wave-, 
247, 257 ; ray-, 248, 257. 

Versor of vector, 4, 14; of quaternion, 

ἕ 13, 16. my Ae 
ersors, anar, chap. tv. , 27. 

Vibration of particle, 185, 

Virial, 157. 

Virtual, velocities, 157, 254; co-effi- 
cient of two screws, 206. 


᾿ Viscous fluid, 238, 240, 


Volume of a πὰ 23 ; of tetr. 
hedron, 265, 269; directed, 304, 
Vortex motion, 235, 238. 


Wave-surface, 163, 248, 261 ; velocity, 
247, 257. 

— propagation of disturbanee by, 
ἢ, 

Weierstrass, 199, 

Wrench, in statics, 156, 163 ; im- 
pulsive, 201, 204; evoked, 204; 
reduced, 205. 


Zero, square-root of, 29, 
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